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A polynomial spectral method for the spatially homogeneous Boltzmann equa-
tion in 3 dimensions

27/2017 G. Di Fratta, C.-M. Pfeiler, D. Praetorius, M. Ruggeri,
B. Stiftner
Linear second-order IMEX-type integrator for the (eddy current) Landau-
Lifshitz-Gilbert equation

26/2017 F. Achleitner, A. Arnold, and E.A. Carlen
On multi-dimensional hypocoercive BGK models

25/2017 M. Braukho↵
Semiconductor Boltzmann-Dirac-Benny equation with BGK-type collision ope-
rator: Existence of solutions vs. ill-posedness

24/2017 E. Weinmüller
Numerical simulation of flow in liquid crystals using MATLAB software

Institute for Analysis and Scientific Computing
Vienna University of Technology
Wiedner Hauptstraße 8–10
1040 Wien, Austria

E-Mail: admin@asc.tuwien.ac.at
WWW: http://www.asc.tuwien.ac.at
FAX: +43-1-58801-10196

ISBN 978-3-902627-00-1

c� Alle Rechte vorbehalten. Nachdruck nur mit Genehmigung des Autors.



⇤

1 2 2 1

3

(
 0(t) = A(t) (t) = � iH(t) (t) , t > t0 ,

 (t0) =  0 ,

H : R ! Cd⇥d

A(t)

E = E(⌧ ; t0)
d
d⌧ E(⌧ ; t0) = A(t0 + ⌧) E(⌧ ; t0), E(0, t0) = Id,

⌧ t = t0 + ⌧

 (t) =  (t0 + ⌧) = E(⌧ ; t0) 0 .

⇤

1

2

3



A(t) E(⌧ ; t0)

A(t)
t

[A(t), A(t0)]



ad⌦(A) := [⌦, A] = ⌦A � A⌦
⌦, A 2 Cn⇥n k

ad0⌦(A) = A ,

adm⌦ (A) =
⇥
⌦, adm�1

⌦ (A)
⇤
= ⌦ adm�1

⌦ (A)� adm�1
⌦ (A)⌦ , m 2 N .

(t0, t1, . . . , tn, . . . )

 n+1 = S(⌧n; tn) n ⇡  (tn+1) = E(⌧n; tn) (tn), ⌧n = tn+1 � tn , n = 0, 1, 2, . . . .

t = t0 ⌧

 1 = S(⌧ ; t0) 0 ⇡  (t0 + ⌧) .

t0
⌧

S(⌧ ; t0) = SJ(⌧) · · · S1(⌧) = e⌦J (⌧) · · · e⌦1(⌧) , ⌦j(⌧) = ⌧Bj(⌧), j = 1, . . . , J,

Bj(⌧) =
KX

k=1

ajk Ak(⌧), Ak(⌧) = A(t0 + ck⌧) ,

ajk ck p

c = (c1, . . . , cK) 2 [0, 1]K , a =

0

B@
a11 . . . a1K

aJ1 . . . aJK

1

CA 2 RJ⇥K .

p = 2

J = 1, K = 1, c = 1
2 , a = 1 ,

S(⌧ ; t0) = e⌧A(t0+ ⌧
2 ) .



p = 4

J = 2 , K = 2 , c =
⇣

1
2 �

p
3
6 , 1

2 +
p
3
6

⌘
, a =

 
1
4 +

p
3
6

1
4 �

p
3
6

1
4 �

p
3
6

1
4 +

p
3
6

!
.

p = 4

J = 3 , K = 3 , c =

0

BB@

1
2 �

p
15
10

1
2

1
2 +

p
15
10

1

CCA , a =

0

BB@

37
240 + 10

87

p
15
3 � 1

30
37
240 � 10

87

p
15
3

� 11
360

23
45 � 11

360

37
240 � 10

87

p
15
3 � 1

30
37
240 + 10

87

p
15
3

1

CCA .

p = 6

J = 6 , K = 3 , c =
⇣

1
2 �

p
15
10 , 1

2 ,
1
2 +

p
15
10

⌘
,

a =

0

BBBBBB@

0.2158389969757678 � 0.0767179645915514 0.0208789676157837
� 0.0808977963208530 � 0.1787472175371576 0.0322633664310473
0.1806284600558301 0.4776874043509313 � 0.0909342169797981

� 0.0909342169797981 0.4776874043509313 0.1806284600558301
0.0322633664310473 � 0.1787472175371576 � 0.0808977963208530
0.0208789676157837 � 0.0767179645915514 0.2158389969757678

1

CCCCCCA
,

 (t0 + ⌧) = E(⌧ ; t0) 0 = e⌦(⌧) 0 ,

⌦(⌧)

⌦0(⌧) =
X

k�0

bk
k!

adk⌦(⌧)(A(t0 + ⌧)) , ⌦(0) = 0 ,

bk

⌦(⌧) ⌦(⌧)
 1

S(⌧ ; t0) = e⌦(⌧) ⇡ e⌦(⌧).

