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Abstract

This contribution is dedicated to the exploration of exponential oper-
ator splitting methods for the time integration of evolution equations.
It entails the review of previous achievements as well as the depiction
of novel results. The standard class of splitting methods involving real
coefficients is contrasted with an alternative approach that relies on
the incorporation of complex coefficients. In view of long-term com-
putations for linear evolution equations, it is expedient to distinguish
symmetric, symmetric-conjugate, and alternating-conjugate schemes.
The scope of applications comprises high-order reaction-diffusion equa-
tions and complex Ginzburg–Landau equations, which are of relevance
in the theories of patterns and superconductivity. Time-dependent
Gross–Pitaevskii equations and their parabolic counterparts, which
model the dynamics of Bose–Einstein condensates and arise in ground
state computations, are formally included as special cases. Numeri-
cal experiments confirm the validity of theoretical stability conditions
and global error bounds as well as the benefits of higher-order complex
splitting methods in comparison with standard schemes.
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1 Introduction

Splitting methods. Exponential operator splitting methods constitute
nowadays a popular class of numerical algorithms for the integration in time
of initial value problems{

u′(t) = F
(
u(t)

)
, t ∈ [t0, T ] ,

u(t0) given ,
(1a)

involving ordinary or partial differential equations, respectively. A funda-
mental premise is that the defining function naturally decomposes into two
or more parts

F =
L∑

ℓ=1

Fℓ , (1b)

so that the problem under consideration can be subdivided into different
initial value problems that are easier to solve than the original problem. For
detailed information on splitting methods, we refer to [26, 35, 40] and the
recent review [16].

Benefits. In many relevant instances, exponential operator splitting meth-
ods are straightforward to implement and present favourable properties con-
cerning error propagation. In addition, they preserve a variety of structural
properties possessed by the differential equation. As a consequence, splitting
methods are widely used in computational quantum mechanics when deal-
ing with problems requiring to solve time-dependent Schrödinger equations,
see [25, 36, 38, 39] as well as [4, 5, 9, 15, 19, 20, 29, 30, 42, 43, 44] and
references given therein.

Limitations. However, the applicability of exponential operator splitting
methods to non-reversible systems has been more limited, see for example [8,
41]. One important reason for that is related with an essential feature of
this class of time integration methods: splitting methods necessarily involve
negative coefficients when their order is three or higher, see [1, 10]. As
a consequence, severe instabilities arise when higher-order splitting methods
are applied to evolution equations of parabolic type such as reaction-diffusion
equations.
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Alternative approach. An alternative to deal with higher-order expo-
nential operator splitting methods for equations evolved by semigroups was
proposed in [3, 22, 27], see also [23, 28, 34, 37]: using instead complex co-
efficients having positive real part. In that way, the stability is recovered in
certain situations, amongst others, for reaction-diffusion systems involving
real constants. Moreover, increasing the order of the scheme typically im-
proves its efficiency over a wide range of accuracies, in contrast with what
takes place with real coefficients, see [12]. In view of these appealing proper-
ties, the practical implementation and systematic exploration of exponential
operator splitting methods with complex coefficients has been carried out,
not only by designing new high-order schemes but also by analysing their
preservation properties, for both ordinary and partial differential equations
[2, 6, 11, 13, 14].

Additional features. When considering standard exponential operator
splitting methods with real coefficients, left-right palindromic or so-called
symmetric compositions are usually preferred, since their construction is eas-
ier and in addition they provide time-symmetric approximations to the exact
solution. It turns out, however, that in the complex case other alternatives
are more favourable with respect to the preservation of properties. The bene-
fits of so-called symmetric-conjugate schemes which are symmetric in the real
part and antisymmetric in the imaginary part have been illustrated in [6, 11]
for linear unitary problems and in [14] for parabolic equations. Further-
more, it is promising to study complex splitting methods that are obtained
by concatenating a given composition with its complex conjugate. Work in
progress [7] indicates that schemes of this kind exhibit an excellent behaviour
in long-term computations of linear evolution equations.

Objective. In this contribution, our main objective is to analyse the perfor-
mance of high-order exponential operator splitting methods involving com-
plex coefficients for a general model problem that is defined by a linear com-
bination of powers of the Laplace operator, a space-dependent function, and
a nonlinear multiplication operator. We deduce stability conditions and state
a convergence result which generalises our former analysis of standard real
splitting methods within the context of linear and nonlinear Schrödinger
equations, see [42, 43]. The scope of applications includes reaction-diffusion
and Ginzburg–Landau-type equations, which are of relevance, amongst oth-
ers, in the theories of patterns and superconductivity. More precisely, specifi-
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cally designed high-order reaction-diffusion equations reveal the formation of
quasicrystalline patterns, and complex Ginzburg–Landau equations describe
the dynamical behaviour of generic spatially extended systems undergoing
a supercritical Hopf bifurcation from a stationary to an oscillatory state,
see [31, 45]. Time-dependent Gross–Pitaevskii equations modelling the dy-
namics of Bose–Einstein condensates and their parabolic counterparts arising
in ground and excited state computations are formally retained as particular
cases, see [4, 25, 38, 39].

Outline. This contribution has the following structure. In Section 2, we
introduce a general framework of abstract evolution equations and spec-
ify the format of complex exponential operator splitting methods. In Sec-
tion 3, we detail our model problem including high-order reaction-diffusion
equations, complex Ginzburg–Landau equations, time-dependent Gross–
Pitaevskii equations, and their parabolic counterparts as particular instances.
Important means for a stability and error analysis of high-order exponential
operator splitting methods are summarised in Section 4. Hereby, it is practi-
cal to include instructions along the lines of [42], where standard real splitting
methods have been studied for linear Schrödinger equations comprising the
Laplace operator and a regular space-dependent function. In essence, the ex-
tension to the significantly more involved nonlinear case relies on the powerful
calculus of Lie derivatives, see [46]. The rigorous treatment of full discreti-
sations combining time-splitting methods and spectral space discretisations
requires suitable adaptations of [43]. Numerical experiments that confirm
the theoretical statements and the advantages of high-order complex split-
ting methods in comparison with standard schemes are finally presented in
Section 5.

