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Abstract In this paper, we study the convergence behaviour of high-order exponen-
tial operator splitting methods for the time integration of linear Schrödinger equations

i ∂ tψ(x, t) = − 1
2 �ψ(x, t) + V (x)ψ(x, t) , x ∈ R

d , t ≥ 0 ,

involving unbounded potentials; in particular, our analysis applies to potentials V

defined by polynomials. We deduce a global error estimate which implies that any
time-splitting method retains its classical convergence order for linear Schrödinger
equations, provided that the exact solution of the considered problem fulfills suitable
regularity requirements. Numerical examples illustrate the theoretical result.

Keywords Linear Schrödinger equations · Unbounded potential · Splitting
methods · Convergence
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1 Introduction

In the present paper, our concern is to study the convergence behaviour of high-order
time-splitting methods for linear Schrödinger equations

i ∂ tψ(x, t) = − 1
2 �ψ(x, t) + V (x)ψ(x, t) , x ∈ R

d , t ≥ 0 , (1.1)
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involving unbounded real-valued potentials V : R
d → R; in particular, our analysis

applies to potentials that comprise a polynomial part and in addition a sufficiently
often differentiable function with bounded derivatives. For the theoretical study of
time discretisations for (1.1), as standard, the partial differential equation (1.1) is
written as a linear evolution equation for u(t) = ψ(·, t)

u′(t) = Au(t) + B u(t) , t ≥ 0 , u(0) given, (1.2)

involving unbounded linear operators A : D(A) → X and B : D(B) → X on the
underlying function space X. A second-order approximation to the value of the exact
solution at time h > 0 is obtained by the Strang splitting [20, 23]

u1 = e
1
2 hB ehA e

1
2 hBu0 ≈ u(h) = eh(A+B) u(0) ; (1.3)

example methods of higher-order are found in [12, 17], see also Sect. 2.
The main result of the present work, deduced in Sect. 3, is a convergence esti-

mate for exponential operator splitting methods of arbitrarily high order when applied
to linear evolutionary problems of the form (1.2). We employ an abstract analyti-
cal framework that includes linear Schrödinger equations (1.1) and further evolution
equations of parabolic type. Extending techniques previously exploited in [13, 15,
22], we show that any splitting method retains its classical convergence order, pro-
vided that the exact solution of (1.2) satisfies suitable regularity requirements. For
simplicity, we restrict ourselves to equidistant time grids; however, it is straightfor-
ward to extend our convergence result to variable stepsizes, see also Remark 3.8.
Applications to linear Schrödinger equations are the contents of Sect. 4. In particu-
lar, we discuss polynomial potentials and illustrate our theoretical error estimate by
numerical examples.

The intention of the present work is to give insight in the convergence behaviour
of high-order exponential operator splitting methods and makes a contribution to a
better understanding of efficient space and time discretisation methods for nonlinear
Schrödinger equations; an application of particular interest which arises in quantum
physics is the phenomenon of Bose–Einstein condensation, modelled by a system of
coupled Gross–Pitaevskii equations, see [2–5, 8–10, 18, 24], e.g.

Henceforth, we denote by C a generic constant with possibly different values at
different occurrences.

2 Splitting methods for linear evolution equations

In this section, we introduce exponential operator splitting methods for the time in-
tegration of evolutionary equations (1.2) involving (unbounded) linear operators A

and B . We employ the following general form of a splitting method that includes
the example methods given in literature; for a detailed treatment of composition and
splitting methods, we refer to [12, 17].

Splitting methods rely on the fact that the initial value problems

v′(t) = Av(t) , t ≥ 0 , v(0) given, (2.1a)
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Table 1 Exponential operator splitting methods of order p involving s compositions

Method Order #com.

McLachlan McLachlan [12, V.3.1, (3.3), pp. 138–139] p = 2 s = 3

Strang Strang (1.3) p = 2 s = 2

BM4-1 Blanes & Moan [6, Table 2, PRKS6] p = 4 s = 7

BM4-2 Blanes & Moan [6, Table 3, SRKNb
6] p = 4 s = 7

M4 McLachlan [12, V.3.1, (3.6), pp. 140] p = 4 s = 6

S4 Suzuki [12, II.4, (4.5), pp. 41] p = 4 s = 6

Y4 Yoshida [12, II.4, (4.4), pp. 40] p = 4 s = 4

BM6-1 Blanes & Moan [6, Table 2, PRKS10] p = 6 s = 11

BM6-2 Blanes & Moan [6, Table 3, SRKNb
11] p = 6 s = 12

BM6-3 Blanes & Moan [6, Table 3, SRKNa
14] p = 6 s = 15

KL6 Kahan & Li [12, V.3.2, (3.12), pp. 144] p = 6 s = 10

S6 Suzuki [12, II.4, (4.5), pp. 41] p = 6 s = 26

Y6 Yoshida [12, V.3.2, (3.11), pp. 144] p = 6 s = 8

w′(t) = B w(t) , t ≥ 0 , w(0) given, (2.1b)

