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ABSTRACT. Mathematical models based on systems of reaction-diffusion equations provide fundamental
tools for the description and investigation of various processes in biology, biochemistry, and chemistry;
in specific situations, an appealing characteristic of the arising nonlinear partial differential equations is
the formation of patterns, reminiscent of those found in nature. The deterministic Gray—Scott equations
constitute an elementary two-component system that describes autocatalytic reaction processes; depending
on the choice of the specific parameters, complex patterns of spirals, waves, stripes, or spots appear.

In the derivation of a macroscopic model such as the deterministic Gray—Scott equations from basic phys-
ical principles, certain aspects of microscopic dynamics, e.g. fluctuations of molecules, are disregarded; an
expedient mathematical approach that accounts for significant microscopic effects relies on the incorporation
of stochastic processes and the consideration of stochastic partial differential equations.

The present work is concerned with a theoretical and numerical study of the stochastic Gray—Scott
equations driven by independent spatially time-homogeneous Wiener processes. Under suitable regularity
assumptions on the prescribed initial states, existence and uniqueness of the solution processes is proven.
Numerical simulations based on the application of a time-adaptive first-order operator splitting method and
the fast Fourier transform illustrate the formation of patterns in the deterministic case and their variation
under the influence of stochastic noise.
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1. INTRODUCTION

This work is concerned with the theoretical study and numerical simulation of the stochastic Gray—Scott
equations, which constitute a two-component system of reaction-diffusion equations driven by stochastic
processes; in spite of its comparatively simple structure, the underlying system of deterministic nonlinear
partial differential equations exhibits a fascinating variety of complex patterns for different choices of the
decisive parameters.

Deterministic models and pattern formation Processes in biochemical and chemical kinetics have been
a rich source for the observation of beautiful spatial-temporal patterns; the derivation and investigation of
suitable mathematical models for such phenomena remains a challenging question.

A famous example of non-equilibrium thermodynamics is the Belousov—Zhabotinsky reaction, discovered
by BORIS BELOUSOV in the beginning of the 1950s; he succeeded in stimulating a reaction of chemical
substances that led to periodic changes of their concentrations, visible as oscillations in colour.

An elementary mathematical model for this kind of nonlinear chemical oscillators is the Brusselator, a
system of reaction-diffusion equations proposed by PRIGOGINE, LEFEVER [28, Eq. (3.6)]; in a dimensionless
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formulation, the considered system of nonlinear partial differential equations has the structure

(1.1a) du(z,t) = ry Au(z,t) + hy (u(z,t),v(z, 1)),
' Opv(x,t) =1y Av(x,t) + hy (u(x, t),v(x, t)) ,

where the real-valued space-time-dependent functions u,v : I x [0,7] C R? x R — R are associated with the
concentrations of the chemical substances, A represents the Laplacian with respect to the spatial variables,
the constants 7,7, > 0 denote the diffusion coefficients, and the nonlinear functions hy, h, : R? — R
describe the reactions.

ALAN TURING suggested that the main mechanisms of morphogenesis are captured by mathematical
models for systems of chemical substances, which react together and diffuse through tissue. In a seminal
work [46], he studies reaction-diffusion equations that have a similar form as (1.1a) on different geometries,
amongst others on spheres and rings, and explains the development of patterns from almost uniform initial
states by instabilities of homogeneous equilibria; we refer to such patterns as Turing patterns.

Deterministic Gray—Scott equations In the present work, we focus on a classical mathematical model for
isothermal autocatalytic reaction processes that goes back to GRAY, SCOTT [18, 19, 20, 21]; depending on
the choice of the feed and removal rates of the reactants, Turing patterns of spirals, waves, stripes, or spots
appear. The deterministic Gray—Scott equations are cast into the form (1.1a) with cubic reaction terms

ho(u,v) = ay, (1 — u) — g(u,v),  hy(u,v) = —a, v+ g(u,v),

2

(1.1b) o(u,0) = uo?,

involving certain constants ay,, c, > 0.

Related systems of reaction-diffusion equations are also studied in other contexts. KIERSTEAD, SLO-
BODKIN [25] describe the survival of phytoplankton populations in bodies of water. SEGEL, JACKSON [40]
consider predator-prey interaction models with diffusion; based on a linear stability analysis, they demon-
strate that spatially uniform equilibria which are stable for homogeneously distributed populations become
unstable through dispersal effects. LEVIN, SEGEL [29] study the dynamics of plankton populations. KLAUS-
MEIER [26] discusses a model for semi-arid ecosystems on slope terrains. MURRAY [33, 34] describes coat
patterns in animal tails; numerical simulations on surfaces with periodic and homogeneous Neumann bound-
ary conditions, respectively, show patterns of stripes and spots that are similar to the markings observed on
the tails of felines.

Stochastic models and pattern formation Reaction-diffusion systems like (1.1a) constitute prevalent macro-
scopic models for microscopic phenomena; however, as their derivation relies on fundamental balance laws
and Fick’s law of diffusion, significant aspects of microscopic dynamics such as fluctuations of molecules are
disregarded. An appropriate mathematical approach to establish more realistic models is the incorporation
of stochastic processes.

BIANCALANI et al. [9] introduce a microscopic model of the Brusselator that includes stochastic fluc-
tuations. Compartment-based approaches use a division of the domain into certain compartments and a
simulation of the number of molecules in each compartment; CA0, ERBAN [10] investigate the dependence
of stochastic Turing patterns on the compartment size. In MCKANE et al. [32], it is shown how a stochastic
amplification of a Turing instability gives rise to spatial-temporal patterns. Treatments of the stochastic
Brusselator in different respects are found in [2, 39, 45].

Stochastic Gray—Scott equations In the present work, our main objective is to contribute to a rigorous anal-
ysis of the Gray—Scott equations (1.1) driven by independent spatially time-homogeneous Wiener processes;
the core part of this manuscript is dedicated to the derivation of an existence and uniqueness result.

The theory of stochastic partial differential equations provides the basis of our investigations; for a
comprehensive treatment of the fundamentals as well as an extensive bibliography, we refer to the mono-
graphs [12, 14, 30].

Outline. This manuscript has the following structure. In Section 2, we introduce the stochastic Gray—
Scott equations as well as the needed hypotheses on the driving Wiener processes and the initial states; the
restriction to bounded space domains of a special form permits to use Fourier series expansions. Moreover, we
deduce our main result ensuring existence, uniqueness, and positivity of the solution processes. In Section 3,
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to complement our theoretical analysis, we present numerical simulations for the Gray—Scott equations in two
space dimensions that illustrate the formation of patterns in the deterministic case and their variation under
the influence of stochastic noise. The employed numerical approximation is based on a first-order operator
splitting method and the fast Fourier transform; in order to enhance reliability of the computations, we
adapt the time stepsizes accordingly to the sizes of the nonlinear terms for particular realisations. Auxiliary
considerations are collected in the appendix.

2. STOCHASTIC GRAY—SCOTT EQUATIONS

In this section, we state the mathematical formulation of the stochastic Gray—Scott equations, introduce
the underlying spaces, review basic auxiliary results on spatially time-homogeneous Wiener processes as well
as associated stochastic integrals, and specify the hypotheses under which a solution exists. We begin with the
mathematical formulation of the stochastic Gray—Scott equations. In the system, u and v are concentrations
of two reactants U and V', normalized as dimensionless units. The parameters f and k represent the feed
rate and removal rate of the reactants. We recall that the parameters r,, 7, > 0 correspond to the diffusion
coeflicients. These parameters have a significant effect at the form of the observed patterns. The equation
is given as follows

du(z,t) = (rulu(z,t) —u(z, t)v(z,t) + f(1 — u(z,t))) dt
2.1) + oyu(x,t) o dWi(x,t), xe€l,t>0,
. dv(z,t) = (roAv(z,t)+u(z, )o?(z,t) — (f + k)v(z,t)) dt

(z,t)
+ oyv(x,t) o dWa(x,t), xe€l,t>0,
where I = [0, 1]¢ be a bounded domain, d = 1,2, A = A be the Laplace operator with periodic, or Dirichlet
boundary conditions. The initial conditions are given by ug and vg. Since the white noise is an approximation
of a continuously fluctuating noise with finite memory being much shorter than the dynamical timescales,
the representation of the stochastic integral as a Stratonovich stochastic integral is appropriate.

Starting with some initial condition, the Gray Scott system will generate some patterns depending on the
coefficients. For convenience, we suppose that the constants that determine the strength of the multiplicative
stochastic noise are positive, i.e. 0,,0, > 0; evidently, the deterministic Gray—Scott equations (1.1) are
retained from (2.1) for the special case (o, 0,) = (0,0).

In this work, we focus on situations where the Gray—Scott equations (2.1) are driven by independent
spatially time-homogeneous Wiener processes; as relevant concrete examples, we study the Gray Scott system

driven by fractional Gaussian field.
Let

A = (Q,A, (A(t))te[O,T]’P)

be a complete probability space with associated filtration satisfying the standard assumptions; for our
purposes, it suffices to consider a finite time interval. Let {8y : k € Z¢} be a family of one-dimensional
standard Brownian motions defined over 2. Here, we consider our equation on the d dimensional torus. In the
case of a single dimension, a complete orthonormal system of the underlying Lebesgue space L?(I) := L*(I,R)
is given by sine and cosine functions

V2 sin (mex) iftm>1,
(2.2) Ym(T) = V2 itm=0,
V2 cos (27rmx) ifm< -1,

The extension to higher space dimensions relies on tensor products, i.e., for a multiindex m = (mq,...,my) €
74 we have

d
(2.3) dm@) =[] ¥m (@), ze€l
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The corresponding eigenvalues are given by
d
(2.4) )\m:f47r22m?, m=(my,...,mg) € Z%.
j=1

The spatially time-homogenous Wiener process can be expressed in terms of the orthogonal system, i.e.,
W, t) = > dntou(x)Bi(t).
kezd

where the family {8, : k € Z%} is a family of independent and identically distributed standard Brownian
motions. For simplicity, we assume in our work that d;, = (1 — )7, k € Z%.
Going back to our equation (2.1), we impose the following hypothesis.