O(⌧k) O(1)

Ak(⌧) = A(t0 + ck⌧) ,

c = (c1, . . . , cK) 2 [0, 1]K



p = 2 K = 1

c = 1
2 , ⌦(⌧) = ⌧A1(⌧) .

p = 4 K = 2

c =
⇣

1
2 �

p
3
6 , 1

2 +
p
3
6

⌘
, ⌦(⌧) = 1

2⌧
�
A1(⌧) +A2(⌧)

��
p
3

12 ⌧
2
⇥
A1(⌧), A2(⌧)

⇤
.

p = 6 K = 3

c =
⇣

1
2 �

p
15
10 , 1

2 ,
1
2 +

p
15
10

⌘
,

B1(⌧) = ⌧A2(⌧) , B2(⌧) =
p
15
3 ⌧

�
A3(⌧)�A1(⌧)

�
, B3(⌧) =

10
3 ⌧
�
A1(⌧)� 2A2(⌧) +A3(⌧)

�
,

C1(⌧) =
⇥
B1(⌧), B2(⌧)

⇤
, C2(⌧) = � 1

60

⇥
B1(⌧), 2B3(⌧) + C1(⌧)

⇤
,

⌦(⌧) = B1(⌧) +
1
12 B3(⌧) +

1
240

⇥� 20B1(⌧)�B3(⌧) + C1(⌧), B2(⌧) + C2(⌧)
⇤
,

 1 �  (t0 + ⌧) = L(⌧ ; t0) 0 ,

L(⌧ ; t0) = S(⌧ ; t0)� E(⌧ ; t0) .

eL(⌧ ; t0) 0 ⇡ L(⌧ ; t0) 0

L(⌧ ; t0)
D(⌧ ; t0) eL(⌧ ; t0) 0

 0

p
L(⌧ ; t0) = O(⌧p+1) L(0; t0) = 0

dq

d⌧q L(⌧ ; t0)
��
⌧=0

= 0 , q = 1, . . . , p .

D(⌧ ; t0) =
d
d⌧ S(⌧ ; t0)�A(t0 + ⌧)S(⌧ ; t0) ,

⌧

d
d⌧L(⌧ ; t0) = A(t0 + ⌧)L(⌧ ; t0) +D(⌧ ; t0) , L(0; t0) = 0 ,

L(⌧ ; t0) =
Z ⌧

0
⇧(⌧,�)D(�; t0) d� =:

Z ⌧

0

bD(�; t0) d� ,



⇧(⌧,�) = E(⌧ ; t0) E(��; t0 + �) = E(⌧ � �; t0 + �) , ⇧(⌧, ⌧) = Id .

dq

d⌧q L(⌧ ; t0) =
q�1X

k=0

�q�1
k

�
dq�1�k

d⌧q�1�kA(t0 + ⌧) dk

d⌧kL(k)(⌧) + dq�1

d⌧q�1D(⌧ ; t0) ,

dq

d⌧q D(⌧ ; t0)
��
⌧=0

= 0 , q = 0, . . . , p� 1 .

bD(�; t0) = ⇧(⌧,�)D(�; t0)

dq

d�q
bD(�; t0)

��
�=0

= 0 , q = 0, . . . , p� 1 .

O(⌧p+2)

L(⌧ ; t0) =
Z ⌧

0

bD(�; t0) d� ⇡
Z ⌧

0

�p

p!
bD(p)(0; t0) d� = ⌧p+1

(p+1)!
bD(p)(0; t0)

⇡ ⌧
p+1

bD(⌧ ; t0) =
⌧

p+1 ⇧(⌧, ⌧)D(⌧ ; t0) =
⌧

p+1D(⌧ ; t0) .

⇡ O(⌧p+2)
dp+1

d�p+1
bD(�; t0) .