can be solved numerically in an accurate and efficient way. For some initial value
u0 ≈ u(0) and a constant time step h > 0, approximations un to the exact solution
values u(tn) at time tn = nh are then determined through the recurrence relation

un = S un−1 , n ≥ 1 ,

S =
s∏

j=1

ehbj B ehaj A = ehbsB ehasA · · · ehb1B eha1A ,
(2.2)

involving certain (complex) coefficients (aj , bj )
s
j=1. We emphasise that for t �= 0 the

operators etA and etB do not commute, in general; throughout, the product in (2.2) is
defined downwards.

A widely used symmetric second-order scheme, the so-called Strang [20] or sym-
metric Lie–Trotter [23] splitting, can be cast into the form (2.2) for s = 2 and

a1 = 1
2 = a2 , b1 = 1 , b2 = 0 , or

a1 = 0 , a2 = 1 , b1 = 1
2 = b2 ,

(2.3a)

respectively; in both cases, the order conditions

a1 + a2 = 1 , b1 + b2 = 1 , b1a1 + b2 = 1
2 , (2.3b)

are fulfilled. Fourth- and sixth-order symplectic partitioned Runge–Kutta and Runge–
Kutta–Nyström methods were proposed in Blanes and Moan [6]; for further example
methods, we refer to [12, 14, 16, 17, 21, 25], see also Table 1.
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3 Convergence analysis

In the following, we deduce a global error estimate for exponential operator splitting
methods of the form (2.2) when applied to linear evolution equations (1.2). Hence-
forth, we denote by (X,‖ · ‖X) a (complex) Banach space with corresponding op-
erator norm ‖ · ‖X←X . Our hypotheses on the (closed and densely defined) linear
operators A : D(A) ⊂ X → X and B : D(B) ⊂ X → X are as follows, see Engel and
Nagel [11] for a detailed treatment of one-parameter (semi)groups.

Hypothesis 3.1 The linear operators A : D(A) → X and B : D(B) → X generate
C0-groups (etA)t∈R and (etB)t∈R, respectively, such that

∥∥etA
∥∥

X←X
≤ eα|t | ,

∥∥etB
∥∥

X←X
≤ eβ|t | , t ∈ R ,

for constants α,β ≥ 0.

For evolution equations of parabolic type we employ a more general assumption
instead.

Hypothesis 3.2 The linear operators A : D(A) → X and B : D(B) → X generate
C0-semigroups (etA)t≥0 and (etB)t≥0, respectively, such that

∥∥etA
∥∥

X←X
≤ eαt ,

∥∥etB
∥∥

X←X
≤ eβt , t ≥ 0 ,

for constants α,β ≥ 0.

With the help of Hypothesis 3.1, it is straightforward to deduce the following
stability result for high-order splitting methods (2.2).

Lemma 3.3 Suppose that the method coefficients of the exponential operator split-
ting method (2.2) are real and that the assumptions of Hypothesis 3.1 hold. Then, the
splitting operator S fulfills the bound

∥∥Sn
∥∥

X←X
≤ eC tn , n ≥ 0 ,

with constant C = α (|a1| + · · · + |as |) + β (|b1| + · · · + |bs |) .

Remark 3.4 The statement of Lemma 3.3 remains valid under Hypothesis 3.2 (replac-
ing Hypothesis 3.1), provided that the method coefficients of the exponential operator
splitting method (2.2) are non-negative (but possibly complex).

In order to derive a global error estimate for exponential operator splitting meth-
ods (2.2) when applied to abstract evolution equations (1.2), we make use of a Lady
Windermere argument; that is, we employ the identity

un − u(tn) = Sn
(
u0 − u(0)

) −
n−1∑

j=0

Sn−j−1 dj+1 , n ≥ 0 , (3.1a)
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where dj+1 = u(tj+1)−S u(tj ). Estimating (3.1a) with the help of Lemma 3.3 further
yields

∥∥un − u(tn)
∥∥

X
≤ C

(∥∥u0 − u(0)
∥∥

X
+

n−1∑

j=0

∥∥dj+1
∥∥

X

)
, n ≥ 0 . (3.1b)

It remains to deduce a bound for the defect; for this purpose, we employ the following
hypothesis. As standard, the iterated commutators are defined through

adj+1
A (B) = [

A, ad j
A(B)

] = A ad j
A(B) − ad j

A(B)A , j ≥ 0 , (3.2)

where ad0
A(B) = B , see Hairer et al. [12, Chap. III.4.1].

