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This work is devoted to the derivation of a convergence result for high-order commutator-free quasi-
Magnus (CFQM) exponential integrators applied to non-autonomous linear Schrodinger equations; a
detailed stability and local error analysis is provided for the relevant special case, where the Hamil-
ton operator comprises the Laplacian and a regular space-time-dependent potential. In the context of
non-autonomous linear ordinary differential equations, CFQM exponential integrators are composed of
exponentials involving linear combinations of certain values of the associated time-dependent matrix;
this approach extends to non-autonomous linear evolution equations given by unbounded operators. An
inherent advantage of CFQM exponential integrators over other time integration methods such as Runge—
Kutta methods or Magnus integrators is that structural properties of the underlying operator family are
well-preserved; this characteristic is confirmed by a theoretical analysis ensuring unconditional stabil-
ity in the underlying Hilbert space and the full order of convergence under low regularity requirements
on the initial state. Due to the fact that convenient tools for products of matrix exponentials such as
the Baker—Campbell-Hausdorff formula involve infinite series and thus cannot be applied in connection
with unbounded operators, a certain complexity in the investigation of higher-order CFQM exponential
integrators for Schrodinger equations is related to an appropriate treatment of compositions of evolution
operators; an effective concept for the derivation of a local error expansion relies on suitable linearisa-
tions of the evolution equations for the exact and numerical solutions, representations by the variation-
of-constants formula, and Taylor series expansions of parts of the integrands, where the arising iterated
commutators determine the regularity requirements on the problem data.
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1. Introduction

Commutator-free quasi-Magnus exponential integrators. Numerical experiments for non-
autonomous linear differential equations confirm the favourable stability and error behaviour of expo-
nential methods based on the Magnus expansion in comparison with classical time integration methods,
see for instance BLANES, CASAS, OTEO, Ros (2009); BLANES, MOAN (2006); HOCHBRUCK, LU-
BICH (2003) and references given therein.

However, in the context of large-scale applications, it is advantageous to avoid the actual computa-
tion and storage of commutators. For specific Schrodinger equations, an effective methology is proposed
in the recent contribution ISERLES, KROPIELNICKA, SINGH (2019), see also references therein; the re-
quired special form of the Hamiltonian permits a substantial simplification of the commutators arising
in the Magnus expansion.

In the present work, we continue our study of an alternative approach that applies to a more general
class of Hamiltonian systems and Schrodinger equations, respectively; it relies on the replacement of
a single (matrix) exponential involving iterated commutators by compositions of (matrix) exponentials
and leads to numerical approximations that are potentially superior to those obtained by standard Mag-
nus integrators, see ALVERMANN, FEHSKE (2011); ALVERMANN, FEHSKE, LITTLEWOOD (2012);
BADER, BLANES, KOPYLOV (2018); BLANES, CASAS, THALHAMMER (2017, 2018). We refer to this
type of time integration methods as commutator-free quasi-Magnus (CFQM) exponential integrators.

In BLANES, CASAS, THALHAMMER (2017, 2018), our focus was on the study of CFQM expo-
nential integrators applied to dissipative quantum systems or partial differential equations of parabolic
type, respectively; during the development of these contributions, we also performed numerical tests for
Hamiltonian systems and Schrodinger equations. Our comparisons confirmed the excellent behaviour
of CFQM exponential integrators and motivated the current theoretical investigations.

Stability and error analysis. Our main objective is the derivation of a convergence result for high-
order CFQM exponential integrators in the context of non-autonomous linear Schrodinger equations

d(t)=iHt)ult), te(to,T); (1.1)

we thereby proceed and complete the investigations in BLANES, CASAS, THALHAMMER (2017, 2018)
on the design, numerical comparison, and convergence analysis of CFQM exponential integrators for
ordinary and partial differential equations of parabolic type. For the sake of concretion, we provide
a detailed stability and local error analysis for the relevant special case, where the Hamilton operator
comprises the Laplacian and a regular space-time-dependent potential.

For non-autonomous linear ordinary differential equations, CFQM exponential integrators are com-
posed of exponentials involving linear combinations of certain values of the associated time-dependent
matrix; it is straightforward to extend this approach to non-autonomous linear evolution equations of
the form (1.1) that are defined by unbounded operators.

An inherent advantage of CFQM exponential integrators over other classes of time integration meth-
ods such as Runge—Kutta methods or standard Magnus integrators is that structural properties of the
underlying operator family are well-preserved. In essence, this characteristic is explained by the fact
that CFQM exponential integrators rely on the solution of Schrédinger equations on certain subintervals
[tn,t1+1] C [fo, T] and involve values of the underlying Hamilton operator at suitably chosen fixed times
tix € [tn,tnv1]

V/(t) :iH(tﬁx)v(t)v re (tnytn-‘rl)§
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thus, it is evident that fundamental properties of the Hamiltonian such as self-adjointness are inherited.
On the contrary, higher-order Magnus integrators in addition require the evaluation of commutators of
the Hamiltonian at certain times s1,52 € [fn,;11]

[H(s1),H(s2)] = H(s1) H(s2) —H(s2) H(51)
this leads to evolution equations of a different form, in essence
V() =1H (tgx) v(t) + [H(sl),H(sz)] v(t), tE€ (tnstnt1)- (1.2)

As illustration, we consider the special case, where the Hamiltonian is given by the second-space deriva-
tive and a space-time-dependent potential

H(t) = du+V(t); (1.3)
a straightforward calculation implies that the first commutator comprises the first space-derivative
[H(s1),H(s2)]v(t) = [Ox, (V(52) =V (1)) ]v(t) = 9x(V (52) =V (51)) v(r) + 0 (V (52) =V (51)) Opv(2).

This exemplifies that the underlying Schrddinger equation (1.1) and the evolution equations defining
higher-order Magnus integrators (1.2) in general involve differential operators of different nature.

In order to deduce a convergence bound for higher-order Magnus integrators, a suitable approach is
to study the associated spatially semi-discrete system and to impose appropriate time stepsize restric-
tions or, alternatively, to assume higher regularity of the exact solution, see HOCHBRUCK, LUBICH
(2003). We note that the second-order exponential mid-point rule is an exceptional case, since it does
not involve commutators; it belongs to the class of Magnus integrators as well as to the class of CFQM
exponential integrators.