⌧
p+1D(⌧ ; t0) = L(⌧ ; t0) +O(⌧p+2)

D(⌧ ; t0) ⌧
d
d⌧ S(⌧ ; t0) D(⌧ ; t0)

eD(⌧ ; t0) = D(⌧ ; t0) +O(⌧p+1) .

eL(⌧ ; t0) = ⌧
p+1

eD(⌧ ; t0) = L(⌧ ; t0) +O(⌧p+2) .

D(⌧ ; t0)
d
d⌧ e

⌦(⌧) ⌦(⌧) ⌦(⌧) = ⌧B(⌧)

⌦k ⌦ 2 Cd⇥d V 2 Cd⇥d

�
d
d⌦⌦

m
�
(V ) =

mX

k=0

⌦m�1�k V ⌦k =
m�1X

k=0

� m
k+1

�
adk⌦(V )⌦m�1�k , m 2 N ,



e⌦ =
X

m�0

1
m! ⌦

m

�
d
d⌦e

⌦
�
(V ) =

X

m�0

1
(m+1)! ad

m
⌦ (V ) e⌦ ,

�
d
d⌦e

⌦
�
(V ) =

Z 1

0
es⌦ V e(1�s)⌦ ds .

⌦ = ⌦(⌧) e⌦(⌧)

d
d⌧ e

⌦(⌧) =
�

d
d⌦e

⌦
���

⌦(⌧)
(⌦0(⌧)) = �(⌧) e⌦(⌧) , �(⌧) =

X

m�0

1
(m+1)! ad

m
⌦(⌧)(⌦

0(⌧)) .

⌦(⌧) = ⌧B(⌧) ,

⌦0(⌧) = B(⌧) + ⌧B0(⌧)

adm⌦(⌧)(⌦
0(⌧)) = ⌧m+1 admB(⌧)(B

0(⌧)), m 2 N ,

d
d⌧ e

⌧B(⌧) = �(⌧) e⌧B(⌧) ,

�(⌧) = B(⌧) +
X

m�0

1
(m+1)!⌧

m+1admB(⌧)(B
0(⌧))

= B(⌧) + ⌧B0(⌧) + 1
2⌧

2[B(⌧), B0(⌧)] + 1
6⌧

3[B(⌧), [B(⌧), B0(⌧)]] + . . . .

d
d⌧ e

⌧B(⌧) O(⌧p+1)

e�(⌧) e⌧B(⌧) = d
d⌧ e

⌧B(⌧) +O(⌧p+1), e�(⌧) =
pX

m=0

1
m!⌧

m admB(⌧)(B
0(⌧)) .

⌦(⌧) ⌧s = �

d
d⌧ e

⌧B(⌧) = �(⌧) e⌧B(⌧) ,

�(⌧) = B(⌧) +

Z ⌧

0
F (�; ⌧) d�, F (�; ⌧) = e�B(⌧) B0(⌧) e��B(⌧) ,

⌦(⌧) = ⌦(⌧) �(⌧) = A(t0 + ⌧)



p
d
d⌧ e

⌧B(⌧)

e�(⌧) e⌧B(⌧) = d
d⌧ e

⌧B(⌧) +O(⌧p+1), e�(⌧) = �(⌧) O(⌧p+1)

F (�; ⌧) � = 0 � = ⌧
admB(⌧)(B

0(⌧)) � = 0
e�(⌧)

� ⌧ Tp(F, 0, ⌧)
e�(⌧) ⇡ �(⌧) ⇡ A(t0 + ⌧)

eD(⌧ ; t0) D(⌧ ; t0)

D(⌧ ; t0) =
d
d⌧ S(⌧ ; t0)�A(t0 + ⌧)S(⌧ ; t0)

=
�

d
d⌧ SJ(⌧)

�SJ�1(⌧) · · · S1(⌧) + . . . + SJ(⌧) · · · S2(⌧)
�

d
d⌧ S1(⌧)

��A(t0 + ⌧)S(⌧ ; t0)
= �J(⌧)SJ(⌧)SJ�1(⌧) · · · S1(⌧) + . . . + SJ(⌧) · · · S2(⌧)�1(⌧)S1(⌧)�A(t0 + ⌧)S(⌧ ; t0) ,

