CONVERGENCE OF IMPLICIT RUNGE-KUTTA TIME DISCRETISATION
METHODS FOR FUNDAMENTAL MODELS IN NONLINEAR ACOUSTICS

BARBARA KALTENBACHER!, MECHTHILD THALHAMMER?*

' Department of Mathematics, Alpen-Adria-Universitit Klagenfurt, 9020 Klagenfurt, Austria
2Department of Mathematics, Leopold-Franzens-Universitit Innsbruck, 6020 Innsbruck, Austria

Dedicated to Joachim Gwinner on the occasion of his 70th birthday.

Abstract. For the first time, a class of implicit Runge—Kutta time discretisation methods is studied
for nonlinear damped wave equations arising in nonlinear acoustics. The analysis in particular applies
to the Westervelt, Jordan-Moore—Gibson—-Thompson, and Blackstock—Crighton—-Brunnhuber—Jordan—
Kuznetsov equations. Under appropriate regularity, consistency, and smallness requirements on the
time-continuous solutions, global error bounds are obtained from energy estimates for the time-discrete
solutions. Existence and uniqueness of time-discrete solutions as well as their convergence is proven un-
der weaker conditions on the initial data, based on energy estimates that are established in a continuous
setting and then transferred to the time discretisations.
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1. INTRODUCTION

In this contribution, we introduce stiffly accurate Runge—Kutta methods for the time integration
of nonlinear damped wave equations representing classical and advanced models of nonlinear
acoustics. This class of implicit one-step methods includes as simplest instance the backward
Euler method, and it is seen to be particularly suited for a study based on variational formula-
tions and energy estimates.

Proceeding former work on stiffly accurate Runge—Kutta methods for nonlinear evolutionary
problems, see [EMMRICH, THALHAMMER (2010)] and [GWINNER, THALHAMMER (2014)],
we establish existence, boundedness, and convergence of the time-discrete solutions as well as
global error bounds under regularity assumptions on the solutions, that identify the stage order
as decisive quantity.

The present manuscript is organised as follows. In Section 2, we specify the considered
fundamental models, the Westervelt equation, the Jordan—-Moore—Gibson—Thompson equation,
and the Blackstock—Crighton—Brunnhuber—Jordan—Kuznetsov equation. In Section 3, we state
the general format of stiffly accurate Runge—Kutta methods and a basic condition on the coeffi-
cients that is essential in view of our variational approach. Section 4 is devoted to the derivation
of global error bounds by means of suitable Taylor series expansions and higher-order energy
estimates. Sections 5 and 6 provide energy estimates for the time-continuous and time-discrete
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systems in a more general framework. The latter also enables to establish existence and unique-
ness of time-discrete solutions as well as their convergence as the time stepsize tends to zero.

2. FUNDAMENTAL MODELS

The field of nonlinear acoustics is concerned with the propagation of sound waves in ther-
moviscous fluids. This includes a wide range of applications, in particular in high-intensity
ultrasonics [ABRAMOV (1999), DREYER ET AL. (2000), KALTENBACHER ET AL. (2002)]. In
this context, the underlying mathematical models are generally based on nonlinear partial dif-
ferential equations, and reliable as well as efficient numerical solvers are essential tools in view
of arising design and monitoring tasks. As relevant application, we mention the shape design of
an acoustic lens for focusing high-intensity ultrasound in medical treatment such as lithotripsy.

In the following, we state the fundamental models investigated in this work and in-
troduce compact reformulations as first-order evolutionary systems. We begin with the
Westervelt (W) equation, a well-known and oftentimes examined strongly damped wave
equation that takes into account nonlinear effects but neglects thermal losses. A general-
isation that additionally comprises a quadratic velocity term to reflect a local nonlinearity
is the Kuznetsov equation. There exist numerous extensions of these two classical models
avoiding the infinite signal speed paradox or incorporating thermal effects, respectively.
We exemplarily study the Jordan-Moore—-Gibson-Thompson (JMGT) equation and the
Blackstock—Crighton—Brunnhuber—Jordan—Kuznetsov (BCBJK) equation. Detailed informa-
tion on the underlying physics is found in the by now classical references [CRIGHTON (1979),
ENFLO, HEDBERG (2006), HAMILTON, BLACKSTOCK (1998), KUzNETSOV (1971),
LESSER, SEEBASS (1968), MAKAROV, OCHMANN (1996), MAKAROV, OCHMANN (1997a),
MAKAROV, OCHMANN (1997b), PIERCE (1989), WESTERVELT (1963)]. For a review of
recent results on the analyis of nonlinear damped wave equations and further references to
significant contributions, we refer to [KALTENBACHER (2015)].

In essence, the employed setting and notation accord to our former work
[KALTENBACHER, THALHAMMER (2018)]. Throughout, we consider a bounded spatial
domain Q C R? with sufficiently regular boundary and a finite time interval [0, 7]. Regarding
convenient reformulations as evolution equations, we set

o = —A,

where A denotes the Laplacian with respect to the spatial variables. For simplicity, we re-
strict ourselves to homogeneous Dirichlet boundary conditions. We use standard notation for
Lebesgue and Sobolev spaces.

Westervelt equation. The Westervelt equation [WESTERVELT (1963)] can be cast into the
form

(2.1a)

attp<x7t) _bAatp(x>t> —CzAp<X,l)
L 0u(px)’, (x1) €Qx(0,T),

with p : Q x [0,T] — R the acoustic pressure, b > 0 the diffusivity of sound, ¢ > 0 the speed
of sound, B, > 0 the parameter of nonlinearity, and p > 0 the mean mass density. Performing
differentiation on the right hand side, it is seen that degeneracy is exhibited when the multiplier
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of the second time derivative vanishes or becomes negative

(1 - ffiz p(x,t)) dup(x,t) —bAJ,p(x,t) — *Ap(x,t) = ;233 (arp(.r))”.

Under certain regularity, consistency, and smallness requirements on the initial data, using a
suitable linearisation of the equation that defines an analytic semigroup and maximal parabolic
regularity in appropriate function spaces, results on well-posedness and asymptotic behavior are
deduced in [KALTENBACHER, LASIECKA (2009), MEYER, WILKE (2011)]. In this situation,
it is justified to investigate the following reformulation as abstract evolution equation

¥WHMWWM) m+w<x<» u(t)
=B (u(t),u (1)) [u(t),d(r)], t€(0,T),

a(v)=1-5v, %><m»

b(vo,v1) =ba(vy), Cl(vo,vl):c a(vo), B(vo,vi)ug,ur] = ﬁ" o(vo)viug .-

(2.1b)

With regard to the introduction and global error analysis of the implicit Euler method and, more
generally, stiffly accurate Runge—Kutta methods, it is helpful to rewrite the Westervelt equation
as first-order evolutionary system

u'(t)+A(a())u(r) =B(u(r)) [u()], te(0,7),

)
0 , 0 2.1c)
A = (o, it ofayer) OO (o) i)

where u = (ug,u1)” represents the solution u and its time derivative u'.

Jordan—-Moore-Gibson—-Thompson equation. Replacing in the derivation of the West-
ervelt equation the Fourier law for the heat flux by a Maxwell-Cattaneo law avoids the infi-
nite signal speed paradox [JORDAN (2014)] and leads to the Jordan—-Moore—Gibson—Thompson
equation

{Trel Ot p(x,t) 4 Oy p(x,t) —bA s p(x,t) — czAp(x,t) (2.22)

=250, (p(x,1)?, (61) €Qx(0,T),

with 7,,, > 0 denoting the relaxation time. Compared to (2.1), the appearance of the third-order
time derivative considerably changes the character of the equation. It prevents analyticity of the
semigroup defined by the linearised equation. For parameter ranges b < 7,,,¢> even continuity
of the semigroup is lost, and the problem is ill-posed. As significant contributions in this
context, we mention [KALTENBACHER, NIKOLIC (2019), KALTENBACHER ET AL. (2011),
KALTENBACHER ET AL. (2012), LASIECKA, WANG (2015), LASIECKA, WANG (2016),
L1u, TRIGGIANTI (2013), MARCHAND ET AL. (2012)]. We study the reformulation

{ e )+b( (1),u'(t),u (t))u ()+Cl( (1), u'(t),u”(t)) Al (1)
= B (u(t),u' (1),u" (1)) [u(r),u () "(t)], 1€(0,7),

2.2b
a(v)=1- zg‘év b(vo,v1,v2) = 7 a(vo), Cl(VOv"l’W):%’ =

viug .

l
B(vo,vi,v2)[uo,u,uz) = — Tc—duo + pczﬁT
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The associated first-order evolutionary system is given by

u'(t)+A(u())u(r) =B(u(r)) [u()], t€(0,T),

0 —1 0 0
(2.2¢)
A(u()) =0 0 —1 |, B(u@)[u@)] = 0 :
0 ¢ (u(t)) o b(u(t)) %’(u(r)) [u(t)}
with w = (ug,u;,uy) comprising the solution as well as the first and second time derivatives.
Blackstock—Crighton—-Brunnhuber-Jordan-Kuznetsov equation. The