Hypothesis 2.1. The Wiener processes W1 and Wy are spatially time—homogenous Wiener processes such
that
Wjw,t) = Y (1= ) (2)Be(t), J=1,2,

kezd
with v; > g
In our case, Hypothesis 2.1 means that the sum defined by
(2.5) S(y) =D (=)™
kezd

is bounded. For simplicity we assume that y; = 79 = 7. Since the solutions u and v of the Gray Scott
system have to be non-negative, the initial conditions uy and vg have to be non-negative. Besides, we have to
impose some regularity assumptions on the initial condition to get existence and uniqueness of the solution.
Hypothesis 2.2. Let ug,vg € L?(I) such that

(1) uo >0 and vy > 0;

(2) ug and vy belong to L®

(3) ug and vy belong to H

—~

I), in particular we have E|ug|$s < oo and E|v|Ss < oc.

ol

(I), in particular Elug|* , < oo and Elvg|* , < oo.
Hp? Hp?

In system (2.1) we interpreted the stochastic integral as a Stratonovich integral. White noise is an idealisa-
tion; real fluctuating forcing has a finite amplitude and a finite timescale. If the white noise is approximated
by a continuously fluctuating noise with finite memory (much shorter than dynamical timescales), i.e., by
noise with a finite correlation time 7, and then the limit is taken for = — 0, the Wong-Zakai Theorem
in [48] gives as the appropriate representation of the white noise the Stratonovich integral. In this sense,
the Startonovich integral models the natural one, the drawback is that the Stratonovich integral is not a
martingale, and, therefore, the 1t6 isometry and Burkholder—Davis—Gundy inequality cannot be applied to
the Stratonovich integral. Although here in the article we analyse a more general system, where the integral
is interpreted as an It6 integral. To show that the system (2.1) has a unique solution, we first transform
the system (2.1) into a system, where the integral can be interpreted in the Itd sense by adding a correction
term, and, then, we show that the correction term behaves nicely. One can find a survey of some facts about
the Stratonovich integral in Chapter 4.5.2 in [15]. In this way, it can be shown that the solution to (2.1) and
the solution to

du(z,t) = (rulu(z,t) —u(z, t)v(z,t) + f — (f + 6 )u(z, b)) dt
+ oyu(z, t)dWi(z,t), x€l,t>0,
dv(z,t) = (roAv(z,t) +u(z, )o?(z,t) — (f + k — 6,)v(z,t)) dt

+ oyv(x, t)dWa(x,t), x€l,t>0,
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with

Su= > (1=Xp)™", Gy= > (1—=Apn) 7,

meZd mezd
are equivalent. For simplicity we will combine the coefficient and consider the following system

du(z,t) = (rulAu(z,t) —u(z, t)v?(z,t) + p + au(w,t))) dt
06 + oyu(x, t)dWy(z,t), x€l,t>0,
(26) dv(z,t) = (roeAv(z,t) + u(z, t)v?(z,t) + ayo(z,t)) dt

+ oyv(z, t)dWa(z,t), ze€l,t>0

where p, a,, and «,, are real-valued number, not necessarily positive and the stochastic integral is interpreted
in the sense of It6. For this system we can show the following Theorem.

Theorem 2.1. Let us assume that ug, vy are satisfying the Hypothesis 2.2 and the Wiener processes W1
and Wy the Hypothesis 2.1. Then there exists a couple of progressively measurable processes (u,v) solving
the system of equations (2.6) and for all § < 1 P(u € C(0,T; H{(I))) = 1. In addition, we have

(1) forp=2,4, or 6, and for all T > 0, there exists a constant C > 0 such that
E sup lu(t)]}, <C and E sup lo(t)]F, < C.

0<t< 0<t<
(2) for p =4, there exists a constant C > 0 such that for all T > 0,

E sup |u(t )ﬁ{; <C and E sup |v(t)|§{; <C.
0<t< 0<t<T

From Theorem 2.1 and the assumption on the Wiener processes we can prove the existence of a unique
solution to the original equation.

Corollary 2.2. If Hypothesis 2.1 and Hypothesis 2.2 are satisfied, then there exists a couple of progressively
measurable processes (u,v) solving the system of equations (2.1). In addition, we have

(1) forp=2,4, or 6, and for all T > 0, there exists a constant C' > 0 such that
E sup lu(t)]}, <C and E sup lo(t)]F, < C.

0<t< 0<t<
(2) for p =4, there exists a constant C > 0 such that for all T > 0,

E sup lu(t)[3, <C and E sup |v(t)|3 < C.
0<t< P 0<t<T »

Proof of Corollary 2.2: In particular, assuming, for the time being, that the correction term is finite, we get
as a new system

du(z,t) = (rulu(z,t) —u(z, t)v?(z,t) + f(1 - u(z,t))dt

+ oyu(x, t)dWi(z,t) + 0,S(y1)u(x, t)dt, x €l t>0,
dv(z,t) = (roAv(z,t) 4+ u(z, t)v*(z,t) — (f + kv (x,t))

+ oyu(z, t)dWa(z,t) + 0,S(y2)v(x,t)dt, =€ I,t>0.

(2.7)

Replacing f by f—0,5(y1) and (f + k) by (f + k) —0,S5(72) an application of Theorem 2.1 gives that there
is a solution (u,v) to (2.7) both processes being P-a.s. continuous in HS(I) and satisfying (1) and (2). Now,
if the process arising by the correction term given by (A.23), i.e

[ S e S0

kEZ leZ

is continuous in H(I) and satisfies the properties (1) and (2), then we are done. However, this follows by
the properties of u and v. O
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Proof. The proof of Theorem 2.1 consists of several steps. First, we show that the system with a truncated
nonlinearity can be uniquely solved. In a second step, we show that the solution is a.s. non—negative. In the
third step, we give an uniform estimate of v+ v in Hj (I). From Sobolev embeddings we get uniform bounds
with the L*°-norm. Finally, by these uniform bounds we can globalize the solution in the last step.

Step (i) Fix m € N.  Since we would like to relax the condition on the initial conditions, we first
approximate the nonlinear term uv? as follows. Let us define

T if 0<z<m,
gm(x):=q € (m,(m+1)) if m<z<m+l,
(m+1) if m+1<azg.

Between the interval (m,m + 1) we interpolate the function by a polynomial function, such that g, is
twice continuously differentiable. In particular,

i (2) lo=zo=1, for mo=m, ¢, (2)]|see,=0, for xg=m+1,
and
" (1) |p=2,=0, for xg=m,m+1.
Let us define the mapping F,, by
Fo : LA(I) x LY(I) — L*(I),
(u,v) — Fp(u,v);
by
Fo(u,0)(2) := gm(u(@))gm (v(z)), el

The mapping F}, is Lipschitz with Lipschitz constant 2(m+1)2. By Theorem 6.24 [14, p. 178] the following

system
08 At (2, t) = [ruAum (2, 1) — Fpy (um (2, 1), vm (2, 1)) + p + cgtim (2, )] dt + 04w, (z, t)dW1 (2, 1),
(28) um (0,2) = ug(z), x€l,

and
09 Avg (2, t) = [ryAvp (2,1) + Fop(um (2, 8), 0 (2,1)) + @pvm (z,t)] dt + oo, (2, 1) dWa(x, t),
B w0 =), wer
has a unique pair of solution {uy,, v}, each component belonging to C([0,7T7]; L?(I)) N L?([0, T]; Hi(I)).

Step (ii) As the next step, we show that each component of the pair of the solution {u,,,v,,} are
non—negative. To show this, we can follow e.g. Theorem 2.3 in [42], or [3, Theorem 2.6.2, p. 42]. Here,
we summarize only the idea. In fact it remains to approximate the operator A by, e.g., its Yosida
approximation to be able to apply the It6 formula. Let

gs(r) = , 1€ (=6,00),

and
Gs(r):==gs((r7)?), reR.
)

Then, Gs belongs to C? and Gs(r) = GY(r) = 0 for all r € [0,00), |G5(r)] < 2r~, and

0 < GY(r) < 8. Now, define ¢s : L*(I) —

mwzzam@maufﬁm.



THE STOCHASTIC GRAY-SCOTT MODEL 7

Observe, ¢s is twice uniformly continuous on bounded subsets, and hence the It6 formula can be applied
(see Theorem 4.32 [14, p. 107]). Applying the It6 formula to ¢5(u.m,(t)) where u,, () solves (2.8), we get

Es (tm (1) + ruE / (At (5), Dby (1t (5))) ds = p(ug) — E / (1t (3)0m ()% Db (1t (5))) s

2

t . t
+,E [ n(s), Désn () ds + B [T (DGl ()M () QM () Q) s
0 0
the defining relation for the covariance operator is found in the appendix, see (A.5). Note, that

(At (3), Dby (1t (5)) = / (Vi (2 )20 (i (2 8)) dz > 0.