Hypothesis 3.5 Let p denote the (classical) order of the exponential operator split-
ting method (2.2). Suppose that the estimate

p+1∑

k=1

∑

μ∈Nk

|μ|=p+1−k

∥∥∥∥∥

k∏

�=1

(
adμ�

A (B) eζ�A
)∥∥∥∥∥

X←Dp+1

≤ C , ζ = (ζ1, . . . , ζp+1) ∈ R
p+1 ,

remains valid with a (suitably chosen) normed space Dp+1 ⊂ X.

For the sake of brevity, we meanwhile consider the Strang splitting (2.3a) only. In
this case, we require Hypothesis 3.5 to be fulfilled for p = 2; that is, we employ the
assumption

∥∥B eζ3A B eζ2A B eζ1A
∥∥

X←D3
+ ∥∥B eζ2A adA(B) eζ1A

∥∥
X←D3

+ ∥∥adA(B) eζ2A B eζ1A
∥∥

X←D3
+ ∥∥ad2

A(B) eζ1A
∥∥

X←D3
≤ C (3.3)

for ζ ∈ R
3. Formally, the exact solution of the evolution equation (1.2) is given

by u(tn−1 + h) = eh(A+B) u(tn−1) for h ≥ 0; alternatively, the representation by the
variation-of-constants formula

u(tn−1 + h) = ehA u(tn−1) +
∫ h

0
e(h−τ)A B u(tn−1 + τ)dτ
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is valid. A repeated application of the above formula yields the following relation for
the exact solution value

u(tn) = (
ehA + Î1 + Î2 + R̂3

)
u(tn−1) ,

Î1 =
∫ h

0
ĝ1(τ1)dτ1 , Î2 =

∫ h

0

∫ τ1

0
ĝ2(τ1, τ2)dτ2dτ1 ,

R̂3 =
∫ h

0

∫ τ1

0

∫ τ2

0
f̂2(τ1, τ2) e(τ2− τ3)A B eτ3(A+B) dτ3dτ2dτ1 ,

f̂1(τ1) = e(h− τ1)A B , f̂2(τ1, τ2) = f̂1(τ1) e(τ1− τ2)A B ,

ĝ1(τ1) = f̂1(τ1) eτ1A , ĝ2(τ1, τ2) = f̂2(τ1, τ2) eτ2A .

(3.4a)

To obtain a similar expansion for the numerical approximation Su(tn−1), we apply
the recurrence relation ϕj (z) = 1

j ! + zϕj+1(z) which holds true for the exponential
functions

ϕ0(z) = ez, ϕj (z) = 1
(j−1)!

∫ 1

0
τ j−1 e(1−τ)z dτ, j ≥ 1, z ∈ C ;

we note that ϕj (tB) : X → X is a bounded linear operator, see also Hypothesis 3.1
and Hypothesis 3.2. Furthermore, we employ the algebraic identity

J∏

j=1

(
Kj + Lj

) =
J∏

�=1

K� +
J∑

j=1

J∏

�=j+1

K� Lj

j−1∏

�=1

(
K� + L�

)
,

valid for arbitrary linear operators Kj , Lj , 1 ≤ j ≤ J . A stepwise expansion of the
splitting operator S with the help of the above relations gives

S u(tn−1) = (
ehA + Q1 + Q2 + R3

)
u(tn−1) ,

Q1 = h

2∑

j1=1

bj1 ĝ1(cj1h) , Q2 = 1
2 h2

2∑

j1=1

j1∑

j2=1

ηj1j2bj1bj2 ĝ2(cj1h, cj2h) ,

R3 = h3
(
b3

1ea2hAB3ϕ3
(
b1hB

)
ea1hA + b2

1b2Bea2hAB2ϕ2
(
b1hB

)
ea1hA

+b1b
2
2B

2ϕ2
(
b2hB

)
ea2hABϕ1

(
b1hB

)
ea1hA + b3

2B
3ϕ3

(
b2hB

)
ehA

)
,

(3.4b)
where c1 = a1 and c2 = a1 + a2 = 1, see (2.3b); moreover, we set η11 = η22 = 1 and
η21 = 2. The above expansions (3.4) imply

dn = (
Ŝ1 + Ŝ2 + R̂3 − R3

)
u(tn−1) , Ŝ1 = Î1 − Q1 , Ŝ2 = Î2 − Q2 . (3.4c)