In this work, we confirm the favourable behaviour of CFQM exponential integrators by a rigorous
theoretical analysis, which implies unconditional stability in the underlying Hilbert space and the full
order of convergence under low regularity requirements on the initial state.

Convenient tools for analysing products of matrix exponentials such as the Baker—Campbell—-
Hausdorff formula involve infinite series and thus cannot be applied in connection with unbounded
operators; consequently, a certain complexity in the local error analysis of higher-order CFQM ex-
ponential integrators for Schrodinger equations is related to an appropriate treatment of compositions
of evolution operators. We explore an effective approach that relies on suitable linearisations of the
evolution equations satisfied by the exact and numerical solutions, representations by the variation-of-
constants formula, and Taylor series expansions of parts of the integrands; under sufficient regularity
requirements on the initial state and the space-time-dependent potential, boundedness of the arising
iterated commutators and well-definedness of the resulting local error expansion is ensured.

QOutline. The present manuscript has the following structure. In Section 2, we formulate non-
autonomous linear Schrodinger equations as abstract evolution equations on Hilbert spaces and specify
fundamental assumptions on the defining Hamilton operators. In Section 3, we introduce CFQM expo-
nential integrators and recapitulate second-order and fourth-order example methods. In Section 4, we
provide a detailed stability and local error analysis for the special case, where the Schrodinger equation
is given by the Laplacian and a regular space-time-dependent potential. In Section 5, we indicate the
extension to the general case.
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2. Class of evolution equations

Analytical framework. Our analytical framework for a convergence analysis of CFQM exponential
integrators applied to Schrodinger equations relies on the theory of self-adjoint operators on Hilbert
spaces; for a comprehensive treatment of basic mathematical means and the principles of quantum
theory, we refer to BONGAARTS (2015); ENGEL, NAGEL (2000).

Evolution equation. We study the initial value problem for a non-autonomous linear evolution equa-
tion of Schrodinger type, cast into the abstract form

(2.1a)

V(1) = A ult) = HOu(t), 1€ (10,7).
u(ty) given;

throughout, we employ the fundamental assumption that the arising time-dependent Hamilton operator
is self-adjoint on the underlying Hilbert space

H(t):9CH — A, te]n,T], (2.1b)
and that the associated evolution operator is unitary

u(t) =&t —1w,00)ulto), |E—1t,0)|,=1, 1€lt,T]. (2.1c)

Unitarity. For a regular solution to (2.1a), differentiation with respect to time confirms (2.1c); indeed,
with the help of the chain rule and due to the required self-adjointness of the Hamilton operator, the
following relations implying the unitarity of the evolution operator are obtained

(H@)u(0)|u(0)) ,, = (u(@)|HE)ut)) ,, = (HE)u)|u@)) , t € [to,T],
u@)|’, = 2R (0)|u(r)) ,, = 2R H () ulr) |u(t))%, 1€ (t9,T), 2.2)
)| = )|y 1 € 0,71

Applications. In view of concrete applications, we primarily study the relevant special case, where the
arising Hamilton operator comprises the Laplacian and a space-time-dependent potential, see Section 4;
in this situation, it is natural to consider square-integrable complex-valued functions that are defined on
the Euclidean space or on a cartesian product of bounded intervals, respectively. That is, the underlying
Hilbert space is given by a Lebesgue space

H =1,(2,C), QCR?,
and the common domain of the defining operator family is related to a subspace of a Sobolev space
2 CH*(Q,C)=W(2,0C).

We point out that in the context of Schrodinger equations generally no additional consistency conditions
have to be taken into account.
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3. Class of time integration methods

CFQM exponential integrators. Our main objective is to provide a rigorous convergence analysis
for commutator-free quasi-Magnus (CFQM) exponential integrators applied to evolution equations of
Schrodinger type (2.1). As standard in a time-stepping approach, we choose time grid points with
corresponding time stepsizes and determine approximations to the exact solution values by recurrence

< - <ty <--<ty=T, Ty=tyr1—1ly,

3.1
Uns1 =L (Tyty) ttn = u(tyr1) = E(Ty ty)ulty), ne{0,1,...,N—1}; (31a)

for a CFQM exponential integrator, the numerical evolution operator is given by the composition of
several exponentials that involve linear combinations of certain values of the defining operator

K
Bj(Tuitn) = Y ajxAlty+ %),  jE{1,...,J},
, = (3.1b)
y(fnatn) — HeTnB_j(Tmtn> — eTnBJ(Tan) .. eTnBl(Tan) , nc {0’ 1, . ,N* 1} .
j=1
A proper choice of the underlying quadrature nodes
c €10,1], ked{l,...,K}, 3.1¢)
and of the associated real coefficients
K
ap€R, bj=Y ap, je{l,....J}, ke{l,.. K}, (3.1d)
k=1

permits to attain the desired order of consistency p € N>j; that is, in the context of nonstiff non-
autonomous linear ordinary differential equations with associated families of regular time-dependent
matrices, an expansion of the local error in the first step with respect to the time stepsize leads to a
relation of the form

ZL(70,t0) = L (10,t0) — E(T0,10) = ﬁ(fgﬂ) :

Examples. The simplest instance of a second-order CFQM exponential integrator (3.1) is the expo-
nential midpoint rule
p=2, J=K=1, a=3, an=b=1,

S (Tst) = W AGTI™W) e 101, N—1}.

The two-stage Gaussian quadrature rule leads to a canonical fourth-order CFQM exponential integrator

(3.2)

p:4a J:K:27 az%, Clz%faa 62:%4’(17

an=an=%+a, ap=an=3i-a, b=an+tap=br=ay+an=73,
Bj(Tnatn) :ale(tn+C17n)+aj1A(tn+C2Tn)» VAS {172}7
P Tty) = B BB e (0.1, N1},

(3.3)

For additional examples and detailed information on order conditions, we refer to BLANES, CASAS,
THALHAMMER (2017, 2018).
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Stability. CFQM exponential integrators (3.1) are composed by terms of the form e®A®) for certain
values o € R and ¢ € [fp, T|. Within the analytical framework introduced in Section 2, Stone’s Theorem
implies that any one-parameter group generated by the defining time-dependent linear operator is unitary
on the underlying Hilbert space, i.e.