Sj(⌧) = e⌦j(⌧) = e⌧Bj(⌧) e�j Bj

eD(⌧ ; t0) = e�J(⌧)SJ(⌧)SJ�1(⌧) · · · S1(⌧) + . . . + SJ(⌧) · · · S2(⌧) e�1(⌧)S1(⌧)�A(t0 + ⌧)S(⌧ ; t0)
= D(⌧ ; t0) +O(⌧p+1)

j = 1, . . . , J �j(⌧)
e�j(⌧) �j(⌧) eD(⌧ ; t0)

eL(⌧ ; t0)
J = 1 S(⌧ ; t0) = S1(⌧) = e⌧B(⌧) B(⌧) =

B1(⌧) = A(t0 +
⌧
2 )

eD(⌧ ; t0) = e�(⌧)S(⌧ ; t0)�A(t0 + ⌧)S(⌧ ; t0) .

p = 2

e�(⌧) = B(⌧) + ⌧B0(⌧) + 1
2⌧

2[B(⌧), B0(⌧)] ,

eD(⌧ ; t0) =
�
B(⌧) + ⌧B0(⌧) + 1

2⌧
2[B(⌧), B0(⌧)]�A(t0 + ⌧)

�S(⌧ ; t0)
=
�
A(t0 +

⌧
2 ) +

1
2⌧A

0(t0 + ⌧
2 ) +

1
4⌧

2[A(t0 +
⌧
2 ), A

0(t0 + ⌧
2 )]�A(t0 + ⌧)

�S(⌧ ; t0) .

A00

eD(⌧ ; t0) =
�� 1

8⌧
2 A00(t0 + ⌧) + 1

4⌧
2 [A(t0 + ⌧), A0(t0 + ⌧)]

�S(⌧ ; t0) .



eD(⌧ ; t0)  0

eD(⌧ ; t0) 0 =
�� 1

8⌧
2 A00(t0 + ⌧) + 1

4⌧
2 [A(t0 + ⌧), A0(t0 + ⌧)]

�
 1 ,

S(⌧ ; t0) 0 =  1

�(⌧)

Z ⌧

0
F (�; ⌧) d� ⇡ Q2(F, 0, ⌧) =

1
2⌧
�
F (0; ⌧) + F (⌧ ; ⌧)

�
,

F (�; ⌧) = e�B(⌧) B0(⌧) e��B(⌧)

e�(⌧) = B(⌧) + 1
2⌧
�
B0(⌧) + e⌧B(⌧)B0(⌧) e�⌧B(⌧)

�
.

eD(⌧ ; t0) =
�
B(⌧) + 1

2⌧(B
0(⌧) + e⌧B(⌧)B0(⌧) e�⌧B(⌧))�A(t0 + ⌧)

�S(⌧ ; t0)
=
�
B(⌧) + 1

2⌧B
0(⌧)�A(t0 + ⌧)

�S(⌧ ; t0) + 1
2⌧ S(⌧ ; t0)B0(⌧)

=
�
A(t0 +

⌧
2 ) +

1
4⌧A

0(t0 + ⌧
2 )�A(t0 + ⌧)

�S(⌧ ; t0) + 1
4⌧ S(⌧ ; t0)A0(t0 + ⌧

2 ) .

S(⌧ ; t0)A0(t0 + ⌧
2 ) 0

J = 2 S(⌧ ; t0) = S2(⌧)S1(⌧) = e⌧B2(⌧) e⌧B1(⌧)

eD(⌧ ; t0) = e�2(⌧)S2(⌧)S1(⌧) + S2(⌧) e�1(⌧)S1(⌧)�A(t0 + ⌧)S(⌧ ; t0) .

p = 4

e�j(⌧) = Bj(⌧) + ⌧B0
j(⌧) +

1
2⌧

2[Bj(⌧), B
0
j(⌧)] +

1
6⌧

3[Bj(⌧), [Bj(⌧), B
0
j(⌧)]]

+ 1
24⌧

4[Bj(⌧), [Bj(⌧), [Bj(⌧), B
0
j(⌧)]]] , j = 1, 2 ,

eD(⌧ ; t0)
S2(⌧)e�1(⌧)S1(⌧) 0 S1(⌧) 0

Z ⌧

0
F (�; ⌧) d� ⇡ Q4(F, 0, ⌧) =

1
2⌧
�
F (0; ⌧) + F (⌧ ; ⌧)

�
+ 1

12⌧
2
⇣

@
@�F (�; ⌧)

��
�=0

� @
@�F (�; ⌧)

��
�=⌧

⌘
.