In order to expand Ŝ1 and Ŝ2 further, we employ Taylor series expansions of the
functions ĝ1 and ĝ2 about zero. Due to the fact that the order conditions (2.3b) are
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fulfilled, we obtain

Ŝ1 =
2∑

j1=1

bj1

∫ 1

0

∫ h

0
(1 − σ)

(
Ĝ1(σ, τ1) − Ĝ1(σ, cj1h)

)
dτ1 dσ ,

Ŝ2 =
2∑

j1=1

j1∑

j2=1

ηj1j2 bj1bj2

×
∫ 1

0

∫ h

0

∫ τ1

0

(
Ĝ2(σ, τ1, τ2) − Ĝ2(σ, cj1h, cj2h)

)
dτ2dτ1dσ ,

Ĝ1(σ, τ1) =τ 2
1 ∂τ 2

1
ĝ1(στ1) , Ĝ2(σ, τ1, τ2) =

2∑

�=1

τ� ∂τ�
ĝ2(στ1, σ τ2) ;

(3.4d)

the involved partial derivatives of ĝ1 and ĝ2 are equal to

∂τ 2
1
ĝ1(τ1) = e(h−τ1)A ad2

A(B) eτ1A ,

∂τ1 ĝ2(τ1, τ2) = − e(h−τ1)A adA(B) e(τ1−τ2)AB eτ2A ,

∂τ2 ĝ2(τ1, τ2) = − e(h−τ1)AB e(τ1−τ2)A adA(B) eτ2A .

(3.4e)

Estimating (3.4c) by means of (3.3) finally yields the local error estimate
∥∥dn

∥∥
X

≤ C hp+1 max
tn−1≤t≤tn

∥∥u(t)
∥∥

Dp+1
(3.5)

with p = 2 for the Strang splitting scheme (2.3a).
Following Thalhammer [22], the above considerations generalise to arbitrary split-

ting methods of the form (2.2); estimating (3.1b) with the help of (3.5) we thus obtain
the convergence result stated below. We note that the derivation of Theorem 3.6 is not
effected by exchanging the roles of A and B in (2.2). Concerning the (classical) order
conditions for higher-order splitting methods, we refer to Hairer et al. [12], e.g., see
also Thalhammer [22].

Theorem 3.6 Suppose that the coefficients aj , bj ∈ R, 1 ≤ j ≤ s, of the exponential
operator splitting method (2.2) fulfill the classical order conditions for p ≥ 1. Assume
further that the unbounded linear operators A and B satisfy the requirements of
Hypothesis 3.1 and 3.5 for a suitably chosen normed space Dp+1 ⊂ X. Then, the
error estimate

∥∥un − u(tn)
∥∥

X
≤ C

(∥∥u0 − u(0)
∥∥

X
+ hp max

0≤t≤tn

∥∥u(t)
∥∥

Dp+1

)
, 0 ≤ tn ≤ T ,

is valid, provided that the exact solution of the linear evolutionary equation (1.2)
remains bounded in Dp+1.

Remark 3.7 The statement of Theorem 3.6 remains valid under the assumptions of
Hypothesis 3.2 (replacing Hypothesis 3.1), provided that the method coefficients of
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the exponential operator splitting method (2.2) are non-negative (but possibly com-
plex).

Remark 3.8 It is straightforward to extend the convergence estimate of Theorem 3.6
to non-equidistant time grids 0 = t0 < t1 < · · · < tN = T with associated stepsizes
defined by hj = tj+1 − tj for 0 ≤ j ≤ N − 1; in this case, for 0 ≤ tn ≤ T the error
bound

∥∥un − u(tn)
∥∥

X
≤ C

(∥∥u0 − u(0)
∥∥

X
+

n−1∑

j=0

h
p+1
j max

tj ≤t≤tj+1

∥∥u(t)
∥∥

Dp+1

)

follows.

4 Applications to linear Schrödinger equations

We next apply the convergence analysis given in Sect. 3 to linear Schrödinger equa-
tions (1.1), subject to asymptotic boundary conditions on the unbounded domain
and a certain initial condition. We are primarily interested in problems involving un-
bounded real potentials V : R

d → R; in particular, in Sect. 4.3, we discuss the case
where V comprises a polynomial and in addition a sufficiently often differentiable
function with bounded derivatives. For the spatial discretisation of (1.1), we employ
the Hermite spectral method. Basic properties of the Hermite basis functions are col-
lected in Sect. 4.1; we refer to Boyd [7] for a detailed description of spectral methods.
We note that similar arguments apply to linear Schrödinger equations (1.1) that are
subject to periodic boundary conditions and involve a large potential; in this case,
Fourier techniques are applicable.