GA(r) ’

HC %Zl, ocR, tE[l(),T], 34

see ENGEL, NAGEL (2000). By means of this fundamental result, we prove that time integration meth-
ods of the format (3.1) and in particular the schemes (3.2) and (3.3) are unconditionally stable, in
consistence with the characteristics of the exact evolution operator (2.1), see Section 4.2.

Remark. It is natural to compare CFQM exponential integrators of the form (3.1) to Magnus inte-
grators, which are given by a single exponential involving iterated comutators of certain values of the
defining operator, see BLANES, CASAS, OTEO, ROS (2009); BLANES, MOAN (2006); HOCHBRUCK,
LuBicH (2003); ISERLES, KROPIELNICKA, SINGH (2019) and references given therein. For both
classes of methods, it is ensured that the numerical evolution operator is unitary and hence preserves
fundamental properties of the exact evolution operator associated with a Schrodinger equation. As indi-
cated before, for CFQM exponential integrators, this result relies on an application of Stone’s Theorem;
for a Magnus integrator, it is used that the commutator is skew-Hermitian, which in essence follows
from the required self-adjointness of the Hamilton operator

([A(s),A(t)] v’w)% - ((A(s)A(t) —A(1)A(s)) v’w)% — — (H(s)H(1)v|w) , + (H()H(s)v|w) ,
=—(H@)v|H(s)w) , + (H(s)v[H(t)w) , = — (vV[H{t)H(s)w) , + (v|[H(s)H(t)w) ,
- (v’ (A(1)A(s) —A(s) A(r)) W>% _— (V’ [A(s),A(1)] w)%

However, a basic difference between CFQM exponential integrators and Magnus integrators concerns
the structure of the associated evolution equations, see the discussion in Section 1 and in particular (1.1)
and (1.2). An inherent advantage of CFQM exponential integrators is that the linear combinations
arising in (3.1) preserve the structure of the underlying operator family; contrary, a suitable approach
for higher-order Magnus integrators relies on considering a spatially semi-discrete setting and imposing
major stepsize restrictions or regularity requirements, respectively, see HOCHBRUCK, LUBICH (2003).

Schrodinger versus parabolic equations. In order to ensure the stability of CFQM exponential
integrators for non-autonomous linear evolution equations of Schrodinger type, we have to restrict our-
selves to schemes involving real coefficients. As an illustration, we consider the Hamilton operator
H(t) = d + V(2), see (1.3) and (4.1); evidently, the property of self-adjointness on the underlying
Lebesgue space of square-integrable functions is lost when multiplying by a complex coefficient a € C,
and boundedness of ¢'“"() for r € [to,T] cannot be guaranteed. In the context of dissipative quantum
systems and parabolic evolution equations, however, it is of interest to study and design CFQM ex-
ponential integrators with complex coefficients, see BLANES, CASAS, THALHAMMER (2017, 2018);
here, well-definedness of e*(') for H(t) = 9,4 V (¢) or, more generally, for a sectorial operator can be
ensured under the assumption Ra > 0.

4. Special case

Situation.  In this section, we focus on non-autonomous linear Schrodinger equations, where the
Hamilton operator is given by the Laplacian with respect to the spatial variables and a regular real-
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valued space-time-dependent potential acting as multiplication operator
Ht)=A+V(@), VEO)=V(,1):Q—>R, t€lt,T]; 4.1)

in view of the abstract formulation (2.1), we again suppress the space dependence. The consideration of
this special case is of relevance in applications, see BADER, BLANES, KOPYLOV (2018); HOCHBRUCK,
LUBICH (2003); ISERLES, KROPIELNICKA, SINGH (2019); KYOSEVA, VITANOVA, SHORE (2007) and
references given therein.

Notation. With regard to the formulation and derivation of our main result, we henceforth employ
convenient abbreviations for Sobolev spaces and related norms

™ = H™(Q,C) = Wi(Q,C), mée Ny,

||G||///"»’”([to,T],Q,K) = e g ||G(j>(t)HLOQ([tO,T],WD’f(Q,K))’ t,m € Nxo,

where K = R or K = C, respectively; evidently, .#° coincides with the underlying Lebesgue space
A =L1,(Q,C).

4.1 Convergence result

Theoretical result. In the following, we state a theoretical result, which confirms the favourable
convergence behaviour of CFQM exponential integrators for evolution equations of Schrédinger type.
Compared to other classes of time integration methods, stability is ensured without any restriction on
the time stepsizes; we in particular refer to HOCHBRUCK, LUBICH (2003), where stepsize restrictions
for Runge—Kutta methods and Magnus integrators are specified in a related context. Moreover, due
to the special form of the Hamiltonian, the full order of convergence is obtained under low regularity
requirements on the initial state; for Hamilton operators given by more general second-order differential
equations, with regard to the convergence result deduced in BLANES, CASAS, THALHAMMER (2018),
one would expect the requirement ||u(zo) || sp2p < oo

Theorem 1 Assume that the considered non-autonomous linear Schrodinger equation (2.1) is defined
by a Hamilton operator of the special structure (4.1). Provided that the arising real-valued space-time-
dependent potential and the prescribed initial state fulfill suitable regularity requirements such that

Cv= et X HV||///f=2(P-/f>([tO,T],Q,R) <oo, lu(to) || o1 < oo,

any pth-order CFQM exponential integrator (3.1) satisfies a global error estimate of the form

[ix = w(T)]|| < [ = (t0) |+ C Thax [[4(20) | 1 -
Tmax :maX{Tn :nef{0,1,...,.N— ]}};

the arising constant depends on an upper bound for the time stepsizes, the length of the considered time
interval [to, T, the bound Cy, and the method’s coefficients, but it is independent of the number of time
steps n and the actual time stepsizes.

Proof.  Our proof relies on stability bounds and local error estimates, which we deduce in the sub-
sequent Sections 4.2 and 4.3. The constant arising in the local error estimate (4.19) in particular de-
pends on bounds for certain space and time derivatives of the potential on the interval [f,,,2,.1], where
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n€{0,1,...,N — 1}; estimation by Cy leads to a constant that is independent of n € {0,1,...,N —1}.
Similarly, we estimate the constant in the stability bound (4.2) by a constant that depends on the length
of the time interval [ty, T'] and the uniform bound Cy .