2 Splitting methods
In this section, we collect basic information on exponential operator split-
ting methods. For a thorough description of the analytical frameworks and
a thematic classification of splitting methods within the field of geometric
integration, we refer to [23, 28, 34, 37] and [16, 26, 35, 40].

Abstract evolution equations. The starting point of our considerations
are initial value problems for abstract evolution equations that can be cast
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into the general format{
u′(t) = F

(
u(t)

)
= F1

(
u(t)

)
+ F2

(
u(t)

)
, t ∈ [t0, T ] ,

u(t0) given ,
(2)

see also (1). Throughout, we denote by (X, ∥ · ∥X) the underlying Banach
spaces with associated norms and assume that the domains of the defin-
ing operators Fℓ : D(Fℓ) ⊆ X → X, ℓ ∈ {1, 2}, have non-empty inter-
sections. Within the context of nonlinear evolution equations of parabolic
or Schrödinger type, it is expedient to employ the frameworks of analytical
semigroups or strongly continuous unitary groups, respectively.

Splitting approach. Exponential operator splitting methods for an evo-
lution equation of the form (2) rely on the presumption that the numerical
approximation of the associated subproblems{

u′j(t) = Fj

(
uj(t)

)
, t ∈ [t0, T ] ,

uj(t0) given ,
j ∈ {1, 2} , (3)

is significantly simpler compared to the numerical approximation of the orig-
inal problem.

Scope of applications. The scope of applications includes Hamiltonian
systems from classical mechanics and Schrödinger equations from quantum
mechanics, where the advantages of exponential operator splitting meth-
ods constituting geometric numerical integrators become apparent. It nat-
urally extends to non-reversible systems such as reaction-diffusion systems
and Ginzburg–Landau-type equations, which form beautiful spatio-temporal
patterns and attract interest, amongst others, in biology, chemistry, geology,
and physics. Moreover, the fundamental concepts are applicable to higher-
order damped wave equations from nonlinear acoustics and kinetic equations
from plasma physics. See for instance [16, 21, 31, 32, 33, 45] and references
given therein.

Model problems. We study a concrete model problem that comprises a lin-
ear combination of powers of the Laplace operator, a space-dependent func-
tion, and a nonlinear multiplication operator. Even though the qualitative
characteristics of solutions are different, high-order reaction-diffusion equa-
tions describing quasicrystals as well as complex Ginzburg–Landau equations
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arising in superconductivity are formally included. Time-dependent Gross–
Pitaevskii equations modelling the dynamics of Bose–Einstein-condensates
and their parabolic counterparts emerging in ground and excited state com-
putations by imaginary time propagation are retained as special cases. The
reductions to related linear cases lead to partial differential equations that
involve, on the one hand, linear differential operators and, on the other hand,
multiplication operators defined by space-dependent functions.

Evolution operators. Henceforth, we use a symbolic notation for the
exact evolution operators associated with the original problem (2) or the
subproblems (3), respectively, and indicate the dependencies on the current
times, the defining operators, and the initial states. For instance, we set

Et,F
(
u(t0)

)
= u(t) , t ∈ [t0, T ] ,

for the evolution operator corresponding to (2).

Iterated commutators. Under the requirement of suitably restricted do-
mains, the commutator of two nonlinear operators is defined by[

F1, F2

]
(v) = F ′1(v)F2(v)− F ′2(v)F1(v) . (4a)

More generally, the iterated commutators are determined recursively

ad ℓ
F1
(F2) =

{
F2 , ℓ = 0 ,[
F1, ad ℓ−1

F1
(F2)

]
, ℓ ∈ N≥1 .

(4b)

Complex splitting methods. We employ a usual time-stepping approach,
denoting by

t0 < t1 < · · · < tN = T , τn = tn+1 − tn , n ∈ {0, 1, . . . , N − 1} , (5a)

the underlying time grid points with corresponding time stepsizes. The re-
currence relations for the exact and numerical solution values read as

un+1 = Sτn,F (un) ≈ u(tn+1) = Eτn,F
(
u(tn)

)
,

n ∈ {0, 1, . . . , N − 1} .
(5b)

For suitable choices of the defining method coefficients, complex exponential
operator splitting methods can be written as

Sτn,F = Eτn,bsF2 ◦ Eτn,asF1 ◦ · · · ◦ Eτn,b1F2 ◦ Eτn,a1F1 ,

(aj, bj)
s
j=1 ∈ C2s .

(5c)
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Evidently, standard splitting methods are included as special cases with real
coefficients.

Order and error estimates. Within the context of nonstiff differential
equations with sufficiently regular solutions, the order p ∈ N≥1 of a complex
exponential operator splitting method (5) is defined through the relation

Lτn,F (v) = Sτn,F (v)− Eτn,F (v) = O
(
τ p+1
n

)
as τn ↘ 0 . (6)

Global error estimates. In view of a rigorous convergence analysis of ex-
ponential operator splitting methods, we employ a standard argument based
on the telescopic identity to conclude that the validity of stability bounds
combined with suitable local error expansions ensuring (6) implies global
error estimates ∥∥un − u(tn)

∥∥
X
≤ C

(∥∥u0 − u(t0)
∥∥
X
+ τ pmax

)
,

n ∈ {1, . . . , N} , τmax = max
n∈{0,1,...,N−1}

τn .

In order to subsume our modus operandi, we meanwhile restrict ourselves to
evolution equations (2) that are defined by bounded linear operators

F1, F2 : X −→ X

and complex splitting methods (5) applied with constant time stepsizes

τn = τ , n ∈ {0, 1, . . . , N − 1} ,

since then the exact and numerical solutions can be represented by exponen-
tial series

Eτ,F = e τ (F1+F2) , Sτ,F = e bsτF2 e asτF1 · · · e b1τF2 e a1τF1 .