Blackstock—Crighton—Brunnhuber-Jordan—Kuznetsov =~ equation = [BLACKSTOCK (1963),
BRUNNHUBER, JORDAN (2016), CRIGHTON (1979)] is an extension of the Wester-
velt and Kuznetsov equations that takes into account thermal effects. Accordingly to
[KALTENBACHER, THALHAMMER (2018)], we consider the formulation

{Bﬂtl//(x,t) —Bi Ay (x,t)+ B Azatll’@@f) — B3 Adiy(x,t)+ By Azl[/(x,t) (2.32)

2 2
= u (185 (w(x0) + B VW), (1) €@ (0.7),
with acoustic velocity potential y : Q x [0, 7] — R and certain constants §; >0 fori € {1,...,6}.
In [KALTENBACHER (2017), KALTENBACHER, THALHAMMER (2018)], well-posedness is

studied and a rigorous justification of the Westervelt and Kuznetsov equations as limiting mod-
els is given. We employ the reformulation

" (1) +b(u(r),u (r),u" (1)) o u" (1)
+or (u(t),u' (t),u" (1)) u (t) +co (ult),u (1), u" (1)) U (1)
:%(”(t)au,(t)au ( ))[ ( ) /( )7 N<t)] ,
a(v)=1+Bsv, a)=(a®) ,
b(vo,vi,v2) =Bra(vi), ci(vo,vi,v2) =Bsa(vi), ca2(vo,vi,v2) = Bra(vy),

B(vo,vi,v2)|uo,ur,uz] = —a(vy) (ﬁwfzuo +Bsvouz + 2B6 Vi - Vi

(2.3b)

+2B6 Vg - Vl/t2> .

The corresponding first-order evolutionary system reads as

0 ci(u(t)) & +ca(u(t)) «* blu(t)) o (2.3¢)

where u = (ug,u;,uy) again represents the solution as well as the first and second time deriva-
tives.
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Compact formulation. Setting
W) m=1: k=1, r=1: {1=1,
(UIMGT) m=2: k=0, r=1: {1=1,
(BCBJK) m=2: k=1, r=2: {1=1,0,=2,
we can cast the Westervelt equation (2.1), the Jordan—-Moore—Gibson—Thompson equation (2.2),

and the Blackstock—Crighton—Brunnhuber—Jordan—Kuznetsov equation (2.3) into the form of a
higher-order evolution equation

wm D (@) 10 (u(t), ' (), ..., u™ (1)) % um) (1)
+ Y cilu(t),u (6),...,ul™(2)) " um V(1) (2.4a)
i=1

= Bu(t), ' (t),...,u"™ @) [u(t),u(t),...,.u™ ()], t€(0,T),

with non-negative integers k,, > 0 and 0 < ¢ < ¥, < --- < {,. Accordingly, the associated
first-order evolutionary system is given by

u(t)=F(u(r)) =—A(u@®))u(r)+B(u())[u(r)], r€(0,T),

uo(t) 0
aoy =[] o)=L
U (1) P (u(t))[u(r)]
0 -1 0 - 0 (2.4b)
0 -1 0 :
A(u()) = 01 Sk
0O .. .. ... ici(u(f))%éi b(u(t))%k’"

where the components of u represent the solution « and its time derivatives up to order m.

Hilbert space setting. In view of the subsequent sections, it is convenient to denote by
(A,(-|),|-|) the underlying Lebesgue space L?(2). As common, the inner product of elements
in 7"+ is defined componentwise

m
(h|k) =Y (hilk:), h=(ho,hi,....,hw), k= (ko,k1,....km) € ™.
i=0
We make use of the fact that the negative Laplacian subject to homogeneous Dirichlet boundary
conditions is selfadjoint and satisfies a Poincaré—Friedrichs type inequality
o =—A:D(A)=H*(Q)NH}(Q) C H# — A,

2.5
|v|§CpF<‘M1/2v|+\Mv]>, ve D). 2

The unbounded operator
B D(B) C A" — L(Do(B), ), D(B)C ",

in particular comprises the arising nonlinear terms.
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3. STIFFLY ACCURATE RUNGE—KUTTA METHODS

For the time discretisation of the evolution equation (2.4), we study stiffly accurate Runge—Kutta
methods, see [EMMRICH, THALHAMMER (2010), GWINNER, THALHAMMER (2014)] and ref-
erences given therein. We choose time grid points

O=to<ti<--<tyN=T, T=ty1—t,, ne{0,1,....N—1},

where the integer number N > 0 is fixed. Approximations to the values of the exact solution are
henceforth denoted by

(n)
Uy uo(tn) u9(t")
usn) uj (tn) u (tn)
u(n): . ~ u([n): . = . 5 I’le{o,l,...,N}. (3.1)
l/t,(f:) Umn (tn) u(()m) (;n)

Implicit Euler method. A well-known instance of a stiffly accurate Runge—Kutta method is
the implicit Euler method. For a prescribed initial approximation u(9, the time-discrete solution
to (2.4) is defined by the recurrence
Le+) —u) =F(@™), ne{o1,....N—1}, (3.2a)

Tn

In the derivation of energy estimates and global error bounds, we make use of the elementary

relation
(x1 —x0)x1 = % (x] —x3) + 3 (x1 —x0)*,  x0,x1 ER, (3.2b)

which carries over to elements of the underlying Hilbert space. In particular, it implies

Y

i . ; n 2 n) 12 n n
(ult s —uul D) = § (Jut O = ) ut D —a®P,
nE{O,l,,N_l}

General format. More generally, we consider a consistent stiffly accurate Runge—Kutta
method of nonstiff order p with associated Butcher tableau

c| A
b (3.3a)

A= (a;)) ;=) ER™, b=e"A€R’, ¢=(0,...,0,1)T €R’, c€[0,1)%.

The stages are determined by a nonlinear system and yield approximations to the exact solution
values at the nodes

S
ri( U - Z“u Un )

Ul(”) %ll(tn‘i‘cifn), iE{l,z,...,S}, nE{O,l,...,N—l}.

(3.3b)

We recall that the stage order ¢ is characterised as the largest integer number such that

S
Z = At el sy, ke{ol,...,q—1}. (3.3¢)
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Compared to general implicit Runge—Kutta methods, a pecularity of stiffly accurate Runge—
Kutta methods is that the weights coincide with the last row of the coefficient matrix and hence
the time-discrete solution values are given by the last stages

™ =" ~ u(tyy), nef{0,1,...,N—1}. (3.3d)
Under the assumption that the matrix

BA+ATB —pb’ —ATec117eT,

(3.4a)
B =diag(b), ¢=BA""', 1=(1,...,D)T eR’,
is well-defined and positive semidefinite, the inequality
X1 —X0
(X1y.e0y25) € : Z%(xf—x%), X0,X1,..., % €R, (3.4b)
Xs — X0

is valid, see [EMMRICH, THALHAMMER (2010), Lemma 3.4]. This in particular ensures

Zs: ¢;j (UY‘) —u®

i,j=1

U(n))Z%<|u(n+l)}2_‘u(”)‘2>, ne{0,1,....N—1}.  (3.4c)

1

Third-order two-stage scheme. As an instance of a higher-order stiffly accurate Runge—
Kutta method fulfilling (3.4), we refer to the Radau ITA method

5 1 3 1
a1 =13, O12=—13, @21=7%, @2=7y,
3 1 1
by=my=3, ba=an=3, =3, =1,

=S

which has nonstiff order p = 25— 1 = 3 and stage order ¢ = 2. Indeed, the conditions

2 2
Zb,‘ = 1, Zbici
i=1 i=1

I
=
=)

lx}

At \S]

I
W=
.MN
-MN
=

&

<

o

~

I
A=

hold true.

4. GLOBAL ERROR BOUNDS

In this section, we deduce global error bounds for stiffly accurate Runge—Kutta methods applied
to nonlinear damped wave equations. For this purpose, we presume that the time-continuous and
time-discrete solutions fulfill suitable regularity assumptions. In Sections 5 and 6 we provide
existence and boundedness under substantially weaker regularity, consistency, and smallness
requirements on the initial data.

Time-discrete and time-continuous solutions. Throughout, we assume that the consid-
ered stiffly accurate Runge—Kutta method (3.3) satisfies the fundamental condition (3.4). For
a nonlinear damped wave equation cast into the form (2.4), the stages and hence the values of
time-discrete solution are determined by the nonlinear system

Tn

L —u) = ZlaijF(UE.”)), ie{l,2,...,5}, ne{0,1,... ,N—1}. (4.1
]:
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The corresponding relations for the time-continuous solution read as
t=ty+ct, wW@E)=F(u()), ie{l,2,...,s}, ne{0,1,....N—1}.

Errors and defects. The differences between the values of the time-discrete and time-
continuous solutions are denoted by

E(”):Ul(n)—ll(tn—f—cifn), iE{l,Z,...,S}, nE{O,l,...,N—l},

! (4.2)
e =u —u(t,), ne{0,1,...,N}.
Inserting the exact solution values into the numerical scheme defines the defects
rl,, (u(ta+cit)—u(ta) = Y ai;F(ulta+c; 7)) — rl(”) , @3
Jj=1 :

ie{l,2,...,s}, ne{0,1,....N—1}.