In order to relate the global error to local errors, we employ the telescopic identity

N—1
uN—u(T) = I:!)y(fmtn) (MO_M(tO))
- N—1 N—1
+Y H L (ty,tv) (L (Tastn) — E(Tastn) ) & (80 — 10, 10) u(to) 5
n=0 v=n+1

due to the fact that the numerical evolution operator associated with a CFQM exponential integrator
involving real coefficients is unitary

|- (T ta)|| ,, =1, ne{0,1,....N—1},

see (4.3), straightforward estimation in the underlying Hilbert space yields

N—-1
|un —u(T)|| ,, < |Juo —u(t0) |, + ZZ) | (- (T 10) — € (Tstn)) & (1w —10,10) u(t0)]| -

In our expansion of the local error operator with respect to the time stepsize, iterated commutators of
the Laplacian and the potential up to order p — 1 arise naturally and lead to an estimate of the form

|7 (Tastn) = & (tasta) || yo s <CTT, ne{0,1,...,N—1},

see (4.19); for this reason, we have to embed the decisive contributions
(S (Tustn) = & (Tastn)) E(ta —t0,10) uto), n€{0,1,...,N—1},
in the Sobolev space .7#?~!. Using the stability bound for the exact evolution operator
& (tn—t0,10) || o1 <C, ne€{0,1,....N—1},
see (4.2) and (4.6), we obtain the relation
~1
i =) < o =at6)] € T, 7 )]+

which implies the stated global error estimate. g

42 Stability

Stability in Sobolev spaces (Exact evolution operator). The exact solution to the non-autonomous
linear Schrodinger equation (2.1) with Hamilton operator given by (4.1) inherits the spatial regularity of
the potential and the initial state. As already discussed in Section 2, the evolution operator associated
with a self-adjoint Hamilton operator is unitary on the underlying Hilbert space

& —rt0,10)|| ,, =1, 1€lto,T], (4.2a)
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see (2.1c) and (2.2). Moreover, an estimate of the form

16 = 10,10) | g < 1+Con (i HVH,///OJ"([IO,(],Q,R)) (t—10) <C,

t—t9<T, t€][t,T], meNy,

(4.2b)

holds with a constant that depends on an upper bound for the length of the considered time interval and
uniform bounds for certain space derivatives of the potential; the form of the bound and in particular the
factor t —#( are essential in view of the derivation of an analogous stability bound for compositions of
the numerical evolution operator.

In order to exemplify this result, we consider a non-autonomous linear Schrddinger equation in a
single space dimension on the unbounded domain

oy (x,t) =i H(x,t) y(x,1) =i (duy(x,0) +V(x,0) y(x,1)), (x1)€Rx(1,T);

the first and second spatial derivatives of the solution

X1 :axlllv x2:axxll/a

satisfy the related evolution equations
O xm(x,1) =i (H(x,1) Xm(x,) + Riu(x,2)),  me {1,2},

R (1) = {8xv(x,t) w(x,1) ifm=1,

R x (19.T).
20V (et) 1 (et) + AV () yar) ifm—2, O ERX(0T)

A representation by means of the variation-of-constants formula together with the application of the
unitarity of the evolution operator (2.1c) leads to the estimate

t
H751("t)HL2(Q,C) < Hm('v’O)HLZ(QC) +/to HRl("S)HLZ(Q,C) ds
S Hxl("to)HLz(.Q,(C) +(t—10) H(;XVHLN(QX[tO,t],R) ”W("t0)|’L2(Q,C)’ t€ o, Tl
as a consequence, we obtain the relation
t
sz("t)HLz(Q,(C) S H%Z('JO)HL2<Q,<C)4’/{0 HRZ("S)HLZ(Q,C) ds

<G00 2= 0) [0V (|0 m) :Ept] 121 Co9) 1y 0.0
s€lto,

+ (1 —10) HaxxVHLw(_Qx[to,t] R) ||‘/’(‘vt0)||L2(Q,C)

S "%2('7’0)HL2(9,<C) +2(r—10) HaxVHLM(Qx[MR) HXI("IO)HLZ(Q(C)
2
+ (1 —10) (2 (t=10) |9V [|L_ (axrom) + HaXXVHLM(.QX[tOJ],R)) [v(0) 00 1€ MRT].
Altogether, this yields the following bounds in the associated Sobolev spaces
||‘/’('vt)||Hl(g,<c> < (1 + HavaLm(Qx[tO,t],R) (t_to)) ||ll/("t0)||H1(.Q,(C)’

¥eDleac < (16 (7

|axxVHLw(.Q><[t0,[]7]R)) (r _t0)> HW("IO)HH%.Q,(C) ,

1—1<7T, tenT],

3xVHLw(Qx[to,t],R)’
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which are in accordance with (4.2). The extension to higher-order derivatives and higher space dimen-
sions is straightforward.

Stability in Sobolev spaces (Numerical evolution operator). Similar considerations permit to de-
duce a bound for the numerical evolution operator defining a CFQM exponential integrator (3.1); more
precisely, provided that the method’s coefficients are real, the analogous relations

Hy(Tnytn)ij =1,
Hy(fmtn)H%nm <1+GCy (?na VH//lov'”([tn,t,,H],Q.R)) Ty, Ta<Th, MEN, (4.3a)

ne{0,1,....N—1},

hold with a constant that depends on an upper bound for the time stepsize, uniform bounds for certain
space derivatives of the potential, and the method’s coefficients. By means of the relation 1 4 x < e* for
x > 0, we obtain a stability estimate for compositions

N—1 — _
< T IVl aom g, ar) ™ o Cn@IVIL 0 11.00) T =10)

X

N-1
[T (5.0)
n=0 M a0 (4.3b)

<C, max{7,:ne{0,1,....N—1}} <T, meNy,

with constant depending in particular on an upper bound for the time stepsizes, the length of the time
interval [tg, T], and uniform bounds for certain space derivatives of the potential.