4.1 Hermite basis functions

Henceforth, we let μ = (μ1, . . . ,μd) ∈ N
d denote a multi-index of non-negative inte-

gers and define |μ| = μ1 +· · ·+μd . Further, we employ the compact vector notation
x = (x1, . . . , xd) ∈ R

d and set

xμ = x
μ1
1 · · ·xμd

d , ∂μ = ∂
x

μ1
1

· · · ∂
x

μd
d

, ∂
x

μj
j

= ∂μj

∂x
μj

j

; (4.1)

as standard, � = ∂2
x1

+ · · · + ∂2
xd

denotes the d-dimensional Laplace operator. We
denote by C∞

0 (Rd) the space of infinitely many times differentiable functions with
compact support. The Lebesgue space L2(Rd) = L2(Rd ,C) of square integrable
complex-valued functions is endowed with scalar product and associated norm given
by

(
f

∣∣g
)
L2 =

∫

Rd

f (x)g(x)dx ,
∥∥f

∥∥
L2 =

√(
f

∣∣f
)
L2 , f, g ∈ L2(Rd) .
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Moreover, the Banach space L∞(Rd) is endowed with the norm

∥∥f
∥∥

L∞ = ess sup
x∈Rd

∣∣f (x)
∣∣.

The Sobolev space Hm(Rd) comprises all functions with partial derivatives up to
order m ≥ 0 contained in L2(Rd); the associated norm ‖·‖Hm is defined through

∥∥f
∥∥2

Hm =
∑

μ∈Nd

|μ|≤m

∥∥∂ μf
∥∥2

L2 , f ∈ Hm(Rd) .

Detailed information on Sobolev spaces is found in the monograph Adams [1].
We let Hμj

: R → R : xj → Hμj
(xj ) denote the Hermite polynomial of degree

μj ≥ 0 that is normalised with respect to the weights wj(xj ) = exp(−(γj xj )
2).

Then, for μ ∈ N
d the Hermite function Hμ : R

d → R : x → Hμ(x) is defined by

Hμ(x) =
d∏

j=1

Hμj
(xj ) , Hμj

(xj ) = Hμj
(xj ) e− 1

2 (γj xj )2
. (4.2a)

The functions (Hμ) form an orthonormal basis of the function space L2(Rd); thus,
for any v ∈ L2(Rd) the representation

v =
∑

μ∈Nd

vμ Hμ , vμ = (
v

∣∣Hμ

)
L2 , (4.2b)

follows. Furthermore, the eigenvalue relation

1
2

(−� + VH

)
Hμ = λμ Hμ , λμ =

d∑

j=1

γ 2
j

(
μj + 1

2

)
, (4.2c)

holds; here, we denote by VH : R
d → R a scaled harmonic potential

VH (x) =
d∑

j=1

γ 4
j x2

j (4.2d)

involving positive weights γj > 0, 1 ≤ j ≤ d . We note that the values of Hμj
are

computed through the recurrence relation

H0(xj ) = 4

√
γ 2
j

π
, H1(xj ) = √

2γj xj H0(xj ) ,

Hμj
(xj ) = 1√

μj

(√
2γj xjHμj −1(xj ) − √

μj − 1Hμj −2(xj )
)
, μj ≥ 2 ;

(4.3a)
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as a consequence, for the derivative of Hμj
the identity

∂xj
Hμj

= − γj√
2

(√
μj + 1Hμj +1 − √

μj Hμj −1
)
, μj ≥ 1 , (4.3b)

is valid.

4.2 Splitting methods for Schrödinger equations

In this section, we relate linear Schrödinger equations of the form (1.1) to abstract
evolution equations (1.2) and discuss the validity of Hypothesis 3.1; as underlying
function space, we consider the Hilbert space L2(Rd). Besides, we comment on the
numerical solution of (1.1) by exponential operator splitting Hermite spectral meth-
ods.

Regarding the spatial discretisation, the unbounded linear operators A and B are
constructed as follows. Let Ã : C∞

0 (Rd) → L2(Rd) be defined by

(
Ãv

)
(x) = 1

2

(−�v(x) + VH (x) v(x)
)

for v ∈ C∞
0 (Rd). The Friedrich’s extension ÃF of Ã is a selfadjoint operator,

see Reed and Simon [19], e.g.; consequently, by Stone’s Theorem, see Engel and
Nagel [11], e.g., the operator A = − i ÃF : D(A) = D(ÃF ) → L2(Rd) generates a
unitary group (etA)t∈R on L2(Rd). We note that the domain of A can be charac-
terised as

D(A) =
{
v ∈ L2(Rd) :

∑

μ∈Nd

λ2
μ |vμ|2 < ∞

}
,

see (4.2). Moreover, we define the multiplication operator B̃ through
(
B̃v

)
(x) = W(x)v(x) = (

V (x) − 1
2 VH (x)