F (�; ⌧) = e�Bj(⌧) B0
j(⌧) e

��Bj(⌧)

@
@�F (�; ⌧)

��
�=0

= [Bj(⌧), B
0
j(⌧)] ,

@
@�F (�; ⌧)

��
�=⌧

= e⌧Bj(⌧) [Bj(⌧), B
0
j(⌧)] e

�⌧Bj(⌧) .

�j(⌧) j = 1, 2

e�j(⌧) = Bj(⌧) +
1
2⌧
�
B0

j(⌧) + e⌧Bj(⌧)B0
j(⌧) e

�⌧Bj(⌧)
�

+ 1
12⌧

2
�
[Bj(⌧), B

0
j(⌧)]� e⌧Bj(⌧) [Bj(⌧), B

0
j(⌧)] e

�⌧Bj(⌧)
�
.



Sj(⌧) = e⌧Bj(⌧)

e�j(⌧)Sj(⌧) =
�
Bj(⌧) + C+

j (⌧)
�Sj(⌧) + Sj(⌧)C

�
j (⌧) , C±

j (⌧) = 1
2⌧B

0
j(⌧)± 1

12⌧
2[Bj(⌧), B

0
j(⌧)] .

eD(⌧ ; t0) =
�
B2(⌧) + C+

2 (⌧)�A(t0 + ⌧)
�S(⌧ ; t0)

+ S2(⌧)
�
B1(⌧) + C+

1 (⌧) + C�
2 (⌧)

�S1(⌧) + S(⌧ ; t0)C�
1 (⌧) .

S1(⌧) 0 C±
j (⌧)

Z ⌧

0
F (�; ⌧) d� ⇡ Q6(F, 0, ⌧) =

1
2⌧(F (0; ⌧) + F (⌧ ; ⌧)) + 1

10⌧
2
⇣

@
@�F (�; ⌧)

��
�=0

� @
@�F (�; ⌧)

��
�=⌧

⌘

+ 1
120⌧

3
⇣

@2

@�2F (�; ⌧)
��
�=0

+ @2

@�2F (�; ⌧)
��
�=⌧

⌘
,

F (�; ⌧) = e�Bj(⌧) B0
j(⌧) e

��Bj(⌧)

@2

@�2F (�; ⌧)
��
�=0

= ad2Bj(⌧)(B
0
j(⌧)) ,

@2

@�2F (�; ⌧)
��
�=⌧

= e⌧Bj(⌧) ad2Bj(⌧)(B
0
j(⌧)) e

�⌧Bj(⌧) ,

D(⌧ ; t0)

⌦(⌧) ⌧B(⌧)

D(⌧ ; t0) =
d
d⌧ S(⌧ ; t0)�A(t0 + ⌧)S(⌧ ; t0)

= d
d⌧ e

⌧B(⌧) �A(t0 + ⌧) e⌧B(⌧) = �(⌧) e⌧B(⌧) �A(t0 + ⌧) e⌧B(⌧) ,

B(⌧) = 1
2

�
A(t0 + c1⌧) +A(t0 + c2⌧)

��
p
3

12 ⌧ [A(t0 + c1⌧), A(t0 + c2⌧)] ,

B0(⌧) = 1
2

�
c1A

0(t0 + c1⌧) + c2A
0(t0 + c2⌧)

�

�
p
3

12 [A(t0 + c1⌧), A(t0 + c2⌧)]

�
p
3

12 ⌧
�
c1 [A

0(t0 + c1⌧), A(t0 + c2⌧)] + c2 [A(t0 + c1⌧), A
0(t0 + c2⌧)]

�
.

p = 4

e�(⌧) = B(⌧) + ⌧B0(⌧) + 1
2⌧

2[B(⌧), B0(⌧)] + 1
6⌧

3[B(⌧), [B(⌧), B0(⌧)]]

+ 1
24⌧

4[B(⌧), [B(⌧), [B(⌧), B0(⌧)]]] ,



eD(⌧ ; t0)

eD(⌧ ; t0) =
�e�(⌧)�A(t0 + ⌧)

�S(⌧ ; t0) ,

e�(⌧) = B(⌧) + 1
2⌧
�
B0(⌧) + e⌧B(⌧)B0(⌧) e�⌧B(⌧)

�

+ 1
12⌧

2
�
[B(⌧), B0(⌧)]� e⌧B(⌧) [B(⌧), B0(⌧)] e�⌧B(⌧)