Consequently, stability bounds follow at once from∥∥Eτ,F∥∥X←X
≤ eCτ ,

∥∥Sτ,F

∥∥
X←X

≤ eCτ ,

C = max

{
∥F1∥X←X + ∥F2∥X←X ,

s∑
j=1

(
|aj|∥F1∥X←X + |bj|∥F2∥X←X

)}
.
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Provided that the method coefficients satisfy certain order conditions such
that local error expansions (6) hold true, the desired global error estimates
are obtained by means of the telescopic identity

un − u(tn) =
(
Sτ,F

)n (
u0 − u(t0)

)
+

n−1∑
ℓ=0

(
Sτ,F

)n−1−ℓLτ,F

(
Eτ,F

)ℓ
u(t0) ,

n ∈ {1, . . . , N} ,

and straightforward estimation∥∥un − u(tn)
∥∥
X
≤ eCtn

(∥∥u0 − u(t0)
∥∥
X
+ n

∥∥Lτ,F

∥∥
X←X

∥∥u(t0)∥∥X

)
,

n ∈ {1, . . . , N} .

Theorem 1 given in Section 4 below constitutes the natural generalisation to
abstract evolution equations involving unbounded nonlinear operators.

Additional features. Whenever the primary interest of the investigations
concerns the specification of exponential operator splitting methods, it is
convenient to supress the dependencies on the time stepsizes as well as the
defining operators and to replace (5c) by the compact representation

S =
(
bs, as, . . . , b1, a1

)
. (7)

As special patterns in the distribution of the method coefficients are of impor-
tance within the context of long-term computations, we distinguish symmet-
ric (s), symmetric-conjugate (sc), and alternating-conjugate (ac) schemes.
Assuming for a moment that the defining operators correspond to real sym-
metric matrices F1, F2 ∈ RM×M , these properties can be connected to com-
plex conjugation and transposition of certain components, e.g.

S0 =
(
br, ar, . . . , b1, a1

)
,

S0 =
(
br, ar, . . . , b1, a1

)
, ST

0 =
(
a1, b1, . . . , ar, br

)
.

(8a)

That is, when setting a1 = 0, we impose the following configurations

S0 =
(
br, ar, . . . , b2, a2, b1

)
,

S(s) =
(
ST
0 , ar+1,S0, 0

)
,

ar+1 ∈ R , S(sc) =
(
S0

T
, ar+1,S0, 0

)
,

ar+1 ∈ R , S1 =
(
S0

T
, ar+1,S0

)
, S(ac) =

(
S1,S1, 0

)
.

(8b)
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For bs = 0, we instead obtain

S0 =
(
ar, . . . , b2, a2, b1, a1

)
,

S(s) =
(
0,ST

0 , br,S0

)
,

br ∈ R , S(sc) =
(
0,S0

T
, br,S0

)
,

br ∈ R , S1 =
(
S0

T
, br,S0

)
, S(ac) =

(
0,S1,S1

)
.

(8c)

Further information is found in [6, 7, 11, 14].

Examples. Widely used low-order exponential operator splitting methods
such as the non-symmetric first-order Lie–Trotter splitting method and the
symmetric second-order Strang splitting method are retained for the partic-
ular choices

Lie–Trotter : p = s = 1 , S = (1, 1) ,

Strang : p = s = 2 , S =
(
1
2
, 1, 1

2
, 0
)
,

see (5), (6), and (7). The method coefficients of various higher-order ex-
ponential operator splitting methods are collected in a Matlab code that
is available at doi.org/10.5281/zenodo.13834638, see also Section 5. Their
additional features and stability properties are displayed in Table 1.

Adaptivity. For non-reversible systems such as reaction-diffusion equations
and associated linear equations, see (11) below, it is desirable to enhance the
efficiency of long-term simulations by incorporating a time stepsize control.
Further details are found in [14, 18], where two different strategies have been
exploited, see also the references given therein.

3 Model problems
In this section, we first introduce our general model problem and then state
high-order reaction-diffusion equations and complex Ginzburg–Landau-type
equations that are included as special cases. Fundamental questions such as
well-posedness are treated in [23, 28, 34, 37].

General model problem. For a space-time-dependent complex-valued
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solution U : Ω× [t0, T ] ⊂ Rd × R → C, we consider the model problem∂tU(x, t) =
K∑
k=0

αk ∆
k U(x, t) +W (x)U(x, t) + f

(
U(x, t)

)
,

U(x, t0) = U0(x) , (x, t) ∈ Ω× [t0, T ] ,

(9)

which comprises a linear combination of powers of the Laplace operator, a
sufficiently regular space-dependent function W : Ω → C, and a nonlin-
ear multiplication operator defined by the complex function f : C → C.
Throughout, we assume that the complex constants (αk)

K
k=0 ∈ CK+1 are

chosen such that well-posedness of the problem is ensured.

Compact reformulation. In order to rewrite (9) in the compact form (2),
we set u(t) = U(·, t) for t ∈ [t0, T ] and define the associated operators for
any sufficiently regular space-dependent function v : Ω → C through(

F1(v)
)
(x) =

K∑
k=0

αk ∆
k v(x) ,(

F2(v)
)
(x) = W (x) v(x) + f

(
v(x)

)
,

x ∈ Ω .

(10)

3.1 High-order reaction-diffusion equations

We study high-order reaction-diffusion equations of the form∂tU(x, t) =
4∑

k=0

αk ∆
k U(x, t) +

3∑
k=1

βk

(
U(x, t)

)k
,

U(x, t0) = U0(x) , (x, t) ∈ Ω× [t0, T ] ,

(11)

retained from (9) for W = 0 and a cubic polynomial

f : R −→ R : v 7−→
3∑

k=1

βk v
k .