For a space-time-dependent Hamilton operator of the special structure (4.1), the associated time-
independent operators rewrite as

K K
Bj(Tn,tn) = Z ajkA(tn —l—Can> =1 (bjA + Z ajkV(tn —l—Can)) R
k=1 k=1

jed{l,....J}, ne{0,....N—1}.

If ajp € R for any (j,k) € {1,...,J} x {1,...,K}, Stone’s Theorem ensures unitarity of the arising
evolution operators with respect to the norm of the underlying Lebesgue space

||eGBf(T”””)

=1, ceR, je{l,...J}, ne{0,...,N-1}, (4.42)

and thus unconditional stability of the numerical method follows
|- (tn,tn)|| ,, =1, ne€{0,....N—1},

see also (3.4) and compare with (4.2). Slight modifications of the arguments used in the exemplification
of (4.2) imply the validity of the following estimate on bounded time intervals

Heo'Bj(Tn,tn)

o SV G (T VI jom sy m)) B0 101 < 30 < T

je{l,....J}, ne{0,1,....N—1}, meNy,

(4.4b)

and justify the stated result (4.3).
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4.3  Local error

Approach. In the following, we deduce suitable local error expansions for CFQM exponential in-
tegrators (3.1) applied to (2.1), making use of the special structure of the Hamilton operator (4.1).
A certain complexity in the treatment of higher-order schemes concerns the correct handling of the
arising product of exponentials, since tools that are helpful for matrix exponentials such as the Baker—
Campbell-Hausdorff (BCH) formula involve infinite series and thus cannot be applied in the context
of unbounded operators. Our approach in the spirit of LUNARDI (1995) relies on linearisations of the
evolution equations for the exact and numerical solutions as well as representations by the variation-
of-constants formula; together with Taylor series expansions of parts of the integrands and bounds for
naturally arising iterated commutators, the stated result is obtained.

Fourth-order scheme. Due to the fact that the treatment of a general high-order CFQM exponential
integrator would involve a considerable amount of technicalities, we provide a rigorous derivation of
the local error expansion for the fourth-order scheme based on two Gaussian nodes, see (3.1) and (3.3);
it suffices to study the error of (3.3) in the first time step

T=1>0, Z(1.10)=L(10)—-E(T10), Z(T1)=e P00 bi(w0)
Bj(t,10) =i (bjA +aj1V(l‘o+cl‘L')+aj2V(to+cz‘L')) , Jj€{1,2},

3

| 4.5)
OC, 6‘227—1—06,

L
2
an=an=*%i+a, ap=ay=41—0a, bj=ay+tap=by=ay-+an=73.
Simplified notation.  Henceforth, we specify the arising bounds for space and time derivatives of
the potential, but we suppress the dependence of constants on upper bounds for the time stepsize; this

slightly simplified notation is also justified by practical implementations, where commonly 7 € (0, 1).
For instance, we use that the relation

UGV omiossmr) * < G (VL omocim) 4o

is valid with generic constant, see (4.2) and (4.3).

Auxiliary abbreviations and estimates. In view of linearisations of the underlying evolution equa-
tions for the exact and numerical solutions about the midpoint of the first subinterval and representations
by the variation-of-constants formula, we denote

A, =A(to+3) :i<A —|—V(to+%))a R(t) =A(t)—A., t€lto,to+1], @
./a
sj(r,to)zbiij(r,to)—A*:2(aj1R(ro+clr)+aj2R(z0+czr)), je{1,2}.

We make use of the fact that the remainder is determined by values of the potential such that the follow-
ing auxiliary estimate holds with generic constant

R =i (VD) -V (0+3)).,
IR om + 1S5 (:10)| om < CnIVI]_gom 10 -9.0.7)

t€to,i0+7], je{1,2}, meNy;

(4.7b)
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in certain places, to prove that a term has the correct order with respect to the time stepsize, we instead
use an integral representation involving the first time derivative

RO =i [ Vi

IR m + 11S5(T,20)[| sm < Cin HVH//lml([to,toﬂ].g,R) T

t€fo,to+1], je{1,2}, meNs.

Nla

(4.7¢)

Evolution equations and linearisations. The numerical evolution operator associated with (4.5) is
composed by two exponentials

y(’f,[()) = %(77 TJ()){% (Ta T,t()) 9

B: (483)
Si(0,7,19) =e° i) seR, je{l,2},
which satisfy autonomous linear evolution equations
% Z(Ga Tato) = Bj(TatO) ‘2(67 Tat()) = %A* ‘5,;(67 Tat()) + % Sj(T7t0) ‘%(G? T7t0) 5 (4 Sb)
ce(0,7), je{l,2}.
For the exact evolution operator, we employ the analogous identity
éa(T,to)Zzo@(%,to-f—%)éa(%Jo) (4.9a)
and make use of the fact that the associated evolution equation rewrites as
L 8(0,%) =A(%+0)E(0,%) =A.E(0,%) +R(%+0)&(0,%), (4.9b)
0'6(07%), ﬂoe{lo,lo-‘r%}; .
evidently, a linear transformation yields the equivalent formulation
46 €(30,%) = 3A.E(50,%) + 3R(%+ 3 0)E(30,%0), 490)

o€ (0,7), e {tto+3}.

Aucxiliary initial value problem. The evolution equations in (4.8) and (4.9) suggest to study the initial
value problem

L Y(06,24,2) =2.%(0,Z.,2) +2(0) ¥ (0,Z.,2), ©€(0,00), 4.109)
@(072*71) = 17
and to distinguish the two cases
Z,=3A., z=1%S;(t.0), je{l,2}, op=r, (4.10b)
Z.=A., z(6)=R(%+0), %e{nn+5i}, oe€l0,0, oo=73;
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for the sake of clarity, we indicate the dependence of the solution on the defining linear operator and the
defining function. Our previous considerations imply relations of the form

Cn V|0 aR)’
HZ(G)H o < { MO ([t9,80+7),2,R) m € N,
” o HVH//[l‘”’([to,toJrT],.Q,R) Ts
1e9%],,=1, [e2%| m <Cm(HVH//,o,m([,oﬁ,w],m)), (4.11)

|#(0.2.,2)| ,, =1, [#(0,Z.2)| ;yn < m(Hv}’J//O””([to,to-&-r],Q,R))’

G,|G]| S [0,60], me N;] s
with generic constants, see Section 4.2, and recall (4.6) as well as (4.7).

