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Fig. 1. Maxwellian and two more test problems with regular kernels. Case 2: Loss of
accuracy due to numerical differentiation. Case 3: Non-conservative approach yields
higher accuracy.
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2. Case 2
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Fig. 3. Case 3



The Landau operator reads as

QU N) @) =0y - (Qa(f. 1) (v)

involving the operator

— [ oo —w) ( (vg — ws) —(v1 —w1) (v = w2))
¢ — (v1 — w1) (vg — wy) (v — w1)2
) (%f(v) flw) = f(v) aw1f<w>) . veo
Op, [ (V) f(w) = f() Oy fw)

d=3,
(Qo(f.h)()
= | plv—w)
(vg —w2)? + (v3 —w3)? — (v —wy) (Vg —wa)  — (v —wy) (V3 — ws)
X | = (v1 —w1) (v —ws) (v1 —w1)® + (vs —w3)® — (v — wa) (v3 — w3)

Our pragmatic approach to deduce a first alternative representation relies on
expanding the integrand. In order to specify the resulting integrals, we found
it useful to employ the symbolic notation

d
IwmzeoOOleJz /w w?gpv— )azﬁa@ﬁf( w)dw, veQ,
d=3,

L . _ J1 92 s
Iwh’b21390000f]1]2]3 / wl w2 w2 p(v )awlaw28w3f( w)dw, veQ,

which indicates the degrees of the monomials as well as the orders of the
derivatives of the density function.

Representation in two dimensions. In two dimensions, this yields the



identity

() £(0) + (QI () (W) B, £ () + (4 () (v) Do F(0),

(
C
= (@) @) F(0) + (I () (v) Dy F(v) + (6T (1)) (v) Dus f (v)

(Q6(H) (@)

= V1 V2 LuOOLpOOfOl('U) - v% IwOOchOflO(U)
— 01 L0100 f01(V) + V2 (2 L0100 F10(V) — wlOapOOfOl(v)>
— L0200 £10(V) + L1100 F01(V)

(@)

= —U% [w004p00f01<v) + v1 V2 Iwompooflo(v)
U1 ( - IwOlgoOOfl()(U) + 2Iw10<p00f01(7})) — V2 leOgoOOflO(U)
— L2000 £01(V) + Ty11000 £10(V)

(@) )

= v% [w00<p00f00<v) —2vy [wow()()foo(v) + [w02<,000f00(v) )

(R (H) (@)

= — 012 L0000 £00(V) + V1 L0100 F00(V) + V2 L1000 £00 (V)
+ L1100 f00(V)

2
(QF(H)w@)
= 01 V2 L0000 £00(V) 4+ V1 L0100 £00(V) + V2 Ly 10400 £00(V)
+ L1100 Fo0(V)

(@ ()

= U% IwOOapOOfOO(”) —2v; Iw10¢00f00(v) + Iw20<p00f00(v) .



d=3,

(QE (£, H)w)
(Qc(r.N) ) = | (@£, /) w) | -
(QE(f. 1) (@)
( (1) )(v)
(Qoo 1)) f(

(@“%m)( mmf( )+ (Q610(£)) (©) Doy F(0) + (QE61(F)) () Doy £ (0),

Q. H)w)

(Qooo f)) (v) f
(@%(f))( )%f() + (QEI0()) (0) Do, F(0) + (QEL(F)) (v) Doy f ()

( @ (s )(U>

(Qooo ))(U
+ (@ )(f))( )%f() (Q61()) (W) Bus f(v) + (QEN(F)) (V) Doy £ (v),



(Qboo(H)(v)

= V1 Vg IwOOOtpOOOfOlO('U) + v1 U3 IwOOOchOOfOOl U) - (Ug + U?,) Iwooowoofloo(v)
— U (LuOlOLpOOOfOlO(U) + IwOOlgoOOOfOOI(U))
+ v (2 [wOIO@OOOfIOO(U) - wlOOgoOOOfOIO(U))
+ v3 (2 Iy 001 @OOOflOO(U) — 1y 1004,0000f001(v))

- wOZOgaOOOflOO(U) - [w002<p000f100(?1)
+ 11,1100000 £ 010(V) + L 101 w000 £ 001 (V) ,

(Q50(£)) ()
= - U% [w000<p000f010(v) + v1 V2 IwOOOchOOflOO(U) + vy U3 IwOOOgoOOOfOOl(U)
- U§ LvOOOchOOfOlO(U)
+ vy ( — Ly 0100000 F100(V) + 2 1y 100@000f010(v))
— Vg (Iw 100¢000f100(11) + IwOOlchOOfOOl(U))
+ v3 (2 Iy 0m ngOOfOlO(U) - wOlOgoOOOfOOl(U))

- ]wQOOLpOOOfOlO(U) - ]w002<p000f010(?1)
+ L1110 4000 £ 100(V) + Luwo11 4000 £001 (V)

(Qba0(H) (V)
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+ vy ( — Ly 001 0000 F100(V) + 2 1,y 100¢000f001(?1))
+ v ( — Ly 001 0000 f010(V) + 2 [w(JlOgoOOOfOOl(U))
— U3 (IwOIOLpOOOfOIO(U) + 1, IOOLpOOOfIOO(U))

- w200g9000f001('U) - I’wOZO(pOOOfOOl(U)
+ L1101 4000 £100(V) + L 011 4000 £010(V)



(@) (v)
= (v% + v%) 140009000 £ 000 (V)

— 202 L1010 5000 £ 000(V) — 23 Ly 001 4000 £000(V)
+ 1020 5000 £000(V) + L1002 4000 £000(V)

(Q6w () ()

= — 01 V2 L4000 2000 £ 000 (V)
+ 1 110100000 £000(V) + V2 Ly 100 000 £ 000 (V)
— Ly 1100000 £000(V) ,

(Q(H) ()

= — v V3 1y 000¢000f000(v)
+ 01 L1y 001 4000 £000 (V) + V3 L1y 100 2000 £000 (V)
— dyw101 ¢000f000(v) )

(@%() ()

= — U102 IwOUOLpOOOfOOO(U>
+ 1 11,010 0000 £000(V) + V2 Ly 100 0000 £000(V)
- wllOgoOOOfOOO(/U) )

(Q50(N) (@)

= (U% + v%) 110009000 £ 000 (V)
— 201 Ly 1000000 £000(V) — 203 L1001 4 000 £ 000(?)
+ 1152000000 £000(V) + L 0020000 f000(V) ,

(QSn(1)) ()

= —vv3 1y 000<p000f000(v)
+ v2 L1y 001 0000 £000(V) + U3 Ly 010000 £ 000 (V)
— Lywo11 goOOOfOOO(U) )

(Qh(N) ()

= — V103 IwODOgoDOOfOOO(U)
+ v1 L4001 2000 £000(V) + U3 Ly 100000 £000(V)
— Iy gaOOOfOOO(U) )

(Q6(N) ()

= — U203 [wOOOgo()OOfOOO(U)

+ 02 Loy 001 0000 £000(V) + U3 Ly 010 000 £ 000 (V)

—Iyon ¢000f000(v) )

(@i (1)) ()
- (v% + v%) L5000 000 7 000 (V)

— 201 Ly 1000000 £000(V) — 202 Ly 010000 £ 000 (V)
+ 1152000000 £000(V) + L 002 0000 £000(V) -



Simplification for constant kernel (similar to approach in non-conservative
form).