�
,

S(⌧ ; t0) = e⌧B(⌧)

e�(⌧)S(⌧ ; t0) =
�
B(⌧) + C+(⌧)

�S(⌧ ; t0) + S(⌧ ; t0)C�(⌧) , C±(⌧) = 1
2⌧B

0(⌧)± 1
12⌧

2[B(⌧), B0(⌧)] .

eD(⌧ ; t0) =
�
B(⌧)�A(t0 + ⌧) + C+(⌧)

�S(⌧ ; t0) + S(⌧ ; t0)C�(⌧) .

p = 2 p = 4

p k k

k = 1 k = 1
k = 0 k = 0
k = 3 k = 3
k = 1 k = 1

p eL(⌧ ; t0) = ⌧
p+1

eD(⌧ ; t0)

⌧ ! 0

eL(⌧ ; t0)� L(⌧ ; t0) = O(⌧p+2) .

eL(⌧ ; t0) = 1
p+1⌧

eD(⌧ ; t0) ⇡ L(⌧ ; t0)
L(⌧ ; t0) D(⌧ ; t0)

D(⌧ ; t0) eD(⌧ ; t0)



D(⌧ ; t0)

⌧
p+1 D(⌧ ; t0)� L(⌧ ; t0) =

Z ⌧

0
Kp+1(�)

dp+1

d�p+1
bD(�; t0) d� , bD(�; t0) = ⇧(⌧,�)D(�; t0) ,

Kp+1(�) =
�(⌧ � �)p

(p+ 1)!
.

F (�; ⌧) = e�B(⌧) B0(⌧) e��B(⌧) ,

eD(⌧ ; t0) ⇡ D(⌧ ; t0)
F (�; ⌧) �

p

Tp(F, 0, ⌧)�
Z ⌧

0
F (�; ⌧) d� =

Z ⌧

0
� 1

p! (⌧ � �)pF (p)(�; ⌧) d�

= � 1
(p+1)! ⌧

p+1F (p)(0; ⌧) +O(⌧p+2) ,

F (p)(�; ⌧) = e�B(⌧) adpB(⌧)(B
0(⌧)) e��B(⌧) .

Q2(F, 0, ⌧)�
Z ⌧

0
F (�; ⌧) d� =

Z ⌧

0

1
2 �(⌧ � �)F 00(�; ⌧) d� = 1

12 ⌧
3 F 00(0; ⌧) +O(⌧4) ,

F 00(�; ⌧) = e�B(⌧) ad2B(⌧)(B
0(⌧)) e��B(⌧).

Q4(F, 0, ⌧)�
Z ⌧

0
F (�; ⌧) d� =

Z ⌧

0
� 1

24 �
2(⌧ � �)2 F (4)(�; ⌧) d� = � 1

720 ⌧
5 F (4)(0; t)+O(⌧6) ,

F (4)(�; ⌧) = e�B(⌧) ad4B(⌧)(B
0(⌧)) e��B(⌧) .

dq

d⌧q D(⌧ ; t0)
��
⌧=0

, q =

0, . . . , p� 1 p



p = 2

L(⌧ ; t0)
S(⌧ ; t0) = e⌧B(⌧) = e⌧A(t0+ ⌧

2 ) S(0; t0) = Id

D(⌧ ; t0) =
d
d⌧ S(⌧ ; t0)�A(t0 + ⌧)S(⌧ ; t0)

=
�
�(⌧)�A(t0 + ⌧)

�S(⌧ ; t0)

=
⇣
A(t0 +

⌧
2 ) +

Z ⌧

0
e�A(t0+ ⌧

2 ) 1
2A

0(t0 + ⌧
2 ) e

��A(t0+ ⌧
2 ) d� �A(t0 + ⌧)

⌘
S(⌧ ; t0) ,

D(0; t0) = 0 .

�(⌧) ⌧ = 0
⌧

� = B + ⌧B0 + 1
2⌧

2[B,B0] + 1
6⌧

3[B, [B,B0]] +O(⌧4) ,

�0 = 2B0

+ ⌧
�
B00 + [B,B0]

�

+ 1
2⌧

2
�
[B,B00] + [B, [B,B0]]

�
+O(⌧3) .

�00 = 3B00 + [B,B0]

+ ⌧
�
B000 + 2 [B,B00] + [B, [B,B0]]

�
+O(⌧2) ,

�000 = 4B000 + 3 [B,B00] + [B, [B,B0]] +O(⌧) .