Solution representation and first expansion. In view of (4.5), we deduce a stepwise expansion of
the solution to (4.10). Our starting point is a representation based on the variation-of-constants formula

Y(00,2.,2) =%+, (00,Z..2),
o (4.12)
%§2)(GO’Z*’Z) — / e(00—01) Z 2(01) ¥ (01,Z,,2) doy
0
involving the exponential and a remainder in integral form. The relations in (4.11) imply that the fol-
lowing bound holds with p =0

127 (00, 2..,2)|

+2
< Co (HVH/ﬂﬂ([zo,zoﬂ],g,ﬂa)) ™, (4.13)
which explains the role of the upper index. By inserting the analogous identity
9]
@(Gl,z*,z) =e0% —I—/ el01-02)Z Z(Gz) Y (0p,Z+,z)doy, O] € [O, (FQ] ,
0

into (4.12), we obtain the alternative expansion

Y (00,Z.,2) = 0% + 77 (09,2..2) + B (00,2..2); (4.14a)
the principal term and the remainder are given by

0
ﬂ1(2>(607z*,z) — eGQZ*/ e—GIZ* Z(G])CGIZ" dGl ,
0 (4.14b)
%’< )(00,Z.,2) *e“oz*/ / ~01Z 2(61) %1% e 2% 7(0y) W (02, Zs,z) dor doy

and fulfill the estimate
0
CO(”VH%O-O%,zoﬂ],a,m) T

CO(HV”//110([t0,z0+1],97R)) T,

with £ =2 as well as (4.13) with p = 2. In the context of the fourth-order scheme (4.5), we additionally
employ the expansion

12(60,2.,2)| , < (4.15)

@(0-072*72) :eGOZ* +f1(2)(607z*7z)+j1( )(607Z*7Z)+'%( )(0-07 *72); (4163.)
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the principal term and the remainder
I (60,2.,2) = % /060 /OG‘ e 9% 2(01)e%% ¢~ %% 7(6y)e®% daydoy
9?%6)(0_072*,2) — o007 /OGO /OG‘ /062 e~ 1% (1) e e~ 07 () P % (4.16b)
x e~ %% 7(03) ¥ (03,Z,2) dozdor doy
satisfy (4.15) with £ = 4 and (4.13) with p = 4, respectively. Accordingly, for the local error analysis of a

general pth-order CFQM exponential integrator, an auxiliary expansion with remainder fulfilling (4.13)
is used.

First expansion for product. In view of (4.8) and (4.9), we specify the expansion obtained for a
twofold product

% (00,2Z+,21) ¥ (00,Z+,22) = J;O)(GO,Z*,Zl,Zz) +%§6)(GO;Z*711722) (4.17a)

that involves a linear operator Z, and two functions z1, 2> satisfying (4.11). A straightforward calculation
shows that the principal term is given by

jz(o)(GO,Z*7Z1,ZZ):eZGOZ* +e602* j1<2)(60,z*,22)+j1(2)(0-(),z*7Z])eGOZ*
e 7 (00.2.22) + A (00,22 21) (@.170)
+j1(2)(GOaZ*7Zl)f1(2>(607z*,z2);

the remainder comprises several terms

R (60,Z0,21,20) = B\ (60, Z0,21) W (00, Ze,22) + I,V (00, Z2,21) B\ (60, 2., 22)

(4.17¢)
+ 57 (00,2.,21) 2" (00,2.,22) + % 71 (00,Z..22),
which have the desired order with respect to the time step size
79 7 <Collv 6 4.17d
H > (00, *’ZI’Zz)HJ[’ S0 || H///LO([IOJO-F‘E],.Q,R) T (4.17d)

see (4.13) and (4.15).

Taylor series expansion. With regard to the integrands in (4.14) and (4.16), we perform a Taylor
series expansion of a function of the form

g(c):e—GZ*GeGZ*, Z, =0 (A—FV(I()—F%)), G:OQ(V(z‘)—V(tO_|-%))7

ceR, a,peC, r€ln,to+1];

(4.18a)

by means of the following compact notation for iterated commutators

ad) (G) =G, adl (G)=ad, (G)=[G,Z.] =GZ.~Z.G,
ad (G) = [ady (G),Z.], (€N,
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the values of the function and its derivatives read as
g9(c)=e"%%ady (G)e°%, ocecR, (ecNs. (4.18b)

For the convenience of the reader, we recall the Taylor series expansion of order m € N> with remainder
in integral form

1
+i(6—0*)’”“/ (1-6)"g" (5, +6(c—0,))d0, o,0.€R;
0

the specification to (4.18) leads to the relation

e cZs GGGZ*

3

T
=e %% ( L(o—0.) ad, (G)
0

~
Il

1
+a4(o— c*)'"“/o (1—)me 0lo-0)Z 4qntl(G)ef (0o 2 de) e®%  ocER.

Appropriate choices of the center 0, € R are given below.

Commutators. In order to characterise the regularity requirements that apply accordingly to the
above expansion, it remains to study the principal terms in the iterated commutators; as the extension to
higher space dimensions is straightforward, it suffices to consider a single space dimension. A simple
calculation shows that the first commutator of the Laplacian and a multiplication operator is given by a
first-order differential operator involving coefficients that depend on the first and second derivatives of
the multiplication operator; more precisely, we have

| [aXX7V(’)]VHL2<Q,<C) <2 Ha‘V(I)HLm(QR) HaXVHLZm,C) + Haxxv(’)HLw(g,R) HVHLZ(.Q,(C)’
veHY(Q,C), telt,n0+1];

the second commutator satisfies the relation

H [ [&XMV(I)H"HLZ(Q,C) <2 ||‘9xxv(’)||Lw(g,R> Ha’V‘VHLz(Q.(C) +4 Hamv(t)HLw(Q,R) HavaLz(Q,LC)
+ HaWV(z)HLN(Q’R) Hv||L2<Q7C), veH*(Q,C), t€l,n+1].