In accordance with (3.1) and (4.4), we set

) Ef el iy
(n) (n) (n) (n)

U= Ui'l 7 El(n) _ E; el = €1 ’ rl(n) _ ri.l ’
vl £ A o

ie{l,2,....s}, ne{0,1,....N—1}.

Taylor series expansions. Under appropriate regularity assumptions, Taylor series expan-
sions with remainders in integral form yield the representation

K
ut) (th+ciTy) = Z & cf kL) (tn) + cf“ T,II(H Ry (u(K+L+1),tn, Ci Tn) ,

1
Rg 1 (U(K+L+]),tn, Ci Tn) = %/ (1 — G)KU(K+L+I)(ln + 0O ‘L'n) do,
“JO

ie{l,2,...,s}, ne{0,1,....N—1}, K,LeN>y.
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Replacing in (4.3) the defining operator by the time-derivative of the solution and recalling the
stage order conditions (3.3c), this implies

Z ;i F(u(ty+¢; 7)) — 2+ ((ta +¢i ) —u(ty))

= Z a;j u/(tn +¢j Ty) — % (ll(tn +¢iTy) — u<tn))

% ::(zau e f“)u“‘*”(rn)

1 +1 1
(Z aij ¢ q+ ) tmcjfn) _ciq Rq—H(u(qJr )7tnaci7n))
1
= 1d ( Y aijciR, (u" ) ¢ )
Jj=1

—C('I'HRq+1(u(q+l),tn,ﬁifn)>7 i€{1,2,...,s}, nG{O,l,,N—l}

1

Hence, boundedness of the defects is linked to boundedness of certain time derivatives of the
solution in the underlying Hilbert space

(1) q . ;
(O,T;%m+1)’ ’rij | é CTn |u0’W£+1+1(07T;%)’ J S {07 1,...,m}, (44)
ie{l,2,...,s}, ne{0,1,...;.N—1}.

The generic constant C > 0 depends on the coefficients of the considered stiffly accurate Runge—
Kutta method.
Error relation. Our starting point for the derivation of a global error bound is the relation

LEM —et) = Zl iy (F(UY) ~F(u(tn+ ;%)) )+
]:

ie{l,2,....s}, ne{0,1,....N—1},

which results from (4.1) and (4.3). In view of (3.4), it is essential to employ the reformulation

e | < Ctdfuf g

4.5)

N

Y ¢ (EY) —e) = 1,0, (F(UE”)) —F(u(ty +c; rn)> +1, Y €,
J=1 j=1
ie{l1,2,....;s}, ne{0,1,....N—1}.

In addition, we make use of the integral representation
1
F(U") —F(u(ty+ci1,) = / F(oU" +(1-0)u(ty+c1,)) do EM,
0
ie{l,2,...,s}, ne{0,1,....N—1}.

Altogether, this yields the error relation

s 1 s
Z:IQ:I‘]' (Eﬁ”) —e(”)) =1, b; (/0 F’(GUE") +(1-0)u(ty+¢i1)) do El(")) +7, Zl@ijr&n)’
j= =
ie{l,2,...,s}, ne{0,1,....N—1}.
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Specifically, for the implicit Euler method with p = g = s = €|} = by = ¢; = 1, this relation
reduces to

(e(n+1) _e(n)) —1, (/1

0
ie{l,2,...,s}, ne{0,1,....N—1}.

F (cuV 4 (1-0)u(ty) do e(”“)> + gl

4.1. Westervelt equation. We first focus on the derivation of a global error bound for stiffly ac-
curate Runge—Kutta methods applied to the simplest model, the Westervelt equation. For (2.1),
the arising nonlinear operator and its Fréchet derivative are given by

s=tun ¥0= () FO= (it ryi)
B(v)=(1-B3vo) ' (= Bi & vo—Pot vi +B3vi),
By (v) = fui(v) = fra(v) o, Fn(v) = fa(v) = fa(v) o,
V) =Bs(1=Bsvo) 2 (=Bidvo— B/ vi+B:vi),  fia(v)=Bi(1—Bawo) ",
Fr(v)=2B3(1=Bsvo) 'vi,  foa(v) =Ba(1—PB3vo) ",

with o/ representing the negative Laplacian subject to homogeneous boundary conditions and
B1, B2, B3 > 0 denoting certain constants. An essential observation is that regularity and non-
degeneracy ensure bounds of the form

1
(n) _ :
/0 fe(e U + (1= o)u(ty+ ¢ 7)) dG‘L‘”(Q)

max max
0e{11,12,21,22} ie{12,....s}

ne{l,2,...N}

1

(n)
+€€I{l}§,§2} ie{?,lza,.%.,s} /ofz(G i+ (1=o)u(tam)) GWO},(Q)
ne{l,2,...,N}
_ (n)
Cu=Cu ( (125} 0"z |“|L°°(07T;<Wo%<9>>2>> ’
ne{l,2,...,N}

1
f U 1— i +¢i Ty, do >C,.
ie{gﬁljs}eisgglf()fzz(c D+ (1=0o)u(t,+¢1,))(x)do > Cy
ne{l,2,...,N}

Weak formulation. We test the error relation stated above with

AE,@, ic{1,2,....s}, ne{0,1,....N—1},
A= diag(* "), ke {01},
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perform integration-by-parts, and add all components to obtain

Y ¢, (A2 (B —e) (A1/2E§”)>

ij=1

_Tan (/ F GU()+(1—G)u(tn+c,-rn)) dGE

+1, Z ¢ (A2 AEM), ne{o,1,... . N—1}.

i,j=1
The elementary estimate given in (3.4), Young’s inequality with additional weight
x1x2 < Cy(€ )Xl —I—Cy( )xz, x,x0 €R, Cy(e) = %8, Cy(l) e %é, >0,
and the expansion of the defects (4.4) imply
|Al/2e(n+l) ‘2 _ ‘A1/2e(rz) ‘2
: 2
<en ) |APE)

i=1

S 1
+27, )b, (/O F(oU" +(1-0)u(ty+c1,)) do EV"

i=1

(4.6)

1 1/2 .12 2g+1
JrCe_o|"4/“|W:i“(o,T;(LZ(Q))z)7~'nq , ne{0,1,....,N—1},

with & > 0 and generic constant C > 0 depending on the method coefficients. We note that the
special form of the defining operator implies

Mk/in(g) _ Mk/Ze(()n) t1, Zaijﬂfk/zE,(-?) +1, k2 ri(g)’
j=1
ie{l,2,....s}, ne{0,1,....N—1}, ke&Nx.

see (4.5). By means of Young’s inequality and the estimate for the defects (4.4), we thus obtain
the bound

A

<3P er, Y |/ 2 EW P+ T2t | o g2 g 4.7)
j=1

i€{l,2,...,s}, ne{0,1,....N—1}, k&N,

(0,T;5¢)°

with a generic constant C > 0 that depends on the coefficients of the considered stiffly accurate
Runge—Kutta method. We next deduce an auxiliary estimate for the term

1
(/ F/(GUZ@ +(1-0)u(ty+¢i1)) do ES")‘AEE")) ,
0
ie{l,2,....s}, ne{0,1,....N—1},
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Auxiliary estimate. Leti€ {1,2,...,s}andn € {0,1,...,N — 1}. Our starting point is the
equality

1
(/ F(oU" +(1-0)u(t,+57,)) do E”) ’AE,("))
0

— (Ei(l”) i(g))
(/ fir(GUP +(1-0)u(ty+ 1)) do El.<g>’d1 Eﬁn))
</ fia( —o)u(ty+ci1,)) do Z EY E,-(l"))
+ (/ fZI(GUin +(1-0)u(ty+¢i1,)) do Ei(f)’ﬂlEi(f)>
/01 P (o U + (1= 0)ult + %)) do o/ B | A B

and reformulations resulting from integration-by-parts.
(1) We first consider the case

k=1, = =4,

where the above given relation rewrites as
1
(/ F’(GUE") +(1-0)u(ty+¢i7)) do E
0

i(g))

1
+ </0 fi1 (GUE") +(1-0)u(ty+¢i1,)) do El.(g)

— (dEi(ln)

i(]n)>
)
i(]n)>
i(}n)) .

By means of Young’s inequality with weight €& > 0 and the Poincaré—Friedrichs type inequal-
ity (2.5), we obtain

1
(/ F’(O'Ul(")jt(l—O')u(tn+cl~7:n)) dGE
< (1+CG) WEI(S)H%E,-(I’)HC |Ef1")HﬂfE,-(f)|— WEi(f)!z

0
(1+CC "Q{EtO| + C ‘Ell ‘ +(81 1+CC )‘dEll ‘

1
- </0 flz(GU,(") +(1-0)u(ty+¢i1,)) do %Ei(g)

1
+ </0 o (GUE") +(1-0)u(ty+¢1,)) do El.(l”)

1
- </0 fzz(GU,(") +(1-0)u(ty+¢1,)) do dEi(f)

<
with generic constant C > 0 depending on Cpr > 0. Provided that the weight £ > 0 is chosen
sufficiently small such that

g(1+CcC,)—-C, <-8<0,
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we arrive at the estimate

k=1, %:%2’ =,

1
( / F(oU" +(1-0)u(ty+ci1,)) do E”
0

AE]" ) (4.8)
2 2 2
< & +CC) S EG| 4+ 5 Gl B~ 8| EJ|.
(i1) Similar arguments are employed in the case
k=0, o=, o =I.