B(m)(⌧) = 2�mA(m)(t0 +
⌧
2 )

�(0) = A(t0) ,

�0(0) = A0(t0) ,

�00(0) = 3
4A

00(t0) + 1
2 [A(t0), A

0(t0)] ,

�000(0) = 1
2A

000(t0) + 3
4 [A(t0), A

00(t0)] + 1
2 [A(t0), [A(t0), A

0(t0)]] .

L(⌧ ; t0) =
Z ⌧

0
⇧(⌧,�)D(�; t0) d� .

A(t)



D(⌧ ; t0) = O(⌧2) L(⌧ ; t0) = O(⌧3)

D1(⌧ ; t0) =
d
d⌧D(⌧ ; t0)�A(t0 + ⌧)D(⌧ ; t0) .

D = S 0 �AS = (��A)S .

S 0 = AS +D

D1 = D0 �AD
=
�
(��A)0 + [�, A]

�S + (��A)D ,

D1(0; t0) =
�
�0(0)�A0(t0)

�
+ [�(0), A(t0)] = 0 ,

�(0) = A(t0) �0(0) = A0(t0) D1(⌧ ; t0) = O(⌧)

D2(⌧ ; t0) =
d
d⌧D1(⌧ ; t0)�A(t0 + ⌧)D1(⌧ ; t0) ,

S 0 = AS +D D0 = AD +D1

D2 = D0
1 �AD1

=
�
(��A)00 + 2 [�0, A] + [A+ �, A0] + [[�, A], A]

�S
+ 2
�
(��A)0 + [�, A]

�D
+ (��A)D1 ,

D2(0; t0) = �00(0)�A00(t0) .

D2(⌧ ; t0) = D2(0; t0) +O(⌧) = 1
2 [A(t0)), A

0(t0)]� 1
4A

00(t0) +O(⌧) .

L(⌧ ; t0) =
Z ⌧

0
⇧(⌧,�1)D(�1; t0) d�1

=

Z ⌧

0
⇧(⌧,�1)

Z �1

0
⇧(�1,�2)

Z �2

0
⇧(�2,�3) d�3 d�2 d�1D2(0; t0) +O(⌧4)

=: I3(⌧)| {z }
=O(⌧3)

D2(0; t0) +O(⌧4) .

I3(⌧) kI3(⌧)k2  1
6⌧

3

D(⌧ ; t0) = O(⌧2)



A 2 C3

kL(⌧ ; t0)k2  1
12⌧

3
��[A(t0)), A

0(t0)]� 1
2A

00(t0)k2 +O(⌧4) .

eL(⌧ ; t0)� L(⌧ ; t0)
L(⌧ ; t0) D(⌧ ; t0)

p = 2

⌧
3 D(⌧ ; t0)� L(⌧ ; t0) =

Z ⌧

0

1
6 �(⌧ � �)2 d3

d�3

�
⇧(⌧,�)D(�; t0)

�
d� .

@
@�⇧(⌧,�) = �⇧(⌧,�)A(t0 + �) ,

d
d�

�
⇧(⌧,�)D(�; t0)

�
= ⇧(⌧,�) @

@�D(�; t0) +
@
@�⇧(⌧,�)D(�; t0)

= ⇧(⌧,�)
�

@
@�D(�; t0)�A(t0 + �)D(�; t0)

�
= ⇧(⌧,�)D1(�; t0) ,

d2

d�2

�
⇧(⌧,�)D(�; t0)

�
= d

d�

�
⇧(⌧,�)D1(�; t0)

�

= ⇧(⌧,�)
�

@
@�D1(�; t0)�A(t0 + �)D1(�; t0)

�
= ⇧(⌧,�)D2(�; t0) ,

d3

d�3

�
⇧(⌧,�)D(�; t0)

�
= d

d�

�
⇧(⌧,�)D2(�; t0)

�

= ⇧(⌧,�)
�

@
@�D2(�; t0)�A(t0 + �)D2(�; t0)

�
= ⇧(⌧,�)D3(�; t0) ,

D1 D2

D3(⌧ ; t0) =
d
d⌧D2(⌧ ; t0)�A(t0 + ⌧)D2(⌧ ; t0) .