By induction, we obtain a bound of the form

Cu ||V m ,
DRSS TI bi
VL tmoseim

telt,to+71], meNy,

involving a generic constant.
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Expansion of principal term. In order to deduce a suitable representation of the principal term
in (4.17), we apply the above stated relations. More precisely, we make use of the following Taylor

series expansions
e 9% z(0)e% =e %% 7(0)e" % + (0, 0.,Z,.2),
—e %% (z(a) + (0 —o0,)ady (z(0)) + 1 (0 — G*)zadz*(z(c))) e %
+r%(0,0,,Z.,2), o€[0,00),

with remainders satisfying the bounds
1
r?(6,0.,2,,7) =(c—0,) | e (o:+0(0-0))Z ady (z(0)) eloxt0(0-0.))Z: 49
0

Hr(2>(0,G*,Z*,Z)H%(_,ﬂ <G ||V||//[1~2([to,to+r],Q,R)

1
r¥(0,0.,2.,2) =} (6 — o*)3/ (1—6)* e (000D Z4d] (7(0)) el 000 % g,
0

72,

Hr<4>(c,G*,sz)H%,(_:%% <G HV||//1-6([t0,t0+r],9,R) ™, o €[00

On the one hand, integration implies
ﬂl(z)(co, 0, Z4,7) = J3<2)(60,G*,Z*,z) +%§3)(60,6*,Z*,z)
= 7 (00,6.,Z.,2) + 7 (00, 0.,2.,2) + 7\ (00, 0., Z.,2)
+ %) (00,0.,2.,2),

where the principal terms are given by
-Go

']3(2)(6070-*52*’Z) :e(aofo'*)z*/o z(op) doje

Oy Zy
)

ﬂ(3)(6 7 _ A(0p—0%) Zs % _ d d O Zs

3 05 O, *aZ) =¢e o (Gl 6*)3' Z*(Z(Gl)) o€ ;

j(4) (G 7 _ (607(7*)2* % 1 _ 2 d2 d Oy Zs
3 05 O *7Z) =¢e 2 (Gl G*) & Z*(Z(Gl)) o1¢ )

0
and the remainders have the desired orders

3 o
%3(, )(O'(),G*,Z*,Z) :eGOZ*/O }’<2)((51,0'*,Z*,Z) doy,

Hf@f)(‘mvG*vZ*7Z)H;f<—,;fl <G HVHJ//I-Z([:MOM],Q,R) v,

00

%§5)(60a G*7Z*7Z) = eO'()Z*/ r<4)(6176*az*7z) dGl bl
0

5

H%@(GO’G*’ZMZ)Hyfeyﬂ <GV sisomnider T

see (4.14); on the other hand, we obtain the following representation
j]<4)(0-07 G*7Z*7Z) = 'ﬂ4(4)(607 0-*7Z*;Z) +<%4(‘5)(607 6*72*72) )

4) _ A(0p—0%)Zs % o 0« Zs
2,7(00,04,Z4,2) = e o z(01) z(02) dop doy %,
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involving a remainder
(5) 00 Zs Gl —0x Zs Oy Zy
Ry’ (00,04, Z,2) =€ 61,6*72*,Z)e z(on)e

te GIZ* Z(O-l)eclz* 7'(2)(62, G*,Z*7Z)) dcyz dG]

that fulfills an estimate of the form

5

|25 (60, 0.,2.,2) <G

[ (HVH///‘»Q([IOJO+T],Q,R)) T

with generic constant, see (4.11) and (4.16).

Choices of centers. As described below, suitable choices of the centers in the Taylor series expansions
permit to extract a common exponential factor; accordingly, we rewrite the expansion (4.17) as

% (00,2Z+,21) ¥ (00, Z+,22) = f5<0>(Go,C,Z*,Z1,Z2) +<%5(5)(00, $,Z.,71,22)
with principal term given by
I(00,8,Z.,21,22)
= 200Z 4 g0 (f3<2)(60,§1 *,zz)+f (Go,Cl, *,Z2)+«]()(0'07C172*,Zz))
+(f(2)(Go,C2,Z*,21)+ﬂ (607C27Z*,Zl)+j3 (Go,Cz,Z*,Zl))e"OZ*
+e0% 7Y (00, 83,Z0,20) + 7, (00, Ga Zo21) €07
+737(00, 85, Ze,21) A3 (00, 6o 2, 22)
the remainder comprises the terms
.%’gs)(oo,c Z,21,22)
:92( )(GO,Z*,m,Zz)—i-e""Z*% (co,Cl,Z*,zz)—&-%( (60,82, 7.,21) %%
+e0% 7 (00,83, Ze.22) + Ay (00, G4, Ze 21 ) €0
+%’§ >(0'07C57Z*,21)f1( )(GO;Z*7Z2)+j3(2>(0'07CS7Z*,Z1)%§3>(GO»Cﬁ,Z*,ZZ)

and thus satisfies an estimate of the form

H%S)(GO’ C’Z*7Z1’22)Hy”i’/e%3 SG (HVH.///lvﬁ([to,roJrr],Q,R)) o,

see again (4.11).

Local error expansion. By means of our previous considerations, we obtain a suitable local error
expansion for the fourth-order scheme (4.5); more precisely, based on the identity

Z(t,10) = S (1,10) — E(T,10)
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see (4.8), (4.9), and (4.10), we arrive at the relation
L(t,10) = I (1,10, 8,A0,V) + B (1,10, AL V).
The first summand comprises several terms
I (1,1,8,A,,V)
— 70 (2,¢, 1AL L 0 (,00), 1 81 (2,10))
— A0 (2,05 A0SR0+ 5+ 1)), 2R (0 + 5 ()
= 7 (50,61, 6,40 V) + 75 (100,81, 6,40 V) + 75 (2.00,81, 5,4, V)
4 (0.10,6,60, 85,66, AY) = I (010,63, 8. 85, L AL V)

which have the desired order four, as we justify in detail below; the remainder
5
%’és)(%fm C,ALV) = %5< )(77 $, 5 A3 82(T,10),581(T,10))
7 (1,634 3R (0 + 3 +50), 3R+ 50)))
is well-defined when considered as operator from . to . and satisfies the bound
) 5
H‘%6 (T’IO’C’A*’V)H%’eJﬂ <G (HV’|<///1=6([t0,t0+f],Q,R)) T