Here, applying integration-by-parts, Young’s inequality with weight €, > 0, and the Poincaré-
Friedrichs type inequality (2.5), yields

|
</ F,<GU§n) +(1-0)u(ty+¢i7)) do El(")
0

AE("))

_ <%1/2 Ei(ln)

7?2 Ei((’,’)>

1
+ (/o f11<GU§n)—|—(1 —o)u(ty+¢iT,)) do Ei(g)

Ei(ln)>
V)2 (/Olflz(auﬁ’” +(1—-0)ulty+c 1)) do E}l”)))
Ei(ln)>
o2 ( /O 1 F2(cU 4+ (1= 0)u(ty+1,)) do E}l”)))

< |%1/2E,-(8)\ ‘Wl/in(f)| +C, (}Ei(g)‘ ‘Ei(fl)| 4 |W1/ZE,-(8)‘ ‘dl/in(m

_ (%1/2 Ei(g)

1
+ (/o o1 (GUE")+(1 —o)u(ty+¢iT,)) do El.(ln)

_ (%1/2 Ei(ln)

1/2 (n))2 (n) 1/2 1 (n) 1/2 (n) 2
| EQ| B |+ |ES [+ S| [ 2B ) - G| S|
2 2
<L(+cc) | PEY P+ (1+ L) cuEY
+(a(1+cc)-G,) | 2B
with generic constant C > 0 depending on Cpr > 0. Hence, by choosing the weight & > 0
sufficiently small such that

g (14+CC,)-C, <-6<0,
we get the estimate

k=0, =, a=I,

1
(/ F(oU" +(1-0)u(ty+ci 1)) do E"
0

AE@) (4.9)

< g (e | PEQ + (14 8) Gl 8| B
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Global error bound (Implicit Euler method). As illustration, we first consider the implicit
Euler method, where it suffices to set &y = 1 and the above stated arguments show

|Al/2e("+l)‘2—‘Al/z (n)‘Z
<CC(£,C) ] A2 VP4 ClA 0] s o e €0 L N1}

with generic constants and C; depending on the indicated quantitites, see also (4.6), (4.8)
and (4.9). Summation and a telescopic identity imply

|A1/2e(N)\2
N—1
< JA2EOP el (LG T A s clal “ulyzoraz@p) X -
n=0 n=0

Finally, by a Gronwall inequality, we obtain the global error bound
|A1/2e(N)’2§CC1(SLI,CM) (‘Auz ‘ i max)’
Tmax = max{t,:n€{0,1,...,.N—1}},

where the arising constant in addition depends on the final time.
Global error bound (Stiffly accurate Runge-Kutta method). More generally, combin-
ing (4.6), (4.7), (4.8), and (4.9), a bound of the form

‘Al/ze(ﬁl)’z_ ’Al/ze(n)’2+7n;|‘Q{(k+l)/2Ei(1n)‘2
§Cfni‘Al/2e(H)‘2

N
+C Ty (60 + T+ Cy Z} D22

+C’A1 2u|W£+1(O,T,(L2(Q))2 T2 +l, nec {O, 1,...,N— l},

holds. Requiring the time stepsizes, the weight & > 0, the initial data and hence the bound C,
to be sufficiently small, we have

|A1/2e(n+1)‘2_‘Al/Ze(n)‘Z

<Cn Y [A2e | AP uly g g e BT ne {01, N= 1},
i—1

Thus, summation and a Gronwall inequality lead to the result
1/2 L(N) |2 1/2
A0y < C(| A2 o g+ i)
Tmax = max{7, :n € {0,1,....N—1}}.
Altogether, we arrive at the following result.

Theorem 4.1 (Westervelt equation). Let u = (ug,u1)” = (u,u’)" denote the solution to (2.1),
and set A = diag(</*t, /%) for k € {0,1}. Suppose that the considered stiffly accurate
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Runge—Kutta method of nonstiff order p and stage order q fulfills the fundamental condi-
tion (3.4). Provided that the time-continuous and time-discrete solutions satisfy the regularity
requirements

[uolw0.7:w2 (@) + [Holwzet o 7wy () + 1H0lwz20.702()) <€ r=min{p.q},

4.10
max{}UE”M(WD%(Q))2 ief{1,2,...shne {1,2,...,N}} <c (10

and that smallness of the time-continuous solution is ensured on the considered time interval,
the global error bound

A2 () () s g = O () 0(0) 5+ )

holds for Tmax = max{t, : n € {0,1,...,N — 1}} sufficiently small. The arising constant in
particular depends on the quantities in (4.10).

4.2. Jordan—-Moore-Gibson-Thompson equation. We next consider the Jordan—-Moore—
Gibson—-Thompson equation (2.2), where the defining nonlinear operator and its Fréchet de-
rivative are given by

Vi 0 1 0
v=(vo,vi,v2), F(v)= V) , F/(V) = 0 0 1 ,
F(v) F5(v) Fip(v) Fi(v)

F3(V):TL( B1 </ vo— o vi — (1—[)’3\/())\/24—[33\/%),
V)=t Fp(v)= (V) -7 2»‘27 Fi3(v) = f3(v),
fl(V):%VL fz(V):%Vl, f(v) == 7= (1=PBsw),

Bi=c*, Br=b, 133:,2313,?

Due to the fact that the analysis is significantly more involved, we include detailed arguments
for the implicit Euler method satisfying

e —el) = 7, F (u(tyy)) + Le ) e ) p 4l nefo,1,... . N—1}.

We in particular employ the regularity requirements

<Cy,

max  max ‘fe(u(fn+l)+%e(n+l)) 12(Q) =

0e{1,2,3}ne{1,2,....N}

— (n) )
=l s [0 ez

(1) On the one hand, we test with

0
132 o e (”'H)
el

" <n+1>
€
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and perform integration-by-parts. Together with the elementary relation in (3.2), this yields

o V2O = o V2l e Pl

< C(Cu) Tn (}%e(()n+l) |2 + ‘%1/262n+1) |2 + }e§n+1) |2)
+C (‘L‘O‘éVé(O,T;WZI(Q)) + ‘MO“Z)Vé(O,T;LZ(Q))) T,f, nef{0,1,....N—1},

with a generic constant C > 0 that in particular depends on C,.
(i) On the other hand, testing with

0
(n+1)
o e(1 "
n
o e}
and employing smallness of the quantity C,,, we have

/12O | V2 gy o

<c(C) e (joref™ Pl )
2 2 3
+C (}MO|W£(O,T;L2(Q)) T }MO|W£(O,T;L2(Q))> T, nef01,... . N—1},

where the generic constant C > 0 again in particular depends on C,,.
(ii1)) Combining both bounds, summation and a Gronwall inequality show

o 2P [ < € (| 2o+ P ).
Tmax = max{7,:n € {0,1,.... N—1}}.

More generally, we obtain the following result.

Theorem 4.2 (Jordan-Moore-Gibson-Thompson equation). Let u = (uq,uy,uz)? = (u,u’,u”)"

denote the solution to (2.2), and set A = diag(0, </ ,1). Suppose that the considered stiffly ac-
curate Runge—Kutta method of nonstiff order p and stage order q fulfills the fundamental con-
dition (3.4). Provided that the time-continuous and time-discrete solutions satisfy the regularity
requirements

|M0|W£(07T;W£(Q)) + |MO|W£+2(O,T;W2] Q) + |uO|W£+3(O,T;L2(Q)) S C, r= mil’l{p,Q},

4.11
max{}Ul(")hWo%(Q)P:i€{1,2,...,s},n€{1,2,...,N}}SC, (1D

and that non-degeneracy is ensured on the considered time interval, the global error bound
1/2 (o(N 2 1/2 (40 2 2r
A / (“( ) —u(T)) ‘(U(g)p <c(|A / (“( ) —u(0)) ’(LZ(Q))3 + Tonax)

holds for Tmax = max{t, : n € {0,1,...,N — 1}} sufficiently small. The arising constant in
particular depends on the quantities in (4.11).
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4.3. Blackstock—Crighton—-Brunnhuber-Jordan—-Kuznetsov equation. For (2.3), similar
calculations yield

Vi 0 1 0
v=(vo,v1,v2), F(¥)=1[ wm , F(v)= 0 0 I ,
B () Fi(v) Fh(v) Fi)

F3(V) = — (1—|—B5V1)_1
X (53~<27V1+l32~<272\/1+B1MV2+B4@72\/0+I35V%+2[36|VV1|2+ 2136VV0~VV2>,

F (V) = —fu(v)&* = fia(v)-V,

V) =Ba (14Bsv1) ™", fia(v) =2Bs (14 Bsvi)~ Vs,
Fi(v) = fa1 (V) = faa (V) % = fo3(V) = foa(V) -V,

fo1(v) =Bs (1+,35V1)72

X (ﬁwm 4 Bo vy + Bt va + Ba I Pvo + BsvE + 2 B |VV1|2+2;36VV0-VV2) ,

f22(V):ﬁ2(1+ﬁ5V1)_1, fzs(V)=ﬁ3(1+ﬁ5V1)_l, f24(V)=4ﬁ6(1+ﬁ5V1)_1VV1,
Fi3(v) = — f31(v) = f2(v) & — f33(v) -V,
f31(V):255(1+l35V1)_1V2, f32(V)=ﬁ1(1+ﬁ5V1)_1, f33(v):2ﬁ6(1+l35v1)_1Vv0,

with certain constants By, 32, B3, B4, Bs, B > 0. Again, we include detailed calculations for the
implicit Euler method

1
et _elm) — ¢ / F (cu™™ 4 (1-0)u(tyi1)) do eV 11, r(ln),
0

ne{0,1,....N—1},

making use of the regularity requirements

1
(n+1) N
max max ou +(1—0o)uf(t dc‘ <Cy,
ze{11,12,21,22,23,24,31,32,33}ne{l,z,...,N}‘/o ff( ( ) ("H)) L=(Q) !