D3 = D0
2 �AD2

=
�
(��A)000 + 3 [�00, A] + [2A+ �, A00]

+ 3 [�0, A0] + [[�, A], A0] + 3 [[�0, A], A] + 2 [[�, A0], A] + [[A,A0], A]
�S

+
�
3 (��A)00 + 6 [�0, A] + [A+ �, A0] + 3 [[�, A], A]

�D
+ 3
�
(��A)0 + [�, A]

�D1

+ (��A)D2 ,

D3(0; t0) = (�000(0)�A000(t0)) + 3 [�00(0), A(t0)] + [2A(t0) + �(0), A00(t0)]

+ 3 [�0(0), A0(t0)] + [[�(0), A(t0)], A
0(t0)] + 3 [[�0(0), A(t0)], A(t0)]

+ 2 [[�(0), A0(t0)], A(t0)] + [[A(t0), A
0(t0)], A(t0)]

+ (�(0)�A(t0))(�
00(0)�A00(t0)).



D3(⌧ ; t0) = D3(0; t0) +O(⌧)

= �[A(t0), [A(t0), A
0(t0)]] + 3

2 [A(t0), A
00(t0)]� 1

2 A
000(t0) +O(⌧) .

1
3⌧ D(⌧ ; t0)� L(⌧ ; t0) =

Z ⌧

0

1
6 �(⌧ � �)2 ⇧(⌧,�)D3(�; t0) d� = O(⌧4) ,

k ⌧
3 D(⌧ ; t0)� L(⌧ ; t0)k  1

72⌧
4 kD3(0; t0)k+O(⌧5) ,

D3(0; t0)
D(⌧ ; t0) eD(⌧ ; t0)

eD(⌧ ; t0)�D(⌧ ; t0) =
�e�(⌧)� �(⌧)

�S(⌧ ; t0) .

eD(⌧ ; t0) p = 2

1
3⌧
eD(⌧ ; t0)� 1

3⌧D(⌧ ; t0) =
1
36⌧

4 [A(t0), [A(t0), A
0(t0)]]S(⌧ ; t0) +O(⌧4) .

eD(⌧ ; t0)

1
3⌧
eD(⌧ ; t0)� 1

3⌧ D(⌧ ; t0) =
1
72⌧

3 [A(t0), [A(t0), A
0(t0)]]S(⌧ ; t0) +O(⌧4) .

A 2 C4

eL(⌧ ; t0)� L(⌧ ; t0) = 1
3⌧
eD(⌧ ; t0)� L(⌧ ; t0)

k eL(⌧ ; t0)�L(⌧ ; t0)k2  ⌧4
�
c k[A(t0), [A(t0), A

0(t0)]]k2 + 1
48k[A(t0), A

00(t0)]k2 + 1
144kA000(t0)k2

�
+O(⌧5) ,

c = 1
24

eD(⌧ ; t0) c = 1
36

eD(⌧ ; t0)

 = S1(⌧) 0

d = e�1(⌧) 
d = S2(⌧) d
 = S2(⌧)  1

d = d+ e�2(⌧) �A(t0 + ⌧)  1

` = ⌧ d/5  1 p = 4



A(t) 2 C400⇥400

H(t) = D + f(t)HS + i g(t)HA,

D HS HA

L(⌧ ; t0) eL(⌧ ; t0) �
L(⌧ ; t0) eL(⌧ ; t0)

t0 = 0

⇡ 2

⌧ kL(⌧ ; t0)k2 p k eL(⌧ ; t0)� L(⌧ ; t0)k2 p
� � �
� � �
� � �
� � �
� � �

p = 2 eD

⌧ kL(⌧ ; t0)k2 p k eL(⌧ ; t0)� L(⌧ ; t0)k2 p
� � �
� � �
� � �
� � �
� � �
� � �

eD

p = 4

p = 4



⌧ kL(⌧ ; t0)k2 p k eL(⌧ ; t0)� L(⌧ ; t0)k2 p
� � �
� � �
� � �
� � �
� � �

p = 4 eD

⌧ kL(⌧ ; t0)k2 p k eL(⌧ ; t0)� L(⌧ ; t0)k2 p
� � �
� � �
� � �
� � �
� � �

eD

⌧ kL(⌧ ; t0)k2 p k eL(⌧ ; t0)� L(⌧ ; t0)k2 p
� � �
� � �
� � �
� � �
� � �

p = 4 eD

⌧ kL(⌧ ; t0)k2 p k eL(⌧ ; t0)� L(⌧ ; t0)k2 p
� � �
� � �
� � �
� � �
� � �

eD