With regard to the simulation of quasicrystalline patterns in two space di-
mensions, we assume that the underlying spatial domains are given by Carte-
sian products of bounded intervals, tacitly impose periodic boundary condi-
tions, and focus on real constants (αk)

4
k=0 ∈ R5 and (βk)

3
k=1 ∈ R3. Under

the basic assumption α4 < 0, the problem is well-posed, and the solution
U : Ω× [t0, T ] → R inherits the regularity of the prescribed initial state.
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3.2 Complex Ginzburg–Landau-type equations

A particularity of Ginzburg–Landau-type equations
∂tU(x, t) = α1∆U(x, t) + α0 U(x, t)

+ β1V (x)U(x, t) + β2

∣∣U(x, t)
∣∣β3

(
U(x, t)

)β4 ,

U(x, t0) = U0(x) , (x, t) ∈ Ω× [t0, T ] ,

(12)

is the interaction of the Laplace operator and the non-holomorphic nonlinear-
ity in the presence of complex constants. Evidently, the model problem (12)
can be cast into the general form (9) when setting αk = 0 for j ∈ {2, 3, 4},
W = β1V , and

f : C −→ C : v 7−→ β2 |v|β3 vβ4 .

In view of relevant applications, we once again suppose that the underly-
ing spatial domains are given by Cartesian products of (sufficiently large)
bounded intervals and tacitly impose periodic boundary conditions. Like-
wise, we conjecture sufficiently regular solutions U : Ω × [t0, T ] → C for
appropriately prescribed potentials and initial states. On the one hand, in
order to ensure that the evolution equation in (12) is of parabolic type, we
employ the restriction ℜ(α1) > 0. On the other hand, it is instructive to
observe that nonlinear Schrödinger equations such as Gross–Pitaevskii equa-
tions are included in (12) in the limiting case ℜ(α1) → 0 and ℑ(α1) ̸= 0.

Special cases. We next specify complex Ginzburg–Landau equations, time-
dependent Gross–Pitaevskii equations, and their parabolic counterparts. In
all cases, we focus on the special choices β3 = 2 and β4 = 1.

(i) Complex Ginzburg–Landau equations{
∂tU(x, t) = α1∆U(x, t) + α0 U(x, t) + β2

∣∣U(x, t)
∣∣2 U(x, t) ,

U(x, t0) = U0(x) , (x, t) ∈ Ω× [t0, T ] ,
(13)

are obtained from (12) for β1 = 0.

(ii) Time-dependent Gross–Pitaevskii equations{
i ∂tU(x, t) = α∆U(x, t) + β V (x)U(x, t) + ϑ

∣∣U(x, t)
∣∣2 U(x, t) ,

U(x, t0) = U0(x) , (x, t) ∈ Ω× [t0, T ] ,

(14)
result from (12) for the choices α1 = − iα, α0 = 0, β1 = − i β, and
β2 = − iϑ with real constants α, β, ϑ ∈ R.
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(iii) Related nonlinear parabolic equations{
∂tU(x, t) = α∆U(x, t) + β V (x)U(x, t) + ϑ

∣∣U(x, t)
∣∣2 U(x, t) ,

U(x, t0) = U0(x) , (x, t) ∈ Ω× [t0, T ] ,

(15)
can be cast into (12) with α1 = α ∈ R>0, α0 = 0, β1 = β ∈ R, and
β2 = ϑ ∈ R.

4 Convergence analysis

Guide line. Our main objective in this section is the statement of a conver-
gence result for high-order exponential operator splitting methods involving
complex coefficients (5) applied to the general model problem (9). As spe-
cial cases, high-order reaction-diffusion equations (11), complex Ginzburg–
Landau-type equations (12), and reductions to related linear equations are
included in the analysis. For this purpose, we reconsider the approach ex-
ploited in [42, 43] for standard real splitting methods applied to linear and
nonlinear evolution equations of Schrödinger type and indicate suitable mod-
ifications. In Section 4.1, we examine potential stability issues, and in Sec-
tion 4.2, we outline the derivation of local error expansions such that iterated
commutators characterise the regularity requirements. For the statement of
Theorem 1 within the context of abstract evolution equations (2), we employ
the frameworks of analytic semigroups or strongly continuous unitary groups,
respectively. In view of practical implementations, the treatment of full dis-
cretisations based on time-splitting methods combined with spectral space
discretisations relies on more concrete settings of separable Hilbert spaces.
Numerical experiments that confirm the validity of stability conditions and
global errors bounds are presented in Section 5. They in particular imply that
complex exponential operator splitting methods retain their classical orders
for high-order reaction-diffusion equations and complex Ginzburg–Landau-
type equations.

Fundamental means. We here refrain from a survey of the theoretical
foundations and instead refer to the standard monographs [23, 28, 34, 37].
Brief descriptions of the powerful theory of sectorial operators generating
analytic semigroups on Banach spaces and applications to nonautonomous as
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well as quasilinear parabolic problems are also found in our former works [17,
24].

4.1 Stability conditions

Derivation. With regard to a stability analysis of complex exponential
operator splitting methods (5) applied to the general model problem (9), we
study the decisive contribution involving the highest power of the Laplace
operator and a complex constant{

v′(t) = AK v(t) , AK = αK ∆K ,

v(tn) given , t ∈ [tn, tn + τn] , τn > 0 .

We recall our assumption of a spatial domain that is defined by the Carte-
sian product of bounded intervals and the imposed periodic boundary condi-
tions. Without loss of generality, we may consider Ω = [− π, π]d. A natural
choice for the underlying function space is provided by the Lebesgue space
of complex-valued square-integrable functions

(L2(Ω,C), (·|·)L2 , ∥ · ∥L2) ,

endowed with the standard inner product and the induced norm. A complete
orthonormal system of this Hilbert space is given by the family of Fourier
functions (Fm)m∈Zd , which forms a set of eigenfunctions such that

Fm : Cd −→ C : x = (x1, . . . , xd) 7−→ 1
(2π)d

d∏
ℓ=1

e imℓ (xℓ+π) ,

∆K Fm =
(
− λm

)KFm , λm = |m|2 =
d∑

ℓ=1

m2
ℓ ≥ 0 ,

m = (m1, . . . ,md) ∈ Zd .