)
v(x) ;

under suitable assumptions on W = V − 1
2 VH , the operator B̃ : C∞

0 (Rd) → L2(Rd)

is well-defined, positive, and symmetric. Thus, similarly to before, its Friedrich’s
extension B̃F : D(B̃F ) → L2(Rd) is a selfadjoint operator; again, by Stone’s Theo-
rem, it is ensured that B = − i B̃F : D(B) = D(B̃F ) → L2(Rd) generates a unitary
group (etA)t∈R on L2(Rd). Altogether, it follows

∥∥etA
∥∥

L2←L2 = 1 ,
∥∥etB

∥∥
L2←L2 = 1 , t ≥ 0 ; (4.4)

that is, Hypothesis 3.1 is fulfilled with α = 0 and β = 0. Furthermore, we conclude
that the splitting operator S, defined in (2.2), is a unitary operator on L2(Rd); more
precisely, the relations in (4.4) imply the stability result

∥∥Sn u0
∥∥

L2 = ∥∥u0
∥∥

L2 , n ≥ 0 , (4.5)

for any initial value u0 ∈ L2(Rd), see also Lemma 3.3.
The practical realisation of exponential operator splitting methods (2.2) for linear

Schrödinger equations (1.1) relies on the following approach. On the one hand, the
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numerical solution of (2.1a) is based on a spectral decomposition of the initial value
into Hermite basis functions

v(t) = etA v(0) =
∑

μ∈Nd

vμ e− i tλμHμ , t ≥ 0 , v(0) =
∑

μ∈Nd

vμ Hμ , (4.6a)

see (4.2); on the other hand, a rapid componentwise multiplication yields an approx-
imation to the solution w(t) = ψ(·, t) of (2.1b)

ψ(x, t) = e− i t W(x) ψ(x,0) , t ≥ 0 . (4.6b)

For details on the implementation, we refer to Caliari et al. [8] and references given
therein.

4.3 Potentials defined by polynomials

In this section, we study the special case where the unbounded linear operator

B = B1 + B2 (4.7)

comprises a polynomial part B1 and in addition an operator B2 that is defined through
a sufficiently often differentiable function with bounded derivatives. As in Sect. 3,
in the derivation, we restrict ourselves to the consideration of the Strang splitting
method (2.3a); that is, we characterise the normed space D3 in assumption (3.3).
Similar though more tedious calculations then yield the stated result for a general
splitting method.

Regarding (3.3), we remark that the iterated commutator adk
A(B) defined by (3.2)

is a differential operator of order k. More precisely, it holds

adA(B)v =
d∑

j=1

(
∂xj

W ∂xj
+ 1

2 ∂x2
j
W

)
v , (4.8a)

ad2
A(B)v = i

d∑

j,�=1

(
∂xj x�

W ∂xj x�
+ ∂xj x2

�
W ∂xj

+ 1
4 ∂x2

j x2
�
W + 1

d
∂xj

VH ∂xj
W

)
v ,

(4.8b)

where ∂xj
VH (x) = 2γ 4

j xj , see (4.2d).
The following considerations rely on the fact that the Hermite functions (Hμ)

form an orthonormal basis of the function space L2(Rd); thus, for any v ∈ L2(Rd)

the representation

v =
∑

μ∈Nd

vμHμ (4.9)

is valid, see also (4.2).
As a first step, we study the unbounded linear operators Pκ and Qκ that are defined

through
(
Pκ v

)
(x) = xκ v(x) ,

(
Qκ v

)
(x) = ∂κv(x) , κ ∈ N

d , (4.10)
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see (4.1); the following auxiliary result implies that Pκ and Qκ are well-defined on
the normed space

Dκ =
{
v ∈ L2(Rd) : ‖v‖Dκ < ∞

}
, ‖v‖2

Dκ
=

∑

μ∈Nd

(μ + κ)κ |vμ|2 ; (4.11)

here, we set (μ + κ)κ = (μ1 + κ1)
κ1 · · · (μd + κd)κd .

Lemma 4.1 (i) The functions x → xκHμ(x) and ∂κHμ can be represented by a
finite linear combination of Hermite basis functions; more precisely, the identities

(
PκHμ

)
(x) =

∑

ν∈Zd

|νj |≤κj

cμ+ν Hμ+ν(x) ,
(
QκHμ

)
(x) =

∑

ν∈Zd

|νj |≤κj

dμ+ν Hμ+ν(x) ,

hold with real coefficients (cμ+ν) and (dμ+ν) that fulfill the bound

c 2
μ+ν + d 2

μ+ν ≤ C (μ + κ)κ

for a constant C > 0 that depends on κ .
(ii) The linear operator etA : Dκ → Dκ is unitary, that is, the relation

∥∥ etA
∥∥

Dκ←Dκ
= 1

is valid for all t ≥ 0.
(iii) For any η ∈ N

k the following estimate

∥∥Pκ

∥∥
Dη←Dη+κ

+ ∥∥Qκ

∥∥
Dη←Dη+κ

≤ C (4.12)

remains valid with a constant C that depends on κ .