As indicated before, we make use of the fact that the particular choices

Gi=0, H=-1, &G=1, &G=0, §=0, §G=r,

of the centers in the Taylor series expansions employed for the numerical and exact evolution operators
permit to extract common exponential factors. On the one hand, we obtain the relations

]6(]2)(Tat03 Cla CZ?A*aV)
=t (A (w05 e) - A7 (2.0 34 5 RG0+ 3 (0) )
(A Salr) - A (r. LA AR (0 543 00)) ) e
= %CTA*Il(TJmV),
T T
L(1,t,V) = /0 (Sl(r,to) —R(to+3 61)) doy +/0 (SQ(T,Z‘()) —R(to+%+1 61)) doy,
j6(22>(7:7t07C17C27A*7V)
1
S C IRV T B CERVIY R TO))
+ <f3(3) (’L', Cz, %A*, %Sz(f,to)) — f3(3> (T, C2, %A*, %R(l‘o + % + % ()))) e%rA*
=te™ad, (h(1,10,V)),

T T
L(7,1,V) 2/0 o] (Sl(’t,to) —R(to-i—%ﬁl)) doy +/0 (o1+71) (Sz(’l?,to)—R(to-‘r%-i-%Gl)) doy,
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A (t,10,81,82,AL,V
63 5005 615 62,5, )

:eﬁm*<f3<4)(177§17é14*,iSl(T,IO))_j3(4 (T Clvz *72 (t0+ ()))>

# (A8 b0 en) A (50 30 bR £30) )
= fe™ad} (B(1,1,V)),
T T
I3(T,IQ,V)=/O o? (Sl(T,to)—R(to-i-%Gl)) d61+/0 (o1 +7)2 (Sz(r,to)—R(to—F%—F%Gl)) doy;

on the other hand, we have

T4 (5,10,63,84,85. 8o, A, V)
| 1
= 2% f<4)(1' C3,l *,251(”5 IU))—Ff (T §4,2 *,2S2(T t())) e2 A
+j (T CS’Z *7252(T tO)) j3 (T,C@j *vjsl(fvt()))
= %efm* I4(T,t0,V)efrA* ,

I4<T,f(),V)

T O] T .
:/0/0 (S1(7,10) S1(7,t0) + S2(7,10) S2(7,10)) dszGH-/O S>(,10) dG]/O S1(7,19) doy,

I (0,10,65, 8,65, GorAw V)
—ett? (T’CW %R(foJr%(-)))+f(4>(’r7€4,%A*,%R(zo+§+%(.)))e%m*
+5 (T 8 3A R(0+5 43 ))f(z (T Cos 5 A AR (t0+ 3 ()))
= Lea™ I(,10,V) 2™
Is(T,t0,V)
:/OT/OG' (R(t0+%GI)R(tO+%°-2)+R(t0+%+%GI)R(f0+%+%O'2)> doydo;

T T
+/ R(t()+%+%0'1) do; / R(toJr%Gz) dos.
0 0
Straightforward Taylor series expansions of the arising integrands lead to the auxiliary estimates

110 < ColVILgaoap .0 7

|ady, (22(7.20,V)) ||y ypr < Ci HVHﬂlZ([m,toM],g,R) v,

[adZ, (532,20 V )| 2 S C2 V|| 2yt 02)
[£(7,00,V) || o + [|5(7,10,V) ||, < Co HV||///2-0([:0,:0+1],Q,R) 7,

see also (4.7), and at once imply

|72 (2,00, 5. AV p o

5
[ to+r],Q,]R))T :

C(|’VH/ﬂﬂ([zo,zoﬂ],Q,R) VI as2(p0se1.0.m)
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As a consequence, we arrive at the following result

5

120 < (s, VL o) ¥

Local error estimate. Altogether, this proves that the fourth-order CFQM exponential integrator (3.3)
satisfies the local error bound

|- (Tastn) = E(Tust) || o o1 < Cpi (Ze?ll?.).(,p} ||V|’.///“U’*“([tmznﬂ].Q,R)) Pl <ot

ne{0,1,....N—1},

" (4.19)

with p = 4 and in particular explains the dependence of the constant arising in Theorem 1 on certain
space and time derivatives of the potential.

Exponential midpoint rule. It is straightforward to apply the above approach in the context of the
exponential midpoint rule; as the scheme involves a single exponential, the calculations are considerably
simplified.

5. General case

For the sake of completeness, we include the extension of Theorem 1 for Hamilton operators without
special structure. The derivation of the local error expansion based on linearisations of the underlying
evolution equations, representations by the variation-of-constants formula, and Taylor series expansions
of parts of the integrands in principle applies to the general case as well, see Section 4.3 ; however, for
the specification of regularity assumptions on the problem data, more detailed information on the form
of the considered Hamiltonians would be required.

Theorem 2 Assume that the operator family defining the non-autonomous linear Schrédinger equa-
tion (2.1) and its exact solution are sufficiently regular such that compositions of the form A (s) u(™ ()
with /€ {0,1,...,p} andm € {0,1,..., p— 1} remain bounded. Then, any pth-order CFQM exponential
integrator (3.1) satisfies a global error estimate of the form

||MN7M(T)H_’ g””()*u(to)H; +CTr[r)1ax;
H H

the arising constant depends on the data of the problem, the length of the considered time interval, and
the method’s coefficients, but it is independent of the number of time steps n and the maximal time
stepsize.

Illustrations. Numerical experiments that confirm the global error bound of Theorem 1 and Theo-
rem 2, respectively, are found in BLANES, CASAS, THALHAMMER (2017, 2018), see also BADER,
BLANES, KorPYLOV (2018); due to the fact that the exponential midpoint rule is an instance of a
Magnus integrator and a CFQM exponential integrator, we also refer to the numerical example given
in HOCHBRUCK, LUBICH (2003). For vanishing dissipation parameter & = 0, the evolution equation
considered in BLANES, CASAS, THALHAMMER (2017) is of Schrodinger type; the presented results in
particular verify the order of convergence and provide numerical evidence that CFQM exponential in-
tegrators are superior in efficiency compared to explicit Runge—Kutta methods and Magnus integrators
for differential equations involving a higher degree of freedom.
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