(16)

Due to the fact that λm → ∞ whenever a component of the multi-index
m ∈ Zd tends to infinity, the term (−λm)

K associated with the highest
power of the Laplace operator indeed dominates lower-order contributions.
By Fourier series representations, we obtain the relations

v(tn) =
∑
m∈Zd

vm(tn)Fm ,

Eτn,ajAK
v(tn) =

∑
m∈Zd

eτn aj αK (−λm)Kvm(tn)Fm , j ∈ {1, . . . , s} .
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Moreover, Parseval’s identity implies∥∥Eτn,ajAK
v(tn)

∥∥2

L2 =
∑
m∈Zd

∣∣∣eτn aj αK (−λm)K
∣∣∣2 ∣∣vm(tn)∣∣2 ,

=
∑
m∈Zd

e 2 (− 1)K ℜ(aj αK) τn λK
m
∣∣vm(tn)∣∣2 , j ∈ {1, . . . , s} .

As a consequence, for positive time stepsizes τn > 0, boundedness is ensured
provided that

e (− 1)K ℜ(aj αK) τn λK
m ≤ 1 , m ∈ Zd .

Altogether, for evolution equations involving complex constants and expo-
nential operator splitting methods with complex coefficients, we obtain the
stability conditions

(− 1)K ℜ
(
aj αK

)
= (− 1)K

(
ℜ(aj)ℜ(αK)−ℑ(aj)ℑ(αK)

)
≤ 0 ,

j ∈ {1, . . . , s} .
(17)

In particular, they must hold for high-order reaction-diffusion equations (11)
with K = 4 and for complex Ginzburg–Landau-type equations (12) with
K = 1, respectively.

Special case. It is expedient to reconsider the stability conditions (17) for
exponential operator splitting methods involving real coefficients (aj)sj=1. In
this special case, the following simplifications are valid

ℑ(aj) = 0 =⇒ (− 1)K ℜ(aj)ℜ(αK) ≤ 0 ,

j ∈ {1, . . . , s} .

On the one hand, for well-posed reaction-diffusion-type equations satisfying
the relation (− 1)K ℜ(αK) < 0, this yields

aj = ℜ(aj) ≥ 0 , j ∈ {1, . . . , s} .

We point out that the validity of these stability conditions can be granted
for higher-order exponential operator splitting methods involving complex
coefficients, whereas a second-order barrier is effective for any standard real
splitting method. On the other hand, due to ℜ(αK) = 0, stability can be
ensured for Schrödinger equations.
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Table 1: Survey of lower- and higher-order exponential operator splitting
methods. Specification of type (real, complex), additional features (sym-
metric (s), symmetric-conjugate (sc), and alternating-conjugate (ac)) and
characteristics (nonstiff order p, number of stages s). Stability properties
for evolution equations of parabolic type. For schemes involving complex
coefficients, the conditions ℜ aj ≥ 0 for j ∈ {1, . . . , s} are necessary, but
not sufficient. Schemes involving real coefficients (aj)

s
j=1 remain stable for

evolution equations of Schrödinger type.

Method 1 (Lie–Trotter, real, p = s = 1) Stability (a1 > 0)
Method 2 (Strang, real s, p = s = 2) Stability (a1, a2 ≥ 0)
Method 3 (Yoshida, real s, p = s = 4) Instability (a3 < 0)
Method 4 (Yoshida, complex s, p = s = 4) ℜ a1, . . . ,ℜ as ≥ 0
Method 5 (complex s, p = 4, s = 6) Stability (a1, . . . , as ≥ 0)
Method 6 (complex sc, p = s = 3) ℜ a1, . . . ,ℜ as ≥ 0
Method 7 (complex sc, p = 3, s = 4) Stability (a1, . . . , as ≥ 0)
Method 8 (complex sc, p = s = 4) ℜ a1, . . . ,ℜ as ≥ 0
Method 9 (complex sc, p = 4, s = 6) Stability (a1, . . . , as ≥ 0)
Method 10 (complex sc, p = 6, s = 16) Stability (a1, . . . , as ≥ 0)
Method 11 (complex ac, p = 4, s = 7) Stability (a1, . . . , as ≥ 0)
Method 12 (complex ac, p = 6, s = 19) Stability (a1, . . . , as ≥ 0)

Conclusion. It is noteworthy that the sizes of the real and imaginary parts
of the decisive constant αK ∈ C in general affect the stability behaviour of
complex exponential operator splitting methods. This conclusion from (17)
is illustrated by a numerical experiment in Section 5 below, see Figure 5. In
order to avoid such a phenomenon, it is desirable to apply high-order com-
plex splitting methods with the additional feature (aj)

s
j=1 ∈ Rs. In Table 1,

we summarise the stability properties of various real and complex exponen-
tial operator splitting methods. For the stated reasons, we highlight gener-
ally applicable fourth- and sixth-order schemes with non-negative coefficients
(aj)

s
j=1 (Methods 5, 7, 9, 10, 11, 12).
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4.2 Local error expansions

Fundamental means. For the purpose of illustration, we focus on the
derivation of suitable local error expansions for complex operators splitting
methods (5) applied to abstract evolution equations (2) that are defined by
two linear operators. In view of our model problem, we associate F1 = A
with a differential operator and F2 = B with a multiplication operator. Fun-
damental means for stepwise expansions of the exact and numerical evolution
operators, which ensure the specification of the arising remainders, are pro-
vided by the variation-of-constants formula and Taylor series expansions.
The characterisation of the resulting regularity requirements is linked to the
identification of iterated commutators. The extension to the significantly
more involved nonlinear case in the lines of [43] relies on the formal calculus
of Lie-derivatives.