Proof (i) On the one hand, we repeatedly apply the relation

xj Hμj
(xj ) = 1

γj

(√
μj + 1

2
Hμj +1(xj ) +

√
μj

2
Hμj −1(xj )

)

that is a direct consequence of (4.2a) and the recurrence formula (4.3); this yields

x
κj

j Hμj
(xj ) =

∑

�∈Z

|�|≤κj

c̃μj � Hμj +�(xj ) , c̃ 2
μj � ≤ C (μj + κj )

κj ,

with constant C depending on κj . Thus, we finally obtain

xκHμ(x) =
d∏

j=1

(
x

κj

j Hμj
(xj )

)
=

∑

ν∈Zd

|νj |≤κj

cμ+ν Hμ+ν ,
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with coefficients c 2
μ+ν that satisfy the bound c 2

μ+ν ≤ C (μ+ κ)κ for some constant C

depending on κ . Using that the relation

∂xj
Hμj

(xj ) = γj

(
−

√
μj + 1

2
Hμj +1(xj ) +

√
μj

2
Hμj −1(xj )

)

holds, see also (4.3b), similar considerations yield the statement for ∂κHμ.
(ii) Due to the fact that A possesses the purely imaginary eigenvalues (−iλμ), see

also (4.2c), the identity

∥∥ etA v
∥∥2

Dκ
=

∥∥∥
∑

μ∈Nd

vμ e−i tλμHμ

∥∥∥
2

Dκ

=
∑

μ∈Nd

(μ + κ)κ
∣∣vμ

∣∣2 = ‖v‖2
Dκ

remains true for all t ≥ 0.
(iii) In the following, we derive the bound for ‖Pκ‖Dη←Dη+κ; similar arguments

then show the estimate involving Qκ . Suppose v to be given by a finite linear combi-
nation of the form (4.9); by means of statement (i) we obtain

(
Pκ v

)
(x) = xκ v(x) =

∑

μ∈Nd

vμ xκHμ(x) =
∑

ν∈Zd

|νj |≤κj

∑

μ∈Nd

cμ+ν vμ Hμ+ν(x) .

Furthermore, due to the fact that the relation

∥∥∥
∑

μ∈Nd

cμ+ν vμ Hμ+ν

∥∥∥
2

Dη

≤ C
∑

μ∈Nd

(μ + η)η (μ + κ)κ |vμ|2 ≤ C ‖v‖2
Dη+κ

is valid with a constant C depending on κ , the estimate

∥∥Pκ v
∥∥

Dη
≤

∑

μ∈Nd

|νj |≤κj

∥∥∥
∑

μ∈Nd

cμ+ν vμ Hμ+ν

∥∥∥
L2

≤ C ‖v‖Dκ (4.13)

follows. A standard limiting process finally yields the desired result for any v of the
form (4.9). �

We are now ready to characterise the normed space D3 in (3.3) for linear op-
erators that are defined by a polynomial; namely, for a finite set K ⊂ N

d and real
coefficients (ωκ)κ∈K we set

B1 = − iW1 , W1 =
∑

κ∈K

ωκPκ . (4.14a)

With the help of Lemma 4.1, we obtain the following estimate

∥∥B1v
∥∥

Dη
≤ C ‖v‖Dη+κ̂ , κ̂ ∈ N

d , κ̂j = max
κ∈K

κj , (4.14b)
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involving a constant C > 0 that depends on (ωκ)κ∈K and κ ∈ K . Moreover, the rela-
tions in (4.8) and the bound (4.12) for the differential operator Qκ imply

∥∥B1 eζ3A B1 eζ2A B1 eζ1A v
∥∥

L2 ≤ C ‖v‖D3̂κ
,

∥∥B1 eζ2A adA(B1) eζ1A v
∥∥

L2 + ∥∥adA(B1) eζ2A B1 eζ1A v
∥∥

L2 ≤ C ‖v‖D2̂κ
,

∥∥ad2
A(B) eζ1A v

∥∥
L2 ≤ C ‖v‖Dκ̂ ,

for any ζ ∈ R
3; in the present situation, the above estimates allow to choose D3 =

D3̂κ . In case that B involves an additional bounded function, the following result
holds true; we omit the details.