I

Due to (??), we know

t ) ) t
B [ (DG (5)) (M () Q2 M (0 (@3] ) ds < 8E [ Jur(5) .
0 0
A similar arguments works for v,,.

(U (8)vm(5)?, Dos(um(s))) = /(um(x,s)*)%fn(x, s)dx < (m + 1)2/I|um(3)*|%za

I
and
(tm (s), D5 (um(s))) < [y ()72

Collecting all together and applying the Grownwall Lemma give E¢s(u,,(t)) = 0. Taking the limit § — 0
gives the assertion. Similarly, one can proof that v, is P—a.s. non—negative.

Step (iii) In this step we will show that there exists some bounds on E|u,,|",, which are uniform in
m € N.

Claim 2.1. For any even integer 2 < p < oo and initial condition satisfying Elugly ,,Elvgl}, < oo, there
exist constants C1,Cs, C3 > 0 such that

E sup |um(s)f, < C(T)(Co+Elul},), VmeN.
0<s<T

For any even integer 2 < p < 0o, there exist constants Cy,Cy,C3 > 0 such that

T
E/ /ufn_Q(x,s)(Vum(x,s))2da:ds < C(T)(Co+EluolZ,), VmeN.
0 I

Proof. Let us put first p = 2. The calculations are straight forward using the variational approach. Let us
remind that we have equation (2.8) and the definition of the multiplication operator M defined in (A.10)

At (1) = 1y Aty (8) dt — Frpy (W, Um) (8) + @i, (1) + 00 M (w, (8))dW1 (t),
respectively,

dUM<t) = TuAum(t> dt — Fr (U, Um)(t) + auum(t) + Z <um(t>7 ¢l>¢lhk5k(t)a
k,l€Z

with by = (1 — )\k)*gz/}k and [y are i.i.d. mutually independent standard Brownian motion. Now, since
®(z) = |z|32, D®(2)[h] = (x,h), D*®(z)[h', h?] = (h', h?), applying the It6 formula (see Theorem 4.17,
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[14, p. 105]) to ®(z) = |z|3. and integration by parts give
d®(um,(t)) = d/ufn(x, t)de =2 / U (2, €) Aty (2, t) dc di
I I

f2/um(:c,t)gm(um(x,t))gfn(vm(x,t))d:cdt+2/Ium(x,t)(p+auum(z,t)) dx dt

I
23 (o (8), M 1t (1)) 55 (8) + Tr [ D@t (6))[M a0 () QF M (1 () Q2]
keZ

_ _Q/I(vum(x,t))dedt—2/1um(x,t)gm(um(m,t))g;(vm(x,t))dxdt

+2/um(x,t)(p+auum(ac7t)) dx dt

SIS

I
2>t (), M (1 (8)) ) dB (£) + T [ D20 (1 (8)) M (1 (1))Q
kEZ

(M (i (1)QF]"] dt.

Taking the expectation, integrating, and taking into account that the stochastic integral vanishes, we get

1 ' 2 ' 2
QE/O /Ium(x,s) dxds—l—Z/O /I(Vum(ac,s)) dx ds
t t
< Eluol2, +2/O /Ium(x,s)f(lfum(:c,s))dxds+au/ Z|M(um(5))hk|%2 ds.

0 kez
By estimate (??) and Hypothesis 2.1 we have

/ T [ D20 (1w ()M (1 (5))Q* [M (1 (5)) Q41" | s < S(1) /0 [t (s)[ 7= ds,

0

and therefore, by the Young inequality, we get

%E|um(t)\%2 + Q/OtE|um(s)|§{%ds + 2E /Ot/Ium(x,s)gm(um(x,s))gfn(vm(x7s))dx ds
< Bl +CE) 20 + | Bfun ()3 ds + (0 + OS(3) / Bl ()3 ds.
Grownwall’s Lemma gives that there exists a constant C' = C(T') > 0 such that
(2.10) %]E|um(t)\%2 + 2/Ot]E|um(s)|§{2lds < Elug|2: + C(T), Vte0,T).

To estimate the supremum over the time, i.e. Esupg<;<z [um (t)|2., we have to apply the Burkholder—
Davis—Gundy inequality to estimate the stochastic integral

S (£, M (un (1)) (1 = M)~ i) dBi(2)
kEZ

Thus, inequality (??) gives

E sup
0<s<t

/OS Z (um(t),um(t)hk>d6k(t)‘L2 < CE (/Ot |um(5)|‘ig ds) ’ < CE sup |um(5)\%2t%.

kez D=s=t

Again, we have by (77?)

[ (D00 ) ()@ 01 0 (DR s < 500 [ 51 .
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Fix T* > 0. Integrating up to time 7™, taking expectation, rearranging, using the Holder and Young
inequality, and taking into account the positivity of w,,(z,t), lead to

T
(2.11) E sup /u,zn(x,t)dx—&—%u/ E/(Vum(x,t))dedt
0<t<T* J1 0 1
—|—2/ IE/um(ar,t)gm(um(x,t))gfn(um(x,t)) dx dt
0 I
< Elugl?s +2,0/ E/um(x7t) dx dt
0 I

T* T*
—|—2au/ ]E/ufn(x,t) dmdt—|—2C’1QUuE/ [t (t)]32 dt + CE  sup |um(s)\2L2T*%.
0 I 0 0<s<T™

Rearranging we get

T
E sup /ufn(z,t) dm+27’u/ ]E/(Vum(a:,t))2 dx dt
I 0 1

0<t< T

+2/0 E/Ium(ﬂc,t)gm(um(az,t))gm(um(m,t)) dx dt

-

< Elugl3z +C(2p)? —|—/ E|um (t)[32 dt
0

-

.
+2au/ E\um(t)\§2dt+20{9ra/ i ()22 dt + CE sup  [up(s)[22T* %
0 0 0<s<T*

In case VT*C < 3, we get by subtracting Esupg< <p- [tm(s)|22 on both sides

1 ”
(2.12) §E sup /ufn(x,t) dx—|—27“u/ E/(Vum(x,t))2 dzx dt
I 0 I

0<t<T*

2 [ B [ om0, ) 0, 0)52 (0. 6) do
0 I
.
< E|UO‘%2 +Ch + 02/ E|Um(t)|%2 dt.
0

Taking into account (2.10) we get

-
(2.13) 1IEI sup /u,zn(x,t) dm+2ru/ ]E/(Vum(avﬂf))2 dx dt

2 <<t

42 / / i (2, £) G (11 (2, 1)) 2, (11 () d lt + 2 / Efuy ()2 dt
< Elug|iz + CiElugl7z + Ca + C(T™).

Given T, we can decompose [0,7] as Up<p<n—1[kT™, (k + 1)T*], and apply inequality (2.13) to each
interval [kT*, (k+1)T*], k =0,..., N —1. In this way, we extend the estimate to the whole interval [0, T
to prove that the family {u,, : m € N} can be bounded uniformly for all m € N in the supremums norm
over time. In particular we proved the assertion (1) of Theorem 2.1 for the family {un, : m € N}.

Let p = 4 and ®(u) = [,uP(x)dz. Then DP(u =pf x)dz and D2®(u)[h',h?] =
12 f ;U (x)h?(x )dx Recalhng that Uy, 1S NON— negatlve we obtaln by the Ito6 formula applied to
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O(x) = |27,
T
O(u(T)) — P(up) = /ufn(T, x)dx — /ufn(O,x) dzr = / / [Tuélufn(x,t)VQum(x,t)
I I o JrI

—4u3 (2, 8) g (U (2, 1)) g2, (Vi (2, 1)) + 4(p — i, (z,1))ud (2, t)} dx dt

T T
+/O 4auu4m(x,t)dW1(x,t)—|—/0 Tr (D @(um(t))[M(um(t))QE[M(um(t))Qi]*) dt.

Continuing gives
Bu(t) ~ Buw) + 712 [ t [ ) P97 e s
[ t [ e 00 ) ) d s
— (D) —@(uo)+4/0t/l(p—auum(aj,t))ufn(m,s) da ds + po, /Ot/lu;(x,s)dwl(x,s)

[T (D0 () M0 ())Q3 (M (@3 s

0
Taking expectation and using integration by parts give

t
Efum (8)[%, +ru12/ E/ufn<x,s)<vum<x,s))2dms
0 I
t
+4E/ /Fm(um,vm)ufn(x,s) drds < Elug|,
0 I

t t
+ C’lE/ /uil(a:, s)dxds + CgIE/ |t (8)[ 14 ds.
0 J1 0

We get by some rearrangements and Gronwall’s Lemma

t
(2.14) E|um(t)\j§4 + ru12/ E/ufn(x, 8)(Vum(z,8))* deds < Elug|ta + C(T).
0o JI

To estimate the supremum, we apply again A.18 and get

/ t [ bt s)ai(e.s)| < S ( / ()2 ds>

Applying the Holder inequality, Sobolev embedding, and then the Young inequality gives for €, > 0

/ot /1 U (2, 5)dW1 (2, 5) .