Linear evolution equations. We study linear evolution equations

u′(t) = F
(
u(t)

)
= (A+B)u(t) , t ∈ [t0, T ] ,

and employ a compact notation for the associated evolution operators

Eτ,F = e τ(A+B) , Eτ,A = e τA , Eτ,B = e τB .

In order to illustrate the general procedure for high-order exponential opera-
tor splitting methods, we consider a scheme of nonstiff order p involving four
stages. We meanwhile use the general form

s = 4 : Sτ,F = eBs eAs · · · eB1 eA1 ,

Aj = τ aj A , Bj = τ bj B , j ∈ {1, . . . , s} .

(i) The derivation of appropriate expansions of the exact evolution op-
erators is based on a repeated application of the linear variation-of-
constants formula

u(t) = e (t−t0)A u(t0) +

∫ t

t0

e (t−ζ)A B u(ζ) dζ , t ∈ [t0, T ] .

Under suitable regularity restrictions, the resulting representations

Eτ,F = e τ(A+B) =

p∑
k=0

E (k)
τ,F +O

(
τ p+1

)
, (18)
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where the dominant terms are given by iterated integrals such as

E (0)
τ,F = e τA ,

E (1)
τ,F =

∫ τ

0

e (τ−ζ1)A B e ζ1A dζ1 ,

E (2)
τ,F =

∫ τ

0

∫ ζ1

0

e (τ−ζ1)A B e (ζ1−ζ2)A B e ζ2A dζ2 dζ1 ,

are well-defined. Detailed calculations and explanations, valid for the
general case, are found in [42].

(ii) For the numerical evolution operators, the derivation of appropriate
representations that resemble (18) are obtained by Taylor series ex-
pansions of the evolution operators associated with the multiplication
operators. This is done step-by-step such that the remainders reflect
the regularity requirements in accordance with numerical evidence. For
detailed calculations and explanations, we again refer to [42]. In the
case of the above stated example, this yields a relation of the form

Sτ,F = eB4 eA4 eB3 eA3 eB2 eA2 eB1 eA1 =

p∑
k=0

S(k)
τ,F +O

(
τ p+1

)
, (19)

where the leading contributions are given by

S(0)
τ,F = eA4+A3+A2+A1 ,

S(1)
τ,F = B4 e

A4+A3+A2+A1 + eA4 B3 e
A3+A2+A1

+ eA4+A3 B2 e
A2+A1 + eA4+A3+A2 B1 e

A1 ,

S(2)
τ,F = 1

2
B2

4 e
A4+A3+A2+A1 +B4 e

A4 B3 e
A3+A2+A1

+B4 e
A4+A3 B2 e

A2+A1 +B4 e
A4+A3+A2 B1 e

A1

+ 1
2
eA4 B2

3 e
A3+A2+A1 + eA4 B3 e

A3 B2 e
A2+A1

+ eA4 B3 e
A3+A2 B1 e

A1 + 1
2
eA4+A3 B2

2 e
A2+A1

+ eA4+A3 B2 e
A2 B1 e

A1 + 1
2
eA4+A3+A2 B2

1 e
A1 .

(iii) The order conditions for complex exponential operator splitting meth-
ods applied to linear evolution equations involving unbounded operators
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follow from a further analysis of the differences

p∑
k=0

(
S(k)
τ,F − E (k)

τ,F

)
= O

(
τ p+1

)
,

see (18) and (19). For this pupose, the contributions in the expansions
of the numerical evolution operators are understood as quadrature ap-
proximations to the integrals arising in the expansions of the exact evo-
lution operators. Commutators naturally result from suitable Taylor
series expansions, which comprise elements such as

d
dζ

e (τ−ζ)AB e ζA = − e (τ−ζ)A adA(B) e ζA ,

d2

dζ2
e (τ−ζ)A B e ζA = e (τ−ζ)A ad 2

A(B) e ζA ,

see also (4).

Generalisation to nonlinear evolution equations. The derivation of
suitable local error expansions for complex exponential operator splitting
methods applied to a nonlinear evolution equation of the form (2), retained
from the general model (9)–(10), follows the approach sketched above. Im-
portant means are hereby provided by the formal calculus of Lie-derivatives.
In particular, this concerns the application of the nonlinear variation-of-
constants formula to obtain appropriate expansions of the exact evolution
operators and the occurrence of iterated commutators involving nonlinear
operators, see (4).

Regularity requirements. As detailed in [42], a fundamental ingredi-
ent in the rigorous treatment of high-order exponential operator splitting
methods is the specification of the remainders and the characterisation of
the arising commutators. In addition, the resulting regularity requirements
are related to fractional power spaces of sectorial operators or, more con-
cretely, to Sobolev spaces. For the general model problem (9)–(10), where
F1 represents a linear differential operator and F2 a nonlinear multiplication
operator, this implies that the nonstiff orders p ∈ N≥1 of the considered
complex exponential operator splitting methods (5) are retained, provided
that the problem data and hence the solution is sufficiently regular. More
precisely, we can draw the following conclusions.
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(i) For a linear evolution equation involving the Laplace operator and a
regular space-dependent function W , straightforward calculations show
that the commutator ad∆(W ) defines a differential operator of order
one that comprises derivatives of W up to order two. By induction,
it is seen that ad p

∆(W ) leads to a differential operator of order p that
involves derivatives of W up to order 2 p. As a consequence, we retain
the nonstiff order of a complex exponential operator splitting method,
if the prescribed initial state and thus the exact solution is contained
in the domain

D = D
(
(−∆)p/2

)
.

(ii) In contrast, for nonlinear problems such as complex Ginzburg–Landau-
type equations, we cannot expect that certain derivatives cancel, that
is, the commutator adF1(F2) corresponds to a differential operator of
order 2 p. Hence, the nonstiff orders of convergence are retained, when-
ever the exact solution values remain bounded in

D = D
(
(−∆)p

)
.