Theorem 4.2 Suppose that the exponential operator splitting method (2.2) has (clas-
sical) order p. Assume further that the unbounded linear operator (4.7) comprises a
polynomial part of the form (4.14a) and that B2 = iW2 is defined by a real-valued
function W2 such that max

{‖∂μW2‖L∞ : |μ| ≤ 2p
}

remains bounded. Then, Hypoth-
esis 3.5 is satisfied for Dp+1 = D(p+1) κ̂ , see also (4.11) and (4.14b).

4.4 Illustrations

In this section, we illustrate our theoretical convergence result by numerical examples
for the two-dimensional linear Schrödinger equation

i ∂ tψ(x, t) = (− 1
2 � + 1

2 x2
1 + x2

2 + W(x)
)
ψ(x, t) , x ∈ R

2 , t ≥ 0 ; (4.15)

we consider in particular the following unbounded potentials

W(x) = x2
1 + 2x2

2 , (4.16a)

W(x) = x2
1 + 2x2

2 + 3
2 cos(3x1) + 3

2 cos(3x2) , (4.16b)

W(x) = x1 − 3
2 x2 , (4.16c)

W(x) = 1
20

(
x4

1 + 2x4
2

)
. (4.16d)

For the first (somewhat artificial) problem (4.15)–(4.16a) the exact solution is com-
putable in an easy manner by a suitable choice of the weights in the Hermite func-
tions; we thus have at hand a reliable reference solution. The solution of the modified
equation (4.15)–(4.16b) comprising an additional bounded part is illustrated in Fig. 1.

Obviously, it holds κ̂ = (2,2) for (4.16a) and (4.16b), κ̂ = (1,1) for (4.16c), and
κ̂ = (4,4) for (4.16d), see (4.14b). To ensure that the exact solution of the problem
fulfills the requirements of Theorem 3.6, see also Hypothesis 3.5 and Theorem 4.2,
we choose ψ(x,0) = 1√

π
exp(− 1

2 (x2
1 + x2

2)) as initial value for (4.16a)–(4.16c). On
the other hand, for (4.16d), we evolve the corresponding ground state solution, com-
puted by minimisation techniques, see also [8, 9].

The linear Schrödinger equation (4.15) is discretised in space by the Hermite
pseudospectral method with 128 basis functions in each coordinate direction; in our
implementation, we use Hermite polynomials, normalised with respect to the weight



Splitting methods for linear evolutionary Schrödinger equations

Fig. 1 Numerical solution of
the linear Schrödinger
equation (4.15) involving the
unbounded potential (4.16b).
Value of |ψ(x1, x2, T )|2 at time
T = 8.98 versus (x1, x2)

Fig. 2 Temporal orders of various time-splitting Hermite spectral methods when applied to the linear
Schrödinger equation (4.15) involving the unbounded potential (4.16a). Error versus stepsize

wj(xj ) = exp(−c2
j x2

j ) for some cj ∈ R, so that the corresponding Hermite functions

are eigenfunctions of the operator − 1
2� + x2

1 + 2x2
2 .

For the time integration, we apply several time-splitting methods of orders two,
four, and six, proposed in [6, 14, 16, 21, 25], and further the Strang splitting (1.3),
see also (2.3a) and Table 1. In the present situation, due to the fact that the addi-
tional condition [B, [B, [B,A]]] = 0 holds, also the Runge–Kutta–Nyström methods
developed by Blanes and Moan [6] are consistent of orders four and six, respectively;
however, in this case, exchanging the roles of A and B in (2.2) could lead to an or-
der reduction. For time stepsizes h = 2−j , 0 ≤ j ≤ 9, we determine the numerical
convergence orders of the integration methods at time T = 1; reference solutions are
computed with stepsize 2−11.

The numerical results, obtained for the potential (4.16a), are displayed in Fig. 2.
We refer to the splitting schemes by the initials of the authors and their orders of
convergence, see Table 1.

As expected, all splitting schemes retain their classical temporal convergence or-
ders reflected by the slopes of the dashed-dotted lines. For the potentials (4.16b)–
(4.16d), we included the results obtained for the second-order Strang splitting (1.3)
and the fourth- and sixth-order Runge–Kutta–Nyström methods BM4-2 and BM6-3,
which are favourable in view of their small error constants, see Fig. 3.
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Fig. 3 Temporal orders of second, fourth and sixth-order time-splitting Hermite spectral methods when
applied to the linear Schrödinger equation (4.15) involving the unbounded potential (4.16b) (left), (4.16c)
(middle), and (4.16d) (right), respectively. Error versus stepsize
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