Cu=Cu <n€{r1171227l.).(.,N} [ul |(W£(Q))3’ |MO|W£(O’T‘W£(Q))> ’
1

i inf (1) (1 — Iy do>C,.
min  ess in sz(cu +(1=0)u(ty1))(x) do > G,

(i) On the one hand, we test with

ﬂ3e§n+1)
%egn+])
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and perform integration-by-parts, which yields
|%3/2e§"+1)|2 _ |£{3/2e§n)‘2+ ’%1/2e§n+1)‘2 _ \dl/ze§")|2+7n |,Qfe§”+1)|2
<Cr, (|%2e(()n+l) ‘2 + ‘427265"“) ‘2)

+C (\u0|wg(o,r;w§(g)) + !uo\wi(o,T;Lz(Q))) t,, ne{0,1,....N—1},

with a generic constant C > 0.
(i1) On the other hand, testing with

0
@73 eng_l) 7
dze§n+1)
we arrive at the bound
‘%3/26gn+1)}2_ ‘,52%3/2e§")|2+rn!@%zegnﬂ)f
< C’Fn <‘%2€(()n+l)‘2+ ‘%eghLl)‘Z)

+C (|MO|W£(O,T;W22(Q)) + ‘MO|W:},(O,T;L2(Q))> Tg , neg {O, 1, NN ,N— 1} .
(iii)) Combining both bounds, summation and a Gronwall inequality show
2N o PP < ¢ (| o P )
Tmax = max{7,:n € {0,1,.... N—1}}.
More generally, we obtain the following result.

Theorem 4.3 (Blackstock—Crighton—Brunnhuber-Jordan—Kuznetsov equation). Let u =
(ug,ur,uz)’ = (u,u,u")T denote the solution to (2.3), and set A = diag(0,.273, /). Suppose
that the considered stiffly accurate Runge—Kutta method of nonstiff order p and stage order q
fulfills the fundamental condition (3.4). Provided that the time-continuous and time-discrete

solutions satisfy the regularity requirements
[uolw2(0,7:w4 (@) + |”0|W;+2(0,T;W22(Q)) + |”0|W;+3(0,T;L2(Q)) <C, r=min{p,q},
(n) ) (4.12)
max{}Ui |(W£(Q))3 ie{l,2,....s},n€ {1,2,...,N}} <C,

and that non-degeneracy is ensured on the considered time interval, the global error bound
1/2 (o(N 2 1/2 (44(0 2 2
A2 (™) —u(T)) (2@ <C(|A 2 (u® —u(0)) |12y T Tmax)
holds for Tmax = max{t, : n € {0,1,...,N — 1}} sufficiently small. The arising constant in
particular depends on the quantities in (4.12).
5. ENERGY ESTIMATES

In this section we deduce uniform energy estimates for the three nonlinear acoustic equations
dicussed in the previous sections on a more abstract level, thus potentially comprising other
nonlinear evolution equations. The purpose of these energy estimates, that in parts also differ
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from the energy estimates in the literature on nonlinear acoustics so far, is their transfer to time
discretisation by stiffly accurate Runge Kutta methods.

Abstract higher order PDE model. As already indicated in (2.1b), (2.2b), (2.3b), we can
write the equations under consideration in the framework on the abstract higher order PDE

model
-

M u+b(u,du, ..., 0" u) ./ "M+ Z ci(u, du,...,0Mu) 9" u 5.0
i=1 .
= PB(u,ou,...,0"u)[(u,du,...,0"u))

with 0 </l <l <---4,,0<k,,
B:D(B)— L(D(B), 7)),  D(B), D(B) C !
and a selfadjoint densely defined operator .27 on a Hilbert space ¢
A DA ) — I, 9D CH
satisfying a Poincaré-Friedrichs type inequality
v| < Cpp|v], veD () (5.2)
(e.g. @ = —Ap, Z() = H}(Q)NH} (Q), 7 = L*(Q));

We will use the notation | - | and (-|-)...for norm and inner product on Z, respectively.
Recall that this applies to the above models with the following settings:

o Westervelt: m=1,k,=1,r=1,¢,=1
e IMGT:m=2,k,=0,r=1,¢,=1
e BCBIK:m=2,k,=1,r=2,0=1,0,=2

First order reformulation. We rewrite (5.1) as
u'(r)+ A(ur))u(r) =B(u(r)) [u@r)], 1€(0,T),

uo(t) 0

wo= " o) = ,
U (t) B(u(r)) [u(r)]
0 -1 0 - 0 (5.3)
0 -1 0 :

Alu(r) = 0 ,
"y 0
0 - cor .. i%‘(u(f))@%i b(u(t));z%km
i=1

5.1. Energy estimates in the linearised setting. With coefficients b, c; € L*(0,T;L(S¢,5¢))
(i.e.,in case of S = L*(Q) simply b, c; € L*(0,T;L~(Q)))) that may depend on space and time
and a one-homogeneosly bounded operator ¢

9 . (O,T) X Xo — %, Xo :X()’() XXO’I XX()’m - %m+l

. . (5.4)
‘g(l‘)[\/” = |g(I;VO,...,Vm)| < CGHVHXO
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with a uniform constant C¢ (note that ¢ does not necessarily need to be linear to satisfy this,
but it will be in our application of the estimates to the models above) with the right space X, yet
to be determined, and f € L?(0,T;.#), we consider

"+ b n 9Mu + Z ci 0" \u=9u,u,... 0"+ f (5.5)
i=1

i.e., written as a first order system

u' () +A(Du() = (0,---,0,9 (1) ()] + f(1)"
0 -1 0 e 0

0 -1 0 e (5.6)
with A = ) ) i
0 1 c;dli bafkm

First of all we demonstrate the ideas with constants b > 0, ¢; > 0.
Testing with
-
0,...,0, Y & n(cic ity (1)], um(t))" (5.7)
i=1

yields

(6 0)| X 7 s 1 1))

i=1

n (u;,(z) v Z i it (1)] -+ . M4y (1) ‘,;z%k'"um(t)>

(5.8)
1d

T 24dr

= (4] + 1| ) < O+ 0] + 2] )]

hence after integration and taking the supremum wrt. time, we get, for arbitrary s € [0, T], using
SUD;¢ (0,5 (@(t) +b() +¢(1)) > 38U 0.7) () + § SUDse (0.7 b(8) + § sUPye(o,r) €(0),

‘szf'k’"/zum‘z +Z 2dt‘dkm+€ 2y, l‘z(t)—i—b‘%k’"um(t)‘z

b
km/2 (R 4L 2 kim 2
.o *m/ umHLwOS%p + E Hﬂf e um—lHL“’(O,T;%”)—i_EHM um(t)HLz(O,s;jf)

(5.9)
4 of 2
< 0T+ 1T + PO+ F s 2 0
where due to the fact that u,,—2(t) = ty—2(0) + f§ um—1(7)d7, with
t
u(r) == (uo(t),...,um3(t),um2(0)+/0 Um—1(T)dT, up—1(2),um(t))
we have
2 2 [T s 2
9101320 ) < € [ 1000) Ry
(5.10)

N t
<2 [ (100 + 2002+ [ 12,207 .