Similar arguments are valid for high-order reaction-diffusion equations and
associated linear equations.

Order reductions. In case the well-definedness of ad ℓ
F1
(F2) is ensured

for ℓ < p only, order reductions are encountered. An illustrative numerical
experiment for higher-order real splitting methods applied to the Gross–
Pitaevskii equation is given in [43, Figure 4.2].

4.3 Global error estimates

The above considerations and exemplifications lead us to the following con-
vergence result for complex exponential operator splitting methods (5).

Setting. The scope of applications includes nonlinear partial differential
equations of parabolic and Schrödinger type that can be cast into the general
form (9). On the one hand, for high-order reaction-diffusion equations (11),
complex Ginzburg–Landau equations (13), and parabolic counterparts of
Gross–Pitaevskii equations (15), we employ the framework of analytical semi-
groups generated by sectorial operators on Banach spaces. It is noteworthy
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that this framework permits to include additional lower-order partial deriva-
tives in the linear differential operators, when desired. On the other hand,
for Gross–Pitaevskii equations (14), we instead employ the framework of
strongly continuous unitary groups.

Telescopic identity. As indicated in Section 2, a standard telescopic iden-
tity reveals that estimates for the differences between numerical and exact
solution values

un − u(tn) =
(
Sτn−1,F ◦ · · · ◦ Sτ0,F

)
(u0)−

(
Eτn−1,F ◦ · · · ◦ Eτ0,F

)(
u(t0)

)
=

(
Sτn−1,F ◦ · · · ◦ Sτ0,F

)
(u0)−

(
Sτn−1,F ◦ · · · ◦ Sτ0,F

)(
u(t0)

)
+

n∑
ℓ=1

((
Sτn−1,F ◦ · · · ◦ Sτℓ,F ◦ Sτℓ−1,F

)(
u(tℓ−1)

)
−

(
Sτn−1,F ◦ · · · ◦ Sτℓ,F ◦ Eτℓ−1,F

)(
u(tℓ−1)

)
, n ∈ {0, 1, . . . , N} ,

can be reduced to stability and local error bounds such as∥∥(Sτn−1,F ◦ · · · ◦ Sτ0,F

)
(v)−

(
Sτn−1,F ◦ · · · ◦ Sτ0,F

)
(w)

∥∥
X
≤ C ∥v − w∥X ,∥∥Sτn−1,F (v)− Eτn−1,F (v)

∥∥
X
≤ C τ p+1

n−1 ,

n ∈ {0, 1, . . . , N} ,

see also Lemma 5 and Lemma 9 in [43]. Based on the stability analysis of Sec-
tion 4.1 and the derivation of local error estimates as sketched in Section 4.2,
we thus obtain the following statement. We recall the reformulation of the
general model problem (9)–(10) as abstract evolution equation (2), where F1

represents a linear differential operator that is given by linear combinations
of powers of the Laplacian and F2 a nonlinear multiplication operator.

Theorem 1 Let (X, ∥ · ∥X) denote the underlying Banach space. Consider
the nonlinear evolution equation (2) involving the (unbounded) operators
Fℓ : D(Fℓ) ⊆ X → X, ℓ ∈ {1, 2}. Assume that F1 generates an ana-
lytic semigroup (Et,F1)t∈R≥0

or a strongly continuous unitary group (Et,F1)t∈R,
respectively. Suppose that the coefficients of the complex exponential opera-
tor splitting method (5) fulfill the classical order conditions for some integer
p ∈ N≥1 and that in particular the validity of the stability bounds∥∥Et,ajF1

∥∥
X←X

≤ eC1t , t ∈ [t0, T ] , j ∈ {1, . . . , s} ,
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Yoshida splitting (real, symmetric, p = 4, s = 4)

Yoshida splitting (complex, symmetric, p = 4, s = 4)

Complex splitting (symmetric-conj, p = 4, s = 4)

Complex splitting (symmetric-conj, p = 6, s = 16)

Complex splitting (alternating-conj, p = 4, s = 7)

Complex splitting (alternating-conj, p = 6, s = 19)

Figure 1: Fourth- and sixth-order exponential operator splitting methods
applied in numerical experiments, see Methods 3, 4, 8, 10, 11, 12 in Table 1.

is ensured. Then, provided that the exact solution values are bounded∥∥u(t)∥∥
D
≤ C2 , t ∈ [t0, T ] ,

with respect to the norm of a suitably restricted subspace D ⊆ X that is
defined by the requirement that the iterated commutators arising in the ex-
pansion of the local error remain bounded∥∥ad ℓ

F1
(F2)

∥∥
X←D

≤ C3 , ℓ ∈ {0, 1, . . . , p} ,

the following global error estimate holds∥∥un − u(tn)
∥∥
X
≤ C

(∥∥u0 − u(t0)
∥∥
X
+ τ pmax

)
,

n ∈ {1, . . . , N} , τmax = max
n∈{0,1,...,N−1}

τn .

The positive constant C > 0 depends on C1, C2, C3 > 0 and the final time,
but is independent of the time increment and the number of time steps.

Full discretisations. We point out that the analogue to Theorem 3 in [43]
for space-time discretisations by high-order time-splitting Fourier pseudo-
spectral methods holds as well. Its derivation relies on the setting of self-
adjoint operators on Hilbert spaces. Specifically, the knowledge of a com-
plete orthonormal system of eigenfunctions associated with the Laplacian is
utilised, see (16).