T
S(m)E </0 [um ()3 Um(3)|2L4d3>

S(1)E ( / ' ([ w0 5)(Tun ) s s, |mn<s>i4)é

< =St [ ' ([ 9Tt )2 o) ds 4 COIE sup Jun(o)3s

0<s<T

1

2

E sup
0<t<T

E sup
0<t<T

T
< S(1)E ( / 2, (5) 2 |u$‘n<s>|izds>

1
2

IN

IN

IN

T
ES('yl)IE/ /u72n(ac7s)(Vum(:r7s))2 drds +EE sup |um(s)|1s + C(g,&).
0o Jr 0<s<T
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Again, the trace is given by

ST (D2 (1 (5)) M () QM (u(3))@4]*) = S(1) ()1

Therefore, taking € and € sufficiently small

1 T
“E sup |unm(t)|, —|—ru]E/ /u?n(x,s)[Vum(x,s)]Qdmds
2 o<t<T o JI

T
—|—4IE/ /Fm(um,vm)(s)u;(a:,s) dz ds < Elugl,
o JI

T T
+4IE/ /(erauum(x,s))uf’n(x,s) d:rderCIE/ /ufn(x,s) dxds + C(g,é).
0o Jr 0o Jr
Due to (2.14) the terms in the RHS are bounded and there exists a constant C' = C(T") > 0 such that

E sup |um(t)[], < C(T)E|uo|7a.
0<t<T

Step (iv) Let us define w,, = ty, + vy and wg = ug + vg. Here, we will prove the following claim:

Claim 2.2. Under the Hypothesis 2.2-(ii), the following estimates are valid:
(1) There exists a constant C = C(T) > 0 such that

T T
E sup |wp(t)|3z, / E| Vi, (s)|3: ds, IE/ |Vom(s)|32ds < C, meN.
0<t<T 0 0

(2) for any even integer p > 2, there exists a constant C = C(T,p) > 0 such that

E sup |wn,@t)], <C, meN,
0<t<T

and
¢
E/ / [ul =t (2, s)vb VR (2, 8) (Vg (¢, 8))?deds <C, k=1...,p—1, meN,
o JI
t
IE/ / [uk (z,8)vP 27 (x, 8)(Von(z,8))?|deds < C, k=0,...,p—2, mecN.
o JrI
(3) In addition, there exists a constant C = C(T) > 0 such that

t
IE/ / {uﬁ;l(m,s)vﬁjl_k(m,S)Vum($7s)VUm(x,s)} deds <C, k=0,....,p—2, meN.
0 J1

Proof of Claim 2.2: To show (1) and (2) first note that w,, solves

dwpy(z,t) = (reAum(z,t) + 7y Avp (2, 1) + @y, (T, 1) — (a0 — o )vpm(x,t) + p) dt
(2.15) +outum (2, t) AWy (2, t) + opvm(x, t) dWa(z, t),

wn(0,2) = wug(x) + vo(x),
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We denote the inner product in L?(I) by (-,-). Now, an application of the It6 formula with k = — (v, —av,)
gives

¢
W (1) |32 + / (Tu|Vum(s)|%2 +T1)|va(s)|2Lz) ds
0

+ /0 (Wi, (8), Wi (8)) ds

< |w0|2L2—|—/0 (ru+rv)(Vum(s),va(s)>ds+/o (Wi (s), ) ds

Tk / (0 (), Um(s)) ds + / (W (), Gt (5) AW (5)) + / (W (3), T (5) AW (5))

+ 200 3 (1= M) 71w (8), M (i (8)) i) dBi (1) + 200 Y (1= M) (win (8), M (v (1)) ) ABE (1)
kEZ kEZ

t N N t

b [T (D200 (DM ()@ M (s ()QFT) s+, [T (D () (M (0 (5)) M (0 (5)]) .
0 0

Since vy, (s) > 0 and u,(s) > 0 P x Leb-a.e., it follows that P-a.e. (wm(s),vmn(s)) > 0. The Young

inequality and taking expectation give

Ty

1 |va(s)|2L2> ds

t
B ()ffs + [ (rVun(s)ia +

Ty

R ¢ t
—1—5/0 E|w,,(s)[2s ds < rn ) ]E./o |Vt (8)|3.2 ds+k/0 E(wm (s),vm(s)) ds

t
+c/ B (5)[22 ds + C g t + Elwo|2.
0
In addition,

’/OtE<wm(8)7vm(s)>ds S/OtElwm(s)%z dS—i—/OtIEvm(s)%z ds.

Applying Claim 2.1 and Grownwall’s Lemma give

Ty
4

Note, that we took into account that |um, |12, |[vm|rz < |wm|p2.

t
E [ ()22 + IE/O (ral s (5) o + 2 Von(s)3) ds < C(T) Ehuol3a + Co(T).

Again, to estimate the supremum, we have to apply the Burkholder-Davis—-Gundy inequality (A.18)
inequality and get
T 2
C\E / [ (8)ttm ()2 ds
0
1
2

T
<CE </ |wm(s)|22 \um(s)@m ds) < ClE/ \wm(s)ﬁz ds+E sup |um(s)\§{%
0 0 0<s<T

<s<

1
2

IN

E sup
0<t<T

/Ot /1 W (0, 8) U (2, 8)dW (2, 5)

To estimate the supremum in the second stochastic integral, we apply the Burkholder—Davis—Gundy and
the Young inequality, but taking into account that the term containing v, have to be cancelled with the
LHS, we obtain

E sup
0<t<T

/Ot/Iwm(x,5)0vvm(m,s)dwl(x’s)

L2

T
< E sup |vm(s)|§121+C(T)C’2]E/ Wi (5)[32 ds.
T 0

0<s<
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The Young inequality and taking expectation give
T

T
E sup |wn ()3 + IE/ (rulVttm () 2 + IV om(s) 32 ds+k:/ E(win(s), vm(s)) ds
0<t<T 0 0

T T
+ f/ Efwpn (s)[2 ds < — 0 IE/ (Vi (5) 22 s
2o 2( ) Jo

Ty + 7y
T
+Ch / E|wy,(s)[72 ds + C2 T + Elwo|7 .
0

Applying Claim 2.1 and the Grownwall Lemma give

T
Ty
E sup |wn () + E/ (rul Vum ()3 + "L Vum(s)32) ds < Cu(T)Eluwolfs + Co(T).

0<t<T 0 4

It remains to show Claim 2.2-(2) and (3). For simplicity, we omit in the following the dependence on
x and t. To show (ii) observe first, that we have for any u,v € H3(I) by integration by parts

/(u + )P (Aryu + Aryv) dr

I
( )/u VPR (Aryu + Aryw) da
k=0

p1< _1>/VU VPR (Vrgu 4 Vi) da

M‘i

k=0

We rewrite the inner part of the sum as follows

/V(ukv”_l_k) (Vryu+ Vryv) dx
I

= / (kuF 1P~ Ty 4 (p — 1 — k)uF P 27* Vo) (r, Vu + 1, Vo) da
I

= / (rulm/c_lv”_l_k(Vu)2 +ry(p—1-— k:)ukvp_Q_k(Vv)Q) dx
I

+/ (rvkuk_lvp_l_kVuVU +r.(p—1— k)ukvp_z_vaVu) dx.
I

Hence,

/(u + )P (Aryu + Aryv) dr
I

p—1
i ( )/ (ruku "o R (V) 4y (p = 1= k)ufoP > 75 (V0)?) da
k=0

p—1
— ( ;1>/(Tvkuk Lyp—1= ’“VquJrT’u( —1—k)u v kv”v“) dx.
k=0 1
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Renumbering gives

/(u + )P (Aryu + Aryv) dr

I
p—1
sy (7
k=0
p—1

- p§ (z N 1) /I (ro(k + Dt oP 27"V uVo) da.

k=0

1) / (rukuk_lvp_l_k(Vu)2 +r,(p—1-— k)ukvp_2_k(Vv)2) dzx
I

k
(p; 1) /ru(p —1—k)u*oP 2" *VoVu de
I

We now estimate the RHS. We get for any € > 0

/|ruukvp*2*vaVu| de <y </ |ukvp*2*k(Vu)2’ dx) : </ |ukvp*2*k(Vv)2’ dx) ’
I I I

< ruCg/ ’ukvp_z_k(Vu)2| dx—l—gru/ |ukvp_2_k(Vv)2’ dz.
I I

p—1\ p—1-k (p-1
E+1) 7 k41 E )’

Taking into account that

. s
and choosing € = 1 we get

/(u + )P (Aryu + Aryv) dx
I

p—1

+ (p; 1) /1 (ruku™ 1P R (Vu)? 4y (p — 1 — k)uFoP 2R (Vv)?) da
k=0

k=0
p—1 1\ r

+ Z <p 3 ) Zv(pf 1- k)/I ’ukilv”*kk(V’u)ﬂ dx
k=1
= —1\r

+ (p & ) Zv(p— 1- k)/l ’ukvp_Q_k(Vv)Q‘ dx.
k=0

Subtracting the last two terms in the inequality, the terms containing Vu are remaining on the RHS. In
particular, we have

/(u + )P (Aryu + Aryv) dr

£

k=0
1

< Z <p; 1> {TUC’,Yk/I ‘ukilvpflfk(Vu)ﬂ de+r,Ce(p—1— k)/ |ukvp*2*k(Vu)2| da:}.

k=0 I

/ (1"uku’“_1vp_1_k(Vu)2 + %)(p —-1- k)ukvp_Q_k(Vu)Q) dx
I
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p—2
p—1—k

Here, applying the Holder inequality and Young inequality with ¢ =

T=

1>

/’uk,—l,up—l—k(vu)Q‘ dx S /‘,Up—l—k(vu)Q’Yuk—l(Vu)Q(l—’)’)‘ dx
I I

§€/|vp_2(Vu)2‘ dr + C(e)/‘u(p_Q)%(Vu)Q‘ da.
I I

Again, the first term can be cancelled (by taking £ > 0 sufficiently small) with the term
P72 (V)2
appearing in the sum (for k£ = 0)
p—1
Z (ruku® PR (V) 4y (p — 1 — k)uFoP =2 7F(Vv)?)
k=0
To handle the second term on the RHS we observe

/’u@*?)%(vfu)?] dxg/lup*Z(VU)Ql dw+/l(W)2| dz.
I I !

15

and ¢ = 2;2 we get for

The term on the right hand side can be estimated by Claim 2.1. Going back to problem the original

problem and applying the It6 formula to ®(u) = [; u?(z) dz, we obtain

(O, +Z (PE) [ (bt )40 (P

+ro(p—1—k)ul (z,8)vE 2 (x,8) (Vom(z, s))z) dx ds

ol +¥ (P2 ) ek [ o] de
+7r,Ce(p—1—k) /ot/f |ufn(s)vﬁj2*k(s)(Vum(s))2| d;v}
—|—/I|ufn_2(s)(Vum(s))2| dm—i—/I‘(Vum(s))Qy dx

IN

t t
+kp/ /wﬂl_l(x,s)vm(x,s)dxds—|—aup/ [w?, (s)|Lr ds
0 JI 0

+poy /Ot/lwﬁll(x,s)um(x,s) dWi(z,s) + /Ot Tr (qu)(wm(t))M(um(S))Q%[M(um(s))Q%}*) ds

1

+po, /Ot/lwfn_l(m,s)um(x,s) dw2(x,s)+/0tﬂ(DQ@(wm(t))M(vm(s))Qé[M(vm(s))Qa]*) ds.

Estimating the trace by (?7)

T (D2 (1) (M (1 (5)) @ M (1 (5)) @417 ) , T (D@ (i (1)) M (0 ()@ M (0 (5))QH]) < () (5)[1

Taking expectation gives, Gronwall’s Lemma, and Claim 2.2 we verify that there exists a C > 0 such that

sup E|wy,(t)|}, < C.
0<t<T

Step (v) In the next step, in order to control the L>*-norm, we will give an estimate of the H)(I)

norm for ~ > g. In particular, we will proof the following Claim.
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Claim 2.3. There exists a constant C' > 0 such that
(1) for ug € H}(I) there exists a constant C > 0 such that

E sup /|Vum(x,t)|4dx < C(T) (1 +E|Vult.), meN.
0<t<T J1

(2) for vy € Hi(I) there exists a constant C = C(T) > 0 such that

E sup /|va(x,t)|4 dz < C(T) (1+E|Vug|74), meN.
0<t<T J1

Proof. Since to show the uniform bounds for w,, and v,, are quite similar, we will only tackle the proof
of the uniform bound for v,,. Before showing the assertion, we have to show that there exists a constant
C > 0 such that

(2.16) E/I VU (z,t)> de < C (1+ E[Vu|72), meN.
Here, first, note that by the It6 formula we have p = 2
(2.17) |va(t)|2Lz + Q/Ot /I(Avm(x,s))2 dz ds < |Vvo|2Lz
+ /Ot/Iva(ac,s) V (wm(z,s) v}, (2,5)) deds — 2(f + k) /Ot /I(va(x,s))2 dx ds
+/Ot /IUU(va(m,s))Vum(Jc,s)de(m,s)

1

t
+au/ T (DD(V0n(5)[M (0 (5) QM (0 (5) Q4" ds.
0
The Cauchy—Schwarz and Young inequality give

2 2 2 4
/IAvm(x,s)um(x,s)vm(x,s) dr < g/I(Avm(x,s)) dm—i—C’(s)/jum(x,s)vm(x,s) dz

IA

e/I(Avm(x,s))de—i—C(E)/Iw?n(x,s) dz.

Due to Claim 2.2-(ii), the second term is bounded uniformly in m € N, the first term can be cancelled.
Next, we have by the Burkholder-Davis—Gundy inequality

E sup
0<t<T

/0/1 o(Vm(@, ) Vom (7, 5)dWs (z, 5)| < /0 (o)) ds.

The Hélder inequality, Sobolev embedding, and the Young inequality for convolution give
t
< €E sup |V, (s)|3: + C(e)E </ |Avy (5)]3 2 d8> .
0<s<t 0

If € > 0 is chosen sufficiently small, the first term can be cancelled with the left hand side. Finally, we
use Hypothesis 2.1 and inequality (?7) to get

t

B [T (DO(T0, ()M (0 () QM (0 (9)Q2)) s < B [ [90,,(3)1 s

In this way we have shown (2.16).
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Let p =4 and ®(z) = |z|},. Note, that by the Ito formula we have

(2.18) Vo ()5, + plp — 1)/0 /I(va)pﬂ(x,s)(Avm(Ls))2 dx ds
< |Vu(0), —|—/0 /I(Vv(x,s))p_QAvm(x,s) U (2, 8) V2, (2, 8) d ds
fp(erk)/O /I(va(ac,s))pﬂva(x,s) dx ds
+p/0 /IUU(va(m,s))p_ Vo (2, s)dWa(x, s)

+ o, / Te[® (v,0) [M (0 (5)) Q2] [M (v (5)) Q2" ds.
0

The Cauchy—-Schwarz inequality gives

/I(Vv(x, $))P 2 A (2, )t (2, 8) 0 (2, )2 d

< ([ r s s>>2dac>é ([(Tete -2 o) (o9 o)

I

The Young inequality gives

/(Vv(:r7 )P T2 AU, (0, 8) Uy (0, 8) U (0, 5)% d

I

< 8/1[(Vv(x,s)]p_ Avp (2, 5)) d:v+C’(5)/I((Vv(x,s))p_ uz, (x, 8)u,, (x,8) dr.

In addition, the Burkholder-Davis—Gundy inequality and Hypothesis 2.1 give

2

E sup
0<t<T

/ot /[%(va(x, S Vo (2, 5)AWa (, 5)

1
2

< oustue( [ (T () () is)

The Holder inequality, Sobolev embedding, and the Young inequality give

< 0@t n)8 ([ IVon) ds) + o508 ( sup [Vem(s)L, ).

0<s<t

Taking ¢ small enough, the second term can be cancelled with the left hand side of equation (2.18).
Finally, estimate (?7?) gives

ol
Nl

E / XD (1) [M (0 (5) Q¥ (M (0 () Q3] ds < S(7) CE / Vm(s)[2, ds.
0 0
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Going back to equation (2.18), we obtain

CIE sup 90, (3)ffs + Conlp = DE [ [ |(F0,0)%(0) Ao 9)?] e s
< E|Vul?, —I—C’(E)E/O /I((va(x,s))p_2ufn(x,s)vﬁl(a:,s) dz ds
—p(f+ k)E/O /I(va(x,s))p*Iva(x,s) dx ds
‘ p—2, 2 4 2
+UUC(£)E/O /I‘(va(x,s)) uz, (z, s)vp (z,8)|” dads

t
+ (C(e) + S(’y))E/ / Vo (z, s)|P dz ds.
0 JI
Observe that the terms

/Ot /,Wv(% 822, (2, 8)v, (2, 5) da ds

//|vaxsp22xs|dxds

can be estimated by Claim 2.2-(iii). Gronwall’s Lemma gives the assertion.

and

O

Step (vi) In the next step we will define the stopping time depending on the Cy(I)-norm of the
solutions process. However, in order that these stopping times are well defined we have to verify that
the solutions processes (U, vy, ) are P—a.s. continuous in Cy(I). This is done by showing that (wm,, vm )
are P-a.s. continuous in HJ(I), where § < 1. Since d < 3, the continuity in Cy(I) follows by embedding
Theorems.

Claim 2.4. For any 6 < 1, there exists a function C : Ry — R such that C(h) — 0 as h — 0 and

E  sup U (8) — um (t)|74 < C(h) (L 4+ E|[Vun(t)|74), m €N, t € 0,T].
t<s<(t+h)AT

For any § < 1, there exists a function C : R — R such that C(h) — 0 as h — 0 and

E  sup [Um (8) = vm ()74 < C(R) (1 +Elom(t)|74), m €N, t € [0,T].
t<s<(t+h)AT

Let us assume by the time being that Claim 2.4 is true. Fist, we have by interpolation of H{(I) for
every s € [t,(t+h) AT

IN

[ (8) = ()12 V't (5) = Ve (1) |24
[ (8) = wn ()12 (Ve (8)] 2 + [V ()] 1) -

In addition, let ¢ and ¢’ be integers such that 2 < ¢,¢’ < oo and % + % = 1. We take the supremum for
every s € [t,(t + h) AT, the expectation, and we use the Holder inequality on the RHS to get

[t () =t (8)

IN

E  sup [um () = um(t)|},s < |E  sup [t (8) — U (1) 2(41_6)(’
t<s<(t+h)AT 4 t<s<(t+h)AT

1
PU

x (E sup (Ve (3)]3a + [V (1)[34) ™ )

t<s<(t-+h)AT
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In the last line we used the identity (a + b)™ < C(n)(a™ + b™), n € N. Now we fix v, ¢, and ¢’, such that
q(1 —8)y < 4 and v¢'d < 4. Under these conditions the RHS can be estimated by Claim 2.4 and Claim
2.3. In particular, if v = ¢ = ¢’ = 2 we have

E  sup U (8) — um (t) |55 < C(h) (1 +E|Vum(t)\‘}{1> ,meN, tel0,T],
t<s<(t+h)AT 4 4
and
E  sup [V (8) = Um ()] 35 < C(h) (1 +E|va(t)|‘;11) ,meN, tel0,T]
t<s<(t+h)AT 4 1
Proof. The proof is similar to the proof of the Claim 2.4. Without restriction to the general case we
consider the time interval [0, h A T7.

Again an application of the It6 formula to ®(z) = |z|]. gives
|Um (£) — vol¥ » + p(p — 2)/0 /I(vm(s) — vo)p72(x, $)(Avp, (z, 8) — AU(O,:E))2 dx ds
< plp-— 2)/0 /I(vm(s) —v0)?%(z, 8)[Av(0, 2)]* dx ds
+p/0 /I(vm(:c, $) —v9(0,2))P™ [um (x, s) v, (x, s)] dx ds
—p(f+ k:)/o /I(vm(x7 5) — v0(0, )P o, (z, 5) d ds
—|—p/0 /Iav(vm(m,s) —v0(0, )P v (x, 8)dWa(z, s)

N

+o [T (D200 (5) = v M 0 (N QHM (0 (9)Q2)) s

The Young inequality gives for p =4

/ /(vm(t) — )P 2(x, 8)[Av (0, 2))? dx ds
0o JI1

t
g/ U (s) — vol1a ds +t|Avglra
0

Next,

/(vm(gc, 8) — vo(0, )P up (z, 8) V2, (z, 5)] do

I
< Cilvm(s) = wollZy + Co (1+ [Vum(s)[72) + Cs (1+ [um(s)[14) ,

and

/(vm(z, 5) —v(0,2))P " oy, (x, 8) dx

I

< Jum(s) = volLp + [om ()]

By Claim 2.3 it follows that there exists a ¢ > 0 such that E fot |V, (s)|], ds < CE|Vug|?, t. Besides, by
Claim 2.2 E f(f [Um ()74 ds < Clug + ugl|f4 t. In addition, the Burkholder-Davis-Gundy inequality and
Hypothesis 2.1 give

2

E sup
0<t<T

/Ot /I“v(”m@“’ s) — v0(0, )" v, (2, s)dWa(z, s)

< SB[ 1em(s) = w0~ tum(s) ds)% .
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By similar calculation as in the step before we get
1
3

t
< ovsmE( / |vm<s>—vo|%4vm—vo|%4|wm<s>\igds)
0

The Young inequality gives

Vit 2 ! 2 :
< ——E sup |vm(s) —wolis + OVE(E [ |V, (s)|72 ds
0

4 o<s<t

< \f]E( sup |vm(s)—vo|4L4> +Ct(1+ sup E|Voy(s)|7a-

0<s<T 0<s<t

Observe, the first term can be cancelled with the left hand side of equation (2.18). Due to Claim 2.3, the
second term is controlled by C't. Finally, we obtain by estimate (?7)

/0 ETr (D@ (0n(s) = v0(8)) M (0 () QM (v ())Q*]") dis

t
< C/ E|v,, (2, 8) — vo(2)|P~ 202, (, s) dx ds.
0

Applying the Holder inequality gives

N

/0 ETY (D®(0 () — 00(5)[M (0 () QH][M (0 (5)Q1] ) ds

t t
< C/ E|vom(s) — vol]a ds+/ E|vy,(s)|]4 ds.
0 0
Collecting all together and analysing term by term, the assertion is shown. O

Step (vii) Let 7% := {t € (0,7] : |um(t)|c, = m}, 7% = {t € (0,T] : |vm(t)|c, = m} and 7, :=
min(7%, 7%). In this step we will show that for m — oo we have P (7,,, < T) — 0. Observe, that for § < 1

m’'m

the trajectories [0,7] > t +— (u(t),v(t)) € HJ(I) x HJ(I) are continuous. Besides, due to the fact that
H(I) = Cy(I) for 4 < § <, the trajectories [0,T] 3 ¢ — (u(t),v(t)) € Cy(I) x Cy(I) are continuous and
the stopping times are well defined. In addition, the estimate on u,, and v,, in Claim 2.3 were independent
of m. Hence, for all § € R with % < 6 < 1 there exists a constant C' > 0 such that

E sup |um(t) ‘;JQ,IE sup |vm(t)|‘;[2 <C, meN.
0<t<T 0<t<T

Due to the embedding HZ‘,S (I) = Cy(I), there exists a constant C' > 0 such that

E sup [un(t)|E, B sup |om(t)]é, <C, meN.
0<t<T 0<t<T

Let us define the stopping time

i 1= i {fun ()l g > m) and 7 = (fo () g > .

By the definition of g,, it follows that for s < 7, := min(7%, 7% we get

Fo(u(s),v(s)) = Fmy1(u(s), v(s)) = F(u(s), v(s))
where F': L2(I) x L>=(I) — L?*(I) is the Nemityski operator defined by
F(u,v)(2) = f(u(z),v(z)) = u(z)v*(z).

Hence, on [0, 7,,,) the processes (um, V) and (tm41, Um+1) are identical. In addition, we have 7,,, < 741
for all m € N. Fix m € N and put

Q= {w € Q: |um(s)|e, <m and vy, (s)|c, < m}.
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It is straightforward that there exists a progressively measurable process (U, vs,) over 2 = (0, F, (Fi)>0, P)
such that (u,,v;,) solves P—a.s. the integral equation given by (2.7) up to time 7,,. In particular, we
have for the conditioned probability

P ({a solution u to (2.7) exists} | Q) = 1.
Hence, for any m € N we can glue together the solution to one process (u,v) with
w(t) = um (t) and v(t) = vy, (t) when t € [T—1 AT, 7oy, AT).
Then, it is straightforward to verify, that

P ({there exists solution to (2.7)})
= lim P ({a solution u to (2.7) exists} | Q) P () .

m—r oo

Since P ({a solution w to (2.7) exists} | ) = 1, it remains to show that lim,, . P(Q,,) = 1. Then, as
Qm D Qppa1, it follows automatically that

P ({there exists solution to (2.7)}) = 1.
However, since there exists a constant C'(T') > 0 such that

E sup [un(t)[¢,E sup |un(t)|E, < C(T), meN,
0<t<T 0<t<T

and, hence,
(1)

m4

P(Q\ Q) < 0.

The solution process is well defined on A = lim,;,,c0 A, where P(A) = 1. In addition, by Claim 2.2 and
the positivity of the solution follows item (i), (ii) and (iii).

O

3. NUMERICAL SIMULATIONS

In this section, we illustrate the formation of patterns in the deterministic Gray—Scott equations and their
variation under stochastic perturbations; for this purpose, we employ operator splitting methods which have
been applied successfully to stochastic systems, see for instance [4, 5, 6, 7, 8, 11, 24, 22].

Operator splitting methods for deterministic evolution equations. The approach of operator splitting
may lead to favourable discretisations for various classes of deterministic evolution equations, see [23] and
references given therein. We mention the works [43, 44], which illustrate the use of operator splitting methods
in the context of nonlinear Schrédinger equations and confirm that time-adaptivity enhances reliability
and efficiency of the numerical simulations; in [44], it is also demonstrated that Fourier spectral space
approximations, although constrained to uniform meshes, are superiour to locally adaptive finite element
space discretisations, due to the retained spectral convergence rate and the applicability of fast Fourier
transform techniques. We expect similar conclusions to hold for diffusion-reaction equations with pattern
formation, requiring as well high resolution in space and time, and hence favour the Fourier spectral method
over the finite difference and finite element methods; we point out once again that the simple structure of
the space domain and the imposed periodic boundary conditions permit solution representations by Fourier
series expansion.

Lie-Trotter splitting method. As indicated by the nomenclature, operator splitting methods employ a
decomposition of the defining operator into two parts

U't)=F(U(t) =F(Ut) + F(U®), te(0,T),
U(0) =Uo;
for each subinterval, defined by a suitably chosen time stepsize h,, > 0, the associated subproblems are solved

separately
Viit)=F(Vi(t)), V5(t)=Fa(Va(t)), t€ (tn.tn+ha),
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potentially with specific numerical solvers. With regard to the low regularity of the solution to a stochastic
evolution equation, we restrict ourselve to the presentation of the first-order Lie-Trotter splitting method;
here, starting from a certain initial approximation U,, ~ U(t,), the solutions to the two subproblems are
composed, which yields the following approximation to the exact solution value

{ (t) R (vl( ), tE (bnytn + ),
2(t) = Fz(V2( ), tE (tntn+hn),
{V2( n) - Vl(tn + hn)7
Uns1 = Va(tn + hn) = Uty + hy) .
Higher-order approximations are specified in [43, 44].

Deterministic Gray—Scott equations. The following compact formulation of the deterministic Gray—Scott
equations as an evolution equation

Ay=rvA—ay, Ay=1,A—a,, g(u,v)zqu,

u(t) Ug A, O ) (au = g(u(?), v(t)))
U t) = ? U = ) A = ) G U t = 9
(t) (v(t)) 0 (v0> v ( 0 A, ( ( )) g(u(t),v(t))
U’(t):AUU(t)JrG(U(t)), te (0, 7), U(0)="U,,
makes the natural decomposition of the right-hand side into two parts evident. The solution of the linear
subproblem
Vi) =ApVi(t), tE (tnytn+hn),
comprising two decoupled diffusion equations, is formally given by
Vi(tn + hn) = " A0 Vi (t,);

for each component, an explicit solution representation based on a Fourier series expansion is available. Our
numerical approximation relies on a truncation of the infinite series and an application of the trapezoidal rule
on an equidistant space grid; we use the fast Fourier transform and its inverse for an efficient implementation.
For the numerical solution of the second subproblem

Vi(t) =G(Va(t)), t€ (tu,tn+hn),

comprising the nonlinear reaction terms, we employ a standard explicit solver. More precisely, we retain
the equidistant space grid used for the discretisation of the linear subproblem; pointwise evaluation at each
grid point yields a system of ordinary differential equations, which we resolve by an explicit Runge-Kutta
method.

Stochastic Gray—Scott equations. Accordingly, we rewrite the stochastic Gray—Scott equations with sto-
chastic integral interpreted as an Ito integral as

sy = ("0, %) wew= (). te,
dU(t) = (AU U(t) + G(U(t))) dt+2(U®) dWy(t), te(0,T), U0)=1Up.
Here, we consider the linear subproblem
dVi(t) = Ay Vi(t) dt + S(Va(t)) AWy (t), t € (tn,tn + hn);
in view of the formal representation for the mild solution

hn
Vi(tn + hpn) = A0 Vi (t,) + / e =AU 33 (Vy (t, + 5)) AWy (t, + ),
0

we employ the following approximation of the It6 integral

Viltn + ) = 4 (Vi(tn) + S(Vata)) (Wo (ta + ha) = Wor(t)) )
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Solution at t = 0 (First component) Solution at t = 0 (Second component)

0.25
02
0.9 0.15
0.85 0.1
0.05
0

0.75
F1GURE 1. Deterministic and stochastic Gray—Scott equations. Prescribed initial states.

For the realisation of the increment Wy (¢, + hy) — Wy (), we generate normally distributed numbers
and apply the inverse Laplacian (1 — A)™7; this as well as the action of the evolution operator e?»4v is
implemented by fast Fourier transforms.

Time stepsize control. In our implementation of operator splitting methods for the deterministic and
stochastic Gray—Scott equations, we take into account that reaction equations may show blow-up and that
limitations of the time stepsizes are needed to prevent failure of the time integration; that is, in order to
enhance efficiency in the deterministic case and reliability in the stochastic case, respectively, we incorporate
the possibility to increase or decrease the time stepsize accordingly. For the deterministic Gray—Scott equa-
tions, we apply adaptive splitting methods as described in [44]. For the stochastic Gray—Scott equations, our
pathwise local error control in essence uses that the solution to the ordinary differential equation associated
with the second component of the reaction term is well-defined on a finite time interval

§(tn)
1- (t _tn)nf(tn) ’

this explains the stepsize restriction h,, < o ﬁ with a certain safety factor o € (0, 1), where the constant
1 > 0 corresponds to the maximum value of v on the space grid at time %,.

Numerical results. In Figure 1, we display the initial states prescribed for the two-dimensional deter-
ministic and stochastic Gray—Scott equations. For two exponents v > 0, the effect of the inverse Lapla-
cian (1—A)~7 on a set of normally distributed numbers is illustrated in Figure 2. Realisations of the numer-
ical solution processes are shown in Figures 5-7 for different choices of the parameters ry,, ry,, ay, Oy, Oy, 00, 7Y;
in comparison with the deterministic case, the loss of symmetry is most apparent, see Figures 3-4. In the
captions of the figures, we provide the links to movies that visualise the creation of patterns and their
variation under the influence of stochastic noise.

It6 wversus Stratonovich formulation. We note that the presented numerical results correspond to the
Gray—Scott equations with stochastic integral interpreted as It6 integral; in order to obtain the Stratonovich
form, the arising parameters have to be adapted.

gt)=net), &)=

t € [tn.tn +n§(f 5). >0, &(ty) > 0;

APPENDIX A. STOCHASTIC INTEGRAL AND AUXILIARY RESULTS

Meanwhile, we denote by H a separable infinite-dimensional Hilbert space and by (hm,)mear @ complete
orthonormal system of #. Provided that a stochastic process (Y'(t))ie[o,r; With values in the space of

Hilbert—Schmidt operators from H to another Hilbert space K is progressively measurable on the underlying
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Stochastic noise Stochastic noise

0.4
03
0.2
0.1
0
-0.1
-0.2
-03

Regularisation by inverse Laplacian (Exponent = 0.5) Regularisation by inverse Laplacian (Exponent = 0.5)

0.15
0.1
0.05
0
-0.05
-0.1
-0.15

Regularisation by inverse Laplacian (Exponent = 2) Regularisation by inverse Laplacian (Exponent = 2)

0.04
0.02
0

-0.02
-0.04
-0.06

FIGURE 2. Two realisations of stochastic noise and regularisations by powers of inverse
Laplacian (1 — A)~7, v € {0.5,2}.

0.

0.

0.

0
-0.05
-0.1
-0.15
0.04
0.02
0
-0.02
-0.
-0.

=)
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Solution at t = 1500 (First component) Solution at t = 1500 (Second component)
Parameters (0.16,0.08,0.029,0.086), Noise (0,0,0) 1 Parameters (0.16,0.08,0.029,0.086), Noise (0,0,0)
0.35
0.9
0.3
0.8
0.25
0.7
0.2
0.6
0.15
0.5
0.1
0.4
0.05
0.3
0
Solution at t = 3000 (First component) Solution at t = 3000 (Second component)
Parameters (0.16,0.08,0.029,0.086), Noise (0,0,0) Parameters (0.16,0.08,0.029,0.086), Noise (0,0,0)
0.9
03
0.8
0.25
0.7
0.2
0.6
0.15
0.5
0.1
0.4
0.05
0.3
FIGURE 3. Deterministic Gray—Scott equations with first choice
of  parameters  (7y, Ty, Qu, Q) = (0.16,0.08,0.029, 0.086). Compo-
nents of numerical solution at different times. Movie available at

http://techmath.uibk.ac.at/mecht/MyHomepage /Research/GS/MovieMyCasel.mov

probability space and fulfills a certain integrability condition

(A.la) Y :Qx[0,T] — Lus(H,K), IEHYHL2 (0.7]. Lus () <
the stochastic integral, denoted by
t
(A.1b) J:Qx[0,T] — K: (w,t) — / Y(w,s) dW(w,s),
0

is given as the limit of the infinite series
Z/szh d( ws’h)
meM

in LQ(Q,E) and leads to a well-defined continuous square-integrable martingale in K. In addition, funda-
mental results such as the It6 isometry

(A.lc) E HJ(T)H;QE =E HYH;([O,T],LHSW,E))
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Solution at t = 1500 (First component) Solution at t = 1500 (Second component)
Parameters (0.16,0.06,0.012,0.062), Noise (0,0,0) 1 Parameters (0.16,0.06,0.012,0.062), Noise (0,0,0)
0.9 035
0.8 0.3
07 0.25
06 0.2
0.5
0.15
0.4
0.1
03
0.05
0.2
0
Solution at t = 3000 (First component) Solution at t = 3000 (Second component)
Parameters (0.16,0.06,0.012,0.062), Noise (0,0,0) Parameters (0.16,0.06,0.012,0.062), Noise (0,0,0)
0.9
0.4
0.8
0.35
0.7
0.3
06 0.25
0.5 0.2
0.4 0.15
03 0.1
0.05
0.2
FIGURE 4. Deterministic Gray—Scott equations with second choice
of  parameters  (7y, Ty, Qu, Q) = (0.16,0.06,0.012,0.062). Compo-
nents of numerical solution at different times. Movie available at

http://techmath.uibk.ac.at/mecht /MyHomepage /Research/GS/MovieMyCase2.mov

and the Burkholder—Davis—Gundy inequality

(A.1d) E sup [|7®)[|% < CoE|Y |}
te[0,T]

([OyTLLHS(HJ%)) , DE [1a OO) )
are valid.

In view of the investigation of the stochastic Gray—Scott equations with multiplicative noise, we restrict
ourselves to the consideration of the bounded space domain I = [0, 1]% and the Lebesgue space # = L?(I,R).
In the case of a single dimension, a complete orthonormal system of eigenfunctions associated with the
Laplacian is given by sine and cosine functions

V2 sin (27rmx) ifm>1,
(A.2) Ym(r) =< V2 ifm=0, z€10,1], mez;
V2 cos (2mma) if m < -1,
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Solution at t = 1500 (First component) Solution at t = 3000 (First component)
Parameters (0.16,0.08,0.029,0.086), Noise (0.001,0.001,2) Parameters (0.16,0.08,0.029,0.086), Noise (0.001,0.001,2)
1
08
09 075
07
0.8
0.65
0.7 06
0.55
0.6
05
0.5 0.45
0.4
0.4
0.35
03 03
Solution at t = 1500 (First cor_nponent) Solution at t = 3000 (First component)
Parameters (0.16,0.08,0.029,0.086), Noise (0.001,0.001,0.5) Parameters (0.16,0.08,0.029,0.086), Noise (0.001,0.001,0.5)

1

08
09 075

07
08

065
07 06

055
06

05
05 045
04 04

035
03

03

FIGURE 5. Stochastic Gray—Scott equations with parameters (ry,ry, o, q,) =

(0.16,0.08,0.029,0.086) and (oy,04,7) = (0.001,0.001,2) (first row) or
(0w, 00, 7) = (0.001,0.001,0.5) (second row), respectively. First com-
ponent of numerical solution at different times. Movies available at

http://techmath.uibk.ac.at/mecht /MyHomepage /Research/GS/ MovieMyCasell.mov
& MovieMyCaselll.mov

below, in order to simplify calculations, we tacitly use representations based on the complex exponential.
The extension to higher space dimensions relies on tensor products

d
(A3) wm(m):Hd}m]‘(m]’)’ xEI:[Ovl]dv m:(mlv"-vmd)eM:Zdv
j=1
and the corresponding eigenvalues associated with the Laplacian are given by
d
(A.4) Am=—47r22m?, m=(my,...,mq) € M.
j=1

The considered Wiener processes have the following representation

W(z,t) = Z (1= An) "Ym(2) B (1)

meM
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Solution at t = 1500 (First component) Solution at t = 3000 (First component)
Parameters (0.16,0.06,0.012,0.062), Noise (0.001,0.001,2) Parameters (0.16,0.06,0.012,0.062), Noise (0.001,0.001,2)
1
0.9 08
0.8 0.7
0.7 06
0.6
0.5
05
0.4
0.4
0.3
03
0.2
0.2
Solution at t = 1500 (First component) Solution at t = 3000 (First component)
Parameters (0.16,0.06,0.012,0.062), Noise (0.001,0.001,0.5) Parameters (0.16,0.06,0.012,0.062), Noise (0.001,0.001,0.5)

1
0.9 0.8
0.8 0.7
07 06
0.6

05
0.5

0.4
0.4

03
03

0.2
0.2

FIGURE 6. Stochastic Gray—Scott equations with parameters (ry, 7y, o, q,) =

(0.16,0.06,0.012,0.062) and (0, 04,7) = (0.001,0.001,2) (first row) or
(0w, 00, 7) = (0.001,0.001,0.5) (second row), respectively. First com-
ponent of numerical solution at different times. Movies available at

http://techmath.uibk.ac.at/mecht /MyHomepage /Research/GS/ MovieMyCase21.mov
& MovieMyCase211.mov

with exponent v > %, (Bm)mem denoting a family of one-dimensional Brownian motions, and covariance
operator Q defined by

(A.5) (Quoe|tbm) o = (1= Am) "6, Lme M.

With regard to concrete representations, it is useful to relate the inner product and norm of fractional
Sobolev spaces to fractional Laplace operators. That is, we set

(¢1|¢2)H;(1) = ((1 —A)" ¢1|¢2)L2 ’ ||¢||H; = H(l - A)% ¢||L2 ’

(A.6)
o, 1,02 € HY(I,R), ke€R.

For scaled Fourier functions, we employ the abbreviation

(A7) V) = (1= Ap) 2, meM.
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Solution at t = 1500 (First component) Solution at t = 3000 (First component)
Parameters (0.16,0.06,0.012,0.062), Noise (0,0.002,2) Parameters (0.16,0.06,0.012,0.062), Noise (0,0.002,2)
1
0.9 08
0.8 0.7
0.7 06
0.6
05
05
04
0.4
0.3
03
0.2
0.2
Solution at t = 1500 (First component) Solution at t = 3000 (First component)
Parameters (0.16,0.06,0.012,0.062), Noise (0,0.002,0.5) Parameters (0.16,0.06,0.012,0.062), Noise (0,0.002,0.5)

0.9
0.8
07
0.6
0.5
0.4
03
0.2

FIGURE 7. Stochastic Gray-Scott equations with parameters (ry,ry,q,q,) =
(0.16,0.06,0.012,0.062) and (oy,0,,7) = (0,0.002,2) (first row) or (ou,0,,7) =
(0,0.002,0.5) (second row), respectively. First component of numerical solution at different
times. Movies available at http://techmath.uibk.ac.at/mecht/MyHomepage /Research/GS/
MovieMyCase22.mov & MovieMyCase221.mov

The eigenvalue relation

(A.8) (1=A) by = (1= Ap)2 b, mEM,

implies that ("4[17(,5 ))me M forms a complete orthonormal system of the fractional Sobolev space H5 (I, R), that
is

(A.9) (W gy = Otm, LmeM.

A.1. The multiplication operator. In our equation, the diffusion coefficient in front of the stochastic

perturbation is given by the multiplication operator defined by a function ¢, which is interpreted as a
mapping from the Hilbert space H to the other Hilbert space L?(I). To be more precise,

(A.10) M@):H—K:x— dx,
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which complies with [36, Eq. (1.4)]; within the article, however, we often wrote
¢ =M(¢)

for short. Let v > 4 and H = HJ (I). Besides, let us denote the orthonormal basis in H by {wﬁ) :m € Z},
which is given by

(A.11) P = (1= An) 2 P, meEM,
Then arguments detailed below show that for the particular case
(A.12) M(¢): H — L*(I): x— ox, ¢eL*(1), v>4%,

the associated Hilbert—Schmidt norm is finite, since the estimate

B33 MOl = (S l66PI5) <O VBRI ol 1> 4

holds. Indeed, the stated bound is obtained from a representation of the defining real-valued function with
respect to the complex-valued Fourier functions

o= (d|the) .0

leM
Let v > ¢ and H = HJ(I). Besides, let us denote the orthonormal basis in H by {wﬁg) : m € Z}, which
is given by
(A.14) P = (1= Ap) % b, mEM,

The associated Hilbert—Schmidt norm is finite. To be more precise, since the estimate

1

415 MO = (Suenllo@ienln) <0 VER ol 3> 4

holds. What happens if the underlying Hilbert space is H{(I) instead of L*(I).
We can write ¢ in terms of the orthonormal basis, i.e.

¢=_ (¢|the) 1 e

In case, the underlying space is HS(I), we get

B30 MO = (Snem 600l < CVETI ol 1> 4

For the following considerations, it is convenient to represent sine and cosine functions by means of the
complex exponential; the corresponding complete orthonormal set is meanwhile denoted by (Xm)meam and
satisfies the relation x¢ Xm = X¢+m, which implies

oxX =" (6]xe) 2 xexY

LeM

= Z 17 7% ¢|XZ)L2XZ+m7 meM.
lemM

Parseval’s identity, summation, and an integrability criterium for infinite series confirms the given result

M@} irrsy = 2 lox][3
meM

= (S lish o) (2 0-27)
< 56 ol
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By the very same calculation, one can show that we have

(A.17) ||M(¢)||LHS(H,H;(1)) <Cy5() ||¢||H21(1) . >3

Let us denote for a Hilbert space H the space of progressively measurable processes
Y :Qx[0,T]| - Lys(H,H)

such that
E[Y[ 20,73 L (.1 < 00,

by M%(0,T; H). Having a process Y € M%,(0,T; L*(R)) we get

/M(Y(S))dW(S) <G S(y)E (/ Y ®);.d ) , pE[l00),
0 L2

/M (8) <CpS(VE (/ Y HHI ) , pElo0),
H}

The Ité6 formula Within the proof we apply the It6 formula for the function ®(x) = |z[},, p > 2
to a given process driven by a Wiener process. The diffusion operator will be the multiplication operator
defined in (A.10). To be precise, let us put ®(u) = [, u”(x) dz. Then D®(u)[h] = p [, uP~*(x) h(z) dz and
D2*®(u)[h*,h?] = p(p — 1) [;uP~*(x) h' (x )h2( )dm The correctlon term in the Itd formula is now defined
by

(A.18) E sup
te[0,T]

Similarly, we have

(A.19) E sup
t€[0,T]

T [DPole() M (u(s) QM (u() Q)] = P21 3 / §(w,5)" (@) [M(w)hi](@)[M ()] () de
kEZ
The definition of the multiplication operator gives
Tr [ D26(6(s) M (u(s)QFNM(u()QF]"| < / € 8)P2 () (2)hi () dac
kEZ

The Holder inequality gives

Tr [ D26(5(s)[M (u(s) Q¥ )M (u()QF)" | <

In the case £ = u we get

Ysy) / £, )P 2 (@) (@) da

T [DPole() () QM Q] < PN,

In the case, ®(u) = [,(Vu)P(z)dz. Then D®(u)[h] = p [,(Vu)P~'(z) Vh(z)dz and D*®(u)[h',h?] =
—1) [;(Vu) p 2( (Vhl)(w)( )( ) dz, we obtain

Nl=

T [D26(©DIu) QM ] < PEE S [P @) tun) o) do

kez
Again, the Holder inequality gives

Te [ D26(6) M (u(s)) Q2] [M (u(s) Q3]
(a20) < P2l (sw) /I V()P (@) [Vl () + S(y + 1))\k7dz> < 2= Disrup,

The It6-Correction Term
Let us assume that the process X solves an infinite dimensional differential equation driven given as
follows:

(A.21) AX(t) = AX(t)dt + S(X () o dW(t), X(0) = Xo,
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where A denotes the Laplacian operator with periodic boundary conditions. As before, {¢,,, : m € M}
denote the eigenfunctions of the Laplacian and {\,, : m € M} the corresponding eigenvalues. In this way,
the solution process ¢ of equation (A.21) can be described by the SPDE given in terms of the Ito—integral
by adding a correction term. The correction term can be calculated explicitly (see [15, p. 65, Section 4.5.1]),
i.e., the equivalent Itd equation of (A.21) is given by

(A.22) dg(t) = AE(t) dt + %Dfa(ﬁ(t)) o(&(t)) dt + o(£(t))dNV(t),  £(0) = &o-

Here, D¢(0(&)) denotes the Frechet derivative of o with respect to £&. In our case, the Wiener process is infinite
dimensional, but can be written as a sum of infinitely many scalar Wiener processes with ), _, oxdfy(t),
where {f) : k € Z} is a family of independent scalar valued Wiener processes, and oy is the multiplication
operator given by £idx. Straightforward calculations reveal

> Deor(€) on(§) = D €idt.

keZ ez
Taking into account that &, = 6_j and ¥F 4+ 92, = 2, we have
(A.23) > De(0x(€)) or(§) = S() &,
kEZ

where

S(y) = > (=)™

kezd
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