TIME DISCRETISATION METHODS FOR FUNDAMENTAL MODELS IN NONLINEAR ACOUSTICS 21

This extends to the case of space and time dependent multipliers
b,c; € L”(0,T;L(, 7)), b>b>0 c;>c;>0
and either b’ , ¢} € L=(0,T;L(#, 7)) (5.11)
or [Vl 10, r:(5¢.5¢)) > I€illLr(0.7:L(5¢,5¢)) small enough

via the identity

’\/—MPH/Z (1) = lﬁ(ﬂ(erq)/Z

2dt 2 dt
1

= (d(pw)/Zv’(t)‘C(,)M(Pw)/%(,)) + 5

~ (V)| rrle(yarmv(e)) 1
( ‘ p+q/2 ()Q/(p+q)/2v(;)]_@{P[c(t),@ﬂv(t)])

v|car(Pra)/2y) (t))

c/(t)%(”q)/zv(t))

(ﬂ(erq)/Zv(t)

+3 (C/(t)ﬁy(pﬂz)/Z ‘% )2y ))

which in case of v =u,,_| and ¢ = ¢;, p = ky,, ¢ = ¢;, using the fact that um | = Up, reads as

G| e[ (1) = (o1 (0| (o) 1 1)

2 dr
+ (Mmum (1) ]sz(ff*km)ﬂ[c(rW(km%)/zum_1 ()] — [c<t)Mfum_1(t)])

1
4= (C/(t)gy(kar&)/Zumil (t) ‘Q{(kar&)/Zumil (t))

2
This results in
2dt‘£{km/2 ‘2 +%lzr;di‘ o/ 0 ‘I‘Z(I)Jr‘mﬂkm”m(t)’z
= (O] + 1) un (1))
+%§(c'(z)d<km+€ )20 ‘sz%k’"“% /2y ,l(t)> G4
-I—Zi(u [ bt 027 Wt 24,y (1)] — 7 it a1 (1))
<3 [1OW@)+ 10| + 5| VoD (o)
%g_l Dluior Ve &t ()]
1

e ‘

2
) \ﬂf (O 2y O (1)) [ 1 1)

from which, as above, by time integration an energy estimate can be obtained.
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A second energy estimate can be obtained by testing with
(0,...,0,. " [ba? " ity_1 (1)], o th_1 (1)), (5.14)

which, by using (5.12) with c = b, p =k, ¢ = ¢, yields

2 4 2
%%}\/Bﬂ(km‘f'fr)ﬁuml‘ (1) + Y |veid D Puy o (0 )’
i=1

= (90)©) + £ w1 (1))
. (b’(z)gf(km“r)/zum_l (t) ’M("m”’)/zum—l (f)>

2
+ <u:n71 ‘EQ{(km+Er)/2[bﬂ(km+£r)/2um_l (l-)] _ ,kam [b%grum_] (f)])

+Y (um_1 ) D2 g 2y ()] — ey %eium_l(,)D
i=1

(5.15)

2 1 . 2
< g @)uE)] + f(t)‘ + Z‘\/C—rﬂf rum,l(t)\

1
2c

o

_I_

’ 2

o' ()| (e, ) |v/cre? Cntt) 2y, (1)

r

5 2
VB0 4 [ 2o 0 2 (0] [ 1)

1 y) 2
+ Z‘\/ Cr% rumfl(l)‘

2
V(& | |
—+ C— (Z ’d(& gr)/z[cid(€’+g’)/2um_1(t)] _ [Ci%&um—l(t)] )) )
=r \i=1

Therewith considering all left hand side terms in (5.13), (5.15), we expect — after time inte-
gration — to obtain bounds on

o /2 k
| Pl =0, 72005 117 el 20, 7:00)

|7ty || 0.7y, |27 B2

"%(km+£r)/2

¢
um—1 =012y, N wm—1ll 20,12
um—2HL°°(0,T;3f)7 Hﬂerum—ZHL”(O,T;%)v

and therefore, via the identity u’] = uj and the estimate

jll=(0,r:2) < [lu;(0)l|lz+ VT |uji1 l200,7:2)

which allows to inherit the regularity of higher time derivatives,

k2 k
| Pl 1) 1t 200,700

Hdmax{km,(km—i-ér)/Z}u Hﬂmax{km,ér}

m—1llz=0,7:.2), tm—1l12(0, 752

(5.16)
||~‘Z/k'"”;n—1 ||L2(0,T;jf)7

ki Ly ki Ly 1
H%max{ }ujHL“’(O,T;%”)v ||Jmeax{ }u/jHLZ(O,T;%)? j€{0,....,m—2}.
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Thus we define the energy induced spaces by
X — <Lm(0, T;@(%max{km,er}» NH'(0,T; @(%max{km.ﬁr})»m_l
L*(0,T; 9(ar™>Wbih)) N L2(0, T 9 (7™ U k) /21 )
NH'(0,T; 2 (/")) (5.17)
x L2(0,T; 2(</*))NL=(0,T; 2 (a*/?))
L=(0,T;Xo) NL*(0,T;X;)

with
X() :X070 XX()’I Xoees XXO’m

_ @(%max{km,fr})mfl « @(ﬂmax{km,(km+€r)/2}) « @(ﬂkmﬂ)

5.18
X1 =X1,0xX1,1 X X X1 g ( )
_ @(%max{km,ﬁr})m x @(%km)
Indeed, integrating with respect to time and applying Gronwall’s inequality
) <a(t —l—/ s)ds forallt € (0,T)
; (5.19)
= nt) <alr +/ exp(/ b(G)dG)dS forallz € (0,7)
N

for n,a,b > 0 (see, e.g, [TESCHL (2012), Lemma 2.7]) to the energy estimates resulting from
(5.13), (5.15), together with (5.2), u;(t) = u;(0) + fé uj1(7)dt, as well as (5.10) and the fact
that X ,,,— continuosly embeds into X ,,—2, yields uniform bounds on the energy terms (5.16),
provided the initial data satisfy the regularity

(u0(0),u1(0), ..., um(0)) € Xo (5.20)

and the terms emerging from space dependence of the multipliers can be dominated by the
corresponding energy terms:

i )2 eyt 0 gy 1)) = [ 1 (1)

[ k) 2 g Gt ) 24y, (1] — [t (1))

| P eyt O Py (0] = (i St (1))

< Goc (17t 1 (1) |+ 7 ) Pty (6)]) + el a1 (1)

We therefore arrive at the following result.

(5.21)

Proposition 5.1. Under conditions (5.2), (5.4), (5.11), (5.20), (5.21), with cpc small enough,
any solution u to (5.5) satisfies the estimate

a0, 37" < €11 00), B0, ., 0" (O)) 3 + 11 20
for some C depending only on T and the constants bb, cc;, Cpr, Coc, Cg.

Remark 5.1. Existence of a solution to (5.5) with given initial data of the regularity prescribed
in Proposition 5.1 can be proven, e.g., by means of a Galerkin discretisation with eigenfunc-
tions of 7 and taking limits as the discretisation gets finer, based on energy estimates like those
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in Proposition 5.1, cf., e.g., [KALTENBACHER, NIKOLIC (2019)]. Uniqueness follows from
Proposition 5.1, since the difference between any two solutions satisfies (5.5) with homoge-
neous initial data and f = 0.

5.2. Energy estimates and well-posendess in the nonlinear setting. To establish well-
posedness and energy estimates for the nonlinear equation (5.1), i.e., (5.3) with initial conditions

u(0) = (u(0), u(0),. .., "u(0)) = & € Xo, (5.22)

we define the fixed point operator .7 : BX (0) — X by assigning tov € Bf(0) ={ve X : |v|x <
R} the solution of the linear initial value problem (5.5), i.e., (5.6) with

b(1) =b(v(1)), cilt) =ci(v(t)), GOV =B)V], f=0 (5.23)

and (5.22).
We assume that we can choose R > 0 such that

BY(0)C{veX :b=b(v), ci=ci(v), ¥ =B(v)satisfy (5.4),(5.11),(521)} (5.24)

(we will verfiy this for the nonlinear acoustics models from Section 2 in Section 5.3 below).
Proposition 5.1 then implies that .7 is a self-mapping on BX (0) provided ||zip||x, < g.
To obtain contractivity of .7~ we assume that

ch i)l Cort < CellF =Ty D) =) ) < Collv —Tlx,
(5.25)
1B(5) = B 1ix, ) < CallF—Tx, forall ¥, ,7 € X

(again to be verified for the nonlinear acoustics models from Section 2 in Section 5.3 below)
and the fact that & :=u—1 := 7 (v) — 7 (V) with v, ¥ € B{(0) (thus, by the already shown
self-mapping property of .7, also u, @t € Bif (0)) satisfies (5.6) with b, ¢;, ¢ as in (5.23),

f=(BK) =2 )]+ (AV) - AF))m10
and homogeneous initial data. Proposition 5.1 and the estimate

£ 20,y < 11 () —%w»[ﬁ]umm
L (60 =) 070+ 0) N 07,
B 5 1/2
([ 1960~ 2O B, o 1800y )
(] 1 L@ 0) =GO R

5 . 1/2
+ /0 ||b<v<r>>—b(v(r))||%<%7%>\Mmum<r>|2dr)
< (Cc+Cb —f—CB)RHV—VHX

1/2
A Gy (t)\zdt) /

yields contractivity for R small enough. Thus from Banach’s Fixed Point Theorem we obtain
the following result.



TIME DISCRETISATION METHODS FOR FUNDAMENTAL MODELS IN NONLINEAR ACOUSTICS 25

Theorem 5.1. Under conditions (5.2), (5.24), (5.25), there exists R > 0 (sufficiently small)
such that for any ||ip||x, < g the initial value problem (5.1), (5.22) has a unique solution u =
(u,Su,...,d/"u) € X and this solution satisfies the estimate

H(u7 o, .., atmu) ||X < C“ﬁOHXo
with C as in Proposition 5.1.

5.3. Application to models from nonlinear acoustics. We now verify conditions (5.24),
(5.29),1.e.,

IV]x <R = b(v),ci(v) € L*(0,T;L(A, ) NWEL0, T, L(#, 7)), (5.26)

Vllx, <R =
(b =b>0 () >¢>0
[ G ton) 2 e () o Bt ) 2y — ey (9) 7 w1 |
1 1o k) 2 [ (3) o (ot )20 1 b (). i ]| (5.27)
|7 2 i (7))~ [ei(P) o ]|
< G (|,Q/k’”wm_1 |+ |%(km+€r)/2wm_l |) + cbcyﬁérwm_l |, forall w € X|

|1B(7)[i]| < Ca|[W|x, for all i € Xo)

and

=

Y llei(P) = i) i) Cor' < CellV=Tlxy s
i=1

- = L= (5.28)
1b(Y) =b() L, 2) < CollV = Vllx, »

1B (%) — B || Lix, ) < Cal|¥—¥|x, for all ¥,7 € Xo
for the models from Section 2.
BCBJK:. m=2,kp,=1,r=2,01=1,¢,=2,
Xo= () x D(>*)x D(A'?), X1 = D(d?) x D(d?) x D(A),
B B

a(vi)’

BV) W] = Ton) (—ﬁ4 A wo+ Bsvaws +2Vvy - Vi, + 2V - sz> .

, o o(vy) =14 Bsvy,

Conditions (5.26), (5.27) follow from

4
di

1 I P
b(v)(t)|L(e0) = ﬁlﬁS’WVZ(l) 12(Q) < ﬁ1ﬁ5‘ a(vi(t)) IL=()

va(t)|1=()



26 B. KALTENBACHER, M. THALHAMMER
and likewise for cq, co, as well as the estimates
Valpiorz=(@) < VTCoar)sr=@ @ vall20.r.2) < VTCo(ar)s1=(@)R

1
T I=[l=a(1)|i=0711=) (5.29)

1
‘Ot(vl)

1= 0t(vi)l=(0,111(0) < ﬁsC@(M/zHLw(g) Vil (0,7:0)

L=(0,T:L>(Q)

< BsCo a3y 1~ R

|JZ/1/2[ 52{3/2Wm 1] [

a(v)
= VI VAWn-1] = [y Awm-1)l = 25l g0 F V1 VAW, |
1

—~

a(vy)

IN
Nl’_‘

2= a0 Lot ) Caer )—>L°°(Q)|~<273/2V1||«@73/2wm—1|

C

IN

CL2§| a( 1)2 |L(l}f7<%)cg(ﬂ)—)L°°(Q)R |%(km+[r)/2wm_1|

\42%‘1/2[#42%3/2%”,1] _ [;Qg’wmim

a(vi) a(vi)

= |72 ([ VAW 1] = Vg5 awn 1))

a(vy)

=L8|ar- ‘/2[

VVI Awm,1]|
< CPF52A| &) |L %%)Cg( )HLw(Q)RbZ{(km—O—(r)/Zwmi”
|2 (V)[W]]

< ’#‘L () (ﬁﬂﬂfzwo\ + Bs [vawa| +2|Vvy ~VW1|+2\VVO-VW2|>

L) <ﬁ4‘d wol +BsC;, (1/2) S IAQ |=Qf1/2v2|\eﬂ?71/2w2|

2 3/2 1/2 (5.30)
+2C% ) gy L W +2Ca (o) syl w0l |7 P
< |a(1v1 |L(e,0) W],
(B“ R (55 Cor12ys14(0) T 2Co (e wrs(a) CPF +2Co(a) 5120 !)) :
Condition (5.28) follows from the estimates
1 1 1
- =Bs| ————=(vi—71)
o) o) o et T, 53
1 1 - ’
- iz
<Fs A1) |p=(o) 1471 |1=(0) Coerrorm@F =

as well as the identity

B — B = —

((@(m1) — a(m) #@w

+ Bs (va — 92) w + 2V (vy — B1) - Vwy + 2V (vg — ) -Vw2>
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and the estimates (5.29), (5.30), (5.31), as well as (analogously to (5.30))
|(v2 — P2) wa| < C ) @) V2(vy — )| |71/ 2ws|
[V(vi —=71)-Vwy| < C@((Q{)—)WIA(Q)L%(V] — 1) || w|
IV(vo—0) - Vwa| < Coppy1=(0) >/ * (vo = ¥0)| |/ *wa |

hence altogether
| B (V)w — B(9)W| < Cpl[V — 7]|x, W]l x, -
JMGT:. m=2,k,=0,r=1,¢,=1

Xo=D(A)x DA ) x A, X\ =D () x D(A)x H,

o o (vo) b B _Z_Ba
b(V) - T ) C(V) - T ) (X(Vo) - p02V07
o~ c? 2B,
BV)[w] = —a%w(ﬁ— Wvlwl
Conditions (5.26), (5.27) follow from
H— —b(V)Olz=0,1:(2,7))) = —lHl —a(vo)llz=(0,7:2=())
1 2B, 128,
< — Vo(t) |70 71 C w()R
T 2 Vo ()| 1=(0,7:12(@) < 7 p2 o) L@
d 1 2B,

Hab(V) O o, 1:0(2,2)) = Py

[/ au(vo) P w1 — (o) w1 |
V[(v0) Vw1 — [ (vo)Aw 1| = 225 Vvg - Vw1

128
Villzo.ri=(0)) < o a\/_CQ A)=L=@)R

28, 28, )
= P[C;zcz@(ﬂ)ﬁwl“mﬂdvd | W1 < plgzcz D(A )%le“(Q)R |MZ Win—1|

- ? 2B,
|2 (V) [W]| < E|WWO| + W|V1W1|
< _2 o Ba 2 %1/2 @71/2

| W0|+ —C, D) SIHQ ’ vil| wi|
rel
cz 2B, .

< (5 DA Ch s R) 7%,

and condition (5.28) from

|0t (v0) — &(T0) |1 (r,) = 24 |v0 — Folio() < 24C 1110 (Vo — ¥0)|
p pc = 2(
< Bl ) imie) T =T,
o = 2 3 )
‘%(V)[W]_%(V)[W]‘:pﬁ \(vl—vl)w1|§C DAV ‘% /2( _Vl)HéZ{UZW”

2 — =
SC@(%I/ZHH(Q)”V V]l 19]]x, -

27
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Westervelt:. m=1,k,=1,r=1,4,=1
Xo= () x DA'?),  X\=D(A)x D (),

~a(v)’
26,

%(\7) [VT/] = pC2V1W1 .
Conditions (5.26), (5.27), (5.28) can be verified as for JMGT, just skipping the term —TC—Qlﬂ wo

in B and taking into account the fact that a(]v()) — a(lﬁo) =— a(vo)la(ﬁo) (ot(vo) — o (¥)).

Corollary 5.1. There exists R > 0 (sufficiently small) such that for any ||ip||x, < g the initial
value problems (2.3), (2.2), (with m =2) (2.1) (with m = 1), (5.22) have unique solutions u € X
and these solutions satisfy the estimate

lullg < Cllax,
with
BCBJK: X = W2=(0,T; H} (Q)) NH*(0,T; H3(Q))
Xo = HZ(Q) x H}(Q) x Hy (Q)

JMGT: X = W>=(0,T;L*(Q)) NW"=(0,T; Hy (Q)) NH' (0,T; H3 (Q)),
Xo = H3(Q) x Hy (Q) x L*(Q)

Westervelt: X = W'=(0,T;Hy (Q)) NH'(0,T; H3(Q)),
Xo = H3(Q) x Hy (Q)
where H}; (Q) = H*(Q) NHy(Q), H)(Q) = H>(Q) NHy(Q), H(Q) = {v e H*(Q) : v, Av €
Hy (Q)}.

Remark 52. A comparison to [KALTENBACHER, LASIECKA (2009),
KALTENBACHER, NIKOLIC (2019), KALTENBACHER, THALHAMMER (2018)] where the
following regularity results have been established

u € W»(0,T;Hy (Q)) NH*(0,T;H;(Q)) NL™ (0, T; H(Q))

(o, u1,uz) € HY(Q) x H}(Q) x Hy () for BCBJK;

u € WH=(0,T;L*(Q)) NW=(0,T; Hy () NL™(0,T; H3 (Q)),

(uo,u1,u2) € H3(Q) x Hy (Q) x L*(Q) for IMGT;

u € H*(0,T;:Hy (Q)) NW>=(0,T; L*(Q)) NW=(0,T; Hy (Q)) NL=(0,T; H3 (X)),
(up,up) € H%(Q) X H<2>(Q) for Westervelt;

shows that our results here give stronger regularity under stronger (or the same) smoothness
of the initial data for BCBJK and JMGT, and weaker regularity under weaker smoothness of
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the initial data for Westervelt. Beyond such a comparison, our aim is a unified approach that
is amenable to implicit time stepping schemes, though, as we will carry out analogous energy
estimates in the following section.

6. ENERGY ESTIMATES, WELL-POSEDNESS AND CONVERGENCE OF TIME-DISCRETISED
SYSTEMS

In this section, we will transfer the energy estimates from Section 5 to the systems obtained
by an implicit discretisation with stiffly accurate Runge Kutta methods. This will enable us to
prove well- posedness of the (time) discretised problems. As the most transparent special case,
we will first of all study the implicit Euler scheme.

6.1. Euler scheme. For a fixed time grid 7o < t; < --- < ty which for simplicity of exposition
we choose equidistant t; = iT, T = 1% we replace a time dependent function « : [0,7] — R by a

vector u; = (u(o), e ,u(N )) of approximations at the time instances. With some time discretisa-

(n+1) _ dt(nJrl)

tion Dt(”) u, ~u' (), e.g., according to a backward Euler scheme D, : where

Dy = L) oy 6.1)

_"L"_,r

we apply this component wise to the grid version u, = (u’,...,u") of u to obtain an implicit
time discretisation of (5.3)

D" u, + A )yl = (0,0, B(u+ D) V)T (6.2)
and of (5.6)
D" + A Da D = (0, 0,4 D D] 4 pt )T (6.3)

respectively.
Time discrete counterparts of the function spaces in Section 5 can be defined by setting, for
some Hilbert space Z (of space dependent functions)

N n 1/p n
HETHL‘;’(Z) = (T Z ||”( )||§> for I < p <o, ||Zr||L‘;(z) ‘= mnax ||”( )HZ;
=0 ne{0,....N}

HZTHWTL’F’(Z) = ”dlﬂrr”L‘?(Z)
that satisfy the 7 independent estimates (using the crude estimate (N + 1)t < 27)
luellizzy < CTYPlucllizzy s Nuelize) < 1alz+ TP luclyi0,
(2) =" (Z)

where the latter follows from Holder’s inequality and the inverse triangle inequality

N—-1 1/p N—-1
HdtQTTHL,;(Z) = (rlfp Z Hu(n+1) _u(n)Hg) > gl/p=1y1/p=1 Z Hu(n+1) _u(n)”Z
- n=0 n=0

N—1
e A W (e P TR P I i (P PR PO
n=0
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Therewith we define, analogously to (5.17) and using the identity %(n) uj = ”51) |

m—1
Xe = (L (@™ U0 0 (o i)
x Li(@ (™t L7 (9 (o™ ot A B (9 (/') 4
x LA(D (/")) N LT (D (ar*?))

C L3 (Xo) N LA(X)
For obtaining energy estimates the inequality
4 1 2 2N Ly 2
(D elur ) = 2 (Ju [ = fu ) = Sl (©3)

substituting its continuous counterpart (u'(f)|u(t)) = 34 |u|?(¢) will be crucial, which holds in

the implicit Euler case D,(nH) = d,("H) due to

(v=wly) = 5" = ol o) = S = )

[EMMRICH (2004), Egns. (7.5.9), (7.5.10) p. 197]) but also for certain Runge Kutta methods,
see [EMMRICH, THALHAMMER (2010), GWINNER, THALHAMMER (2014)].
Energy estimates for (6.3) can be derived analogoulsy to those for (5.6) by testing with

(0,000, Y el sy oy )
i=1
and
(O,...,O,,kam[b("+1)dfru( +1)],%4,u;(7;1_+11))T7

m—1

respectively, cf. (5.7), (5.14), applying (6.5), substituting (5.12) by

2
%dt(”“) ‘ Ve P2,

_ 2i<< oy (a2, (4 1)
T

_1 (dﬁ”“)zf\ o PHOI2[ 1) g (pa) 2y n1) () )]>

T

c(nt1) Qy(pw)/zv(m)) _ ( o7 (Pra)/2,(m)| () d(mq)/zv(n)))

2

n % (V<n+1> ‘ o PrO/2)( gD g y %<p+q>/zv<n>])

= (Dt(”“)zf

+ <D<n+1>&’ o PHO/2[ ) g (040) 2, (4 1)] gy [c(n+1) Mv(nm])

ﬂp[c(n+l)dqv(n+l)]> (6.6)

t

+ (d(n+1)21 _Dt(n+1)zr’%(pq-q)/Z[C(n—i—l)ﬂ(p—q—q)/Zv(n—Q—l)])

t

1 (dt(”“)h’%(pw)ﬂ[C(n+1)£y(p+cn/2dt("+1>yr])

+ % (v | P2 [V g (200
and using Dt(n+])gr7m_1 = u,(;H).
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The term T d( nt1) ‘42{ P+4)/2[ ("+1)£{(p+q)/2d(”+1 vr> ‘\/n—H% pt+q /2d n+1) is

nonnegative and can therefore be skipped in the estimate.
The additional term containing d"™"v_ — D'"™Vy_in (6.6) clearly vanishes in case an im-

plicit Euler discretisation is used; otherwise it can be individually estimated.
Altogether this yields, in place of (5.13), (5.15)

1 n 1< n+1 ; n+tl
zdt( +1)’$27km/2um’21+§i;dt( + )’\/C—id(km+&)/2um_l‘2r+ ’\/b(n—i—l)dkmusﬁr )’2

< % g(n+l)[u(n+l)]_’_f(n+1)|2_’_%| fo D) gy D)2
1S 1 n (n n
5 X A el [y e bt 2D 2 6.7)
i=1-=
+%"/b(n+l)dk’" ("JFI)’Z
n+1)]_[ (n+1 %g n+1”2

+ Z |% f km /2[ (n+1)d(km+ez)/2um_l

—l

1
—d (n+1) ]\/_W’ (e t)/2y, 12 +Z’ n+1 ) o (l+0) /2 (n+11)’2

< i|%(n+l)[u(n+l)] +f("+l)|2 | n—H ) ot (n+1)|
c
1 . . ) .
T (@™o )|z )] et gy et/ 2, (0 1) h/ﬁ;z/‘ 1))
| (6.8)
1 i )

’ n+1 %Z (n+1) ’

i m—1

2
[C(n+l)£{giu(n+l)”> '

s

(Z'Mﬂ —4) /2[ ("+l)ﬂ(€’+€i)/2u,nrljll)]—

i=1

The time integration step between (5.8) and (5.9), i.e., bewteen (5.13), (5.15) and the respec-
tive energy estimates, is replaced by 7 weigthed summation, so that we get, e.g. in place of
fto 4| gykm/2y m|(t)dt = \%km/zum(to)\z — |4z%k'"/2um(0)\2 the identity

)

Zldssz’"/zu,(,;”l)‘z B ‘%km/zu}(;:)

n()*l 1 2
T Z df(n—‘— )‘JZ{k’"/zum _
n=0 —

T

_ ‘dkm/zu'(go) 2 )g{km/zu,g?)‘z
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Moreover, we use the following time discrete version of Gronwall’s inequality:

" <a®+1Y pUnU) forallne {1,...,N}
j=1

n n
= n"<a 41 ) a) pli) exp(er(‘)> forallne {1,...,N}
j=1 i=j
for N, 4.b b, > 0, which follows by application of its continuous counterpart (5.19) to the
p1ecew1se constant interpolants of N, 4nb b..
For the linear equation (6.3) we therefore get the following result.

Proposition 6.1. Under conditions (5.2), (5.4), (5.11), (5.21), with cpc small enough, the time
discretised initial value problem (6.3), (5.22) with the implicit Euler scheme (6.1) has a unique
solution w; € X¢ and this solution satisfies the estimate

e < (1@l + 1Al

with C as in Proposition 5.1, in particular C independent of 7.

Proof. A Galerkin discretisation of (6.3), (5.22) with eigenfunctions ¢; of <7, i.e., an Ansatz

ug-") (x)=Y., ul j q),( ) after testing with ¢y, k € {1,...,1} yields I linear m-n x m-n systems of

equations, one for each set of coefficients (i (n )) jell,...myne{l,...N}- (Note that the coefficients

u? g ( 0 } q),) are fixed by the initial data.) Due to mutual orthogonality of the eigenfunctions,

system /; is decoupled from system i, for i; # i». System i reads as

D(}H_I)Efc = A(n+1)ui(n+l) + (O; e ,O,g(n-l-l) [u(fH-l)] —’_ft(n))T ’

t

0171 O 0
w00 0 (6.9)
W1 = . . . . )
0 ~Lhorev(mA* —b)A
i ) = (f™|¢;). w; (ul(nl), . l(W)l) and u! (“?,17 ,uf,,), that is, the Galerkin discreti-

sation simply replaces <7 by A;. Thus also the Galerkin approximation satisfies energy esti-
mates analogous to those in Proposition 5.1, which implies uniqueness and, via Fredholm’s
alternative (since we are in finite dimensions now), also existence of a solution to (6.9).
These energy estimates also yield uniform boundedness of the sequence (Er> ien defined by

u(x) =YL, ul(")d)i (x) in X7 and therefore its weak convergence to a limit u, that by linearity
can easily be verified to be a solution to (6.3), to which the energy estimates transfer as well.
Uniqueness again follows from the energy estimates.

¢

This allows to transfer the well-posedness result and energy estimates from Theorem 5.1 to
the time discretised equation (6.2) under the following time discretised versions of the condi-
tions (5.26)

[Vellx. <R =

(@W@T € L7 (L(s2, 7)), dtmff7dtwrf c L%(L(%’%))) . (6.10)
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Theorem 6.1. Under conditions (5.2), (6.10), (5.27), (5.28), there exists R > 0 (sufficiently
small) such that for any ||ip||x, < g the time discretised initial value problem (6.2), (5.22) with
the Euler scheme (6