5 Numerical experiments
In the following, we demonstrate the favourable performance of higher-order
complex exponential operator splitting methods in short- and long-term inte-
grations. We in particular confirm the validity of the stability conditions (17)
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Figure 2: Short-term integrations of a one-dimensional reaction-diffusion
equation (left) and a three-dimensional high-order reaction-diffusion equa-
tion (right) by real and complex fourth- and sixth-order exponential opera-
tor splitting methods, see Figure 1. Global errors versus time stepsizes (first
row) and total numbers of spectral transforms (second row), respectively.
The complex exponential operator splitting methods remain stable and retain
their classical orders, whereas the real splitting method by Yoshida suffers
from severe instabilities.

and Theorem 1, which implies that complex exponential operator splitting
methods retain their classical orders for high-order reaction-diffusion equa-
tions and complex Ginzburg–Landau-type equations.

Source. A Matlab code that illustrates the implementation of exponential
operator splitting methods for high-order reaction-diffusion equations and in
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Figure 3: Short-term integration of complex Ginzburg–Landau equations
by real and complex fourth- and sixth-order exponential operator splitting
methods, see Figure 1. Global errors versus time stepsizes. Left: Standard
implementation for a one-dimensional problem. The complex exponential
operator splitting methods remain stable, whereas the real splitting method
by Yoshida becomes unstable for larger time stepsizes. The black reference
line corresponds to slope four and shows that all real and complex schemes
suffer from severe order reductions. Right: Correct implementation for a re-
lated three-dimensional problem. All complex exponential operator splitting
methods remain stable and retain their nonstiff orders.

particular reproduces the results shown in Figure 2 is available at

doi.org/10.5281/zenodo.13834638.

The coefficients of the real and complex schemes listed in Table 1 are found
at the end of the file.

Splitting methods. As characteristic instances, we select the real and
complex fourth-order symmetric splitting methods proposed by Yoshida [47]
as well as two symmetric-conjugate and two alternating-conjugate splitting
methods, in each case a fourth-order and a sixth-order scheme, see Figure 1.

Reaction-diffusion equations. In Figure 2, we include the numeri-
cal results obtained for two test cases, a one-dimensional reaction-diffusion
equation as well as a computationally more demanding high-order reaction-
diffusion equation in three space dimensions. As initial state, we choose a
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Figure 4: Corresponding results for related equations of parabolic and
Schrödinger type. For a standard implementation of higher-order complex
exponential operator splitting methods, severe order reductions are observed.

localised and highly regular Gaussian-like function. The quantity M captures
the total numbers of Fourier basis functions. We compute a numerical refer-
ence solution and the errors at the final time with respect to the Euclidean
norm. On the one hand, we display the global errors versus the time step-
sizes. Thus, the slopes of the lines reflect the orders of the splitting methods.
On the other hand, we display the global errors versus the total numbers of
spectral transforms (FFT, IFFT), which corresponds to the main costs of
the computations and hence relates to the efficiency of the splitting meth-
ods. In both situations, the complex exponential operator splitting methods
remain stable and retain their classical orders. In contrast, due to the pres-
ence of negative coefficients, the real splitting method by Yoshida suffers
from severe instabilities and yields no output for the three-dimensional high-
order reaction-diffusion equation. Altogether, we observe that the sixth-order
schemes are superior in efficiency, even when lower tolerances are desirable.

Ginzburg–Landau-type equations. We point out that the realisation of
higher-order exponential operator splitting methods for complex Ginzburg–
Landau-type equations is a subtle issue. Due to the presence of non-analytic
nonlinearities and complex constants, standard implementations would lead
to significant order reductions. Instead, an appropriate reformulation of (12)
as a system for the solution and its complex conjugate is required. Ad-
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Figure 5: Short-term integrations of three-dimensional complex Ginzburg–
Landau equations by real and complex fourth- and sixth-order exponential
operator splitting methods, see Figure 1. Global errors versus time stepsizes
(first row) and total numbers of spectral transforms (second row), respec-
tively. For α1 = 1 + i, all complex exponential operator splitting methods
remain stable and retain their classical orders. For α1 = 1 + 10 i, the stabil-
ity conditions (17) have an impact on the schemes with complex coefficients
(aj)

s
j=1, whereas the schemes involving non-negative coefficients (aj)sj=1 main-

tain stability.

ditional considerations for the associated nonlinear subproblem permit the
calculation of an explicit solution representation. In Figures 3 and 4, we
constrast standard implementations with severe order reductions for a com-
plex Ginzburg–Landau equation (13), a Gross–Pitaevskii equation (14), and
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Figure 6: Long-term integrations of two-dimensional high-order reaction-
diffusion equations forming quasicrystalline patterns. Solution profiles at
time T = 500.
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Figure 7: Long-term integrations of one-dimensional (up) and two-
dimensional (down) complex Ginzburg–Landau equations modelling nonlin-
ear waves. Solution profiles at time T = 100.
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a related parabolic equation (15) to a correct implementation, where the
nonstiff orders are retained. In Figure 5, we demonstrate the implications of
the stability conditions (17) for three-dimensional complex Ginzburg–Landau
equations (13). When increasing the imaginary part of a constant, the real
splitting methods by Yoshida (Method 3) as well as the schemes involving
complex coefficients (aj)sj=1 (Methods 4 and 8) become unstable, whereas the
schemes involving non-negative coefficients (aj)

s
j=1 (Methods 10, 11, 12) re-

main stable. Overall, the sixth-order schemes are again superior in efficiency
when lower tolerances are desirable.

Long-term integrations. The formation of quasicrystalline patterns in
long-term integrations is illustrated in Figure 6. For visualisations, see also

techmath.uibk.ac.at/mecht/MyHomepage/Research/Movie2024Quasicrystal1.m4v
techmath.uibk.ac.at/mecht/MyHomepage/Research/Movie2024Quasicrystal2.m4v

Long-term integrations of one- and two-dimensional complex Ginzburg–
Landau equations modelling nonlinear waves are illustrated in Figure 7, see
also

techmath.uibk.ac.at/mecht/MyHomepage/Research/Movie2024GinzburgLandau1.m4v
techmath.uibk.ac.at/mecht/MyHomepage/Research/Movie2024GinzburgLandau2.m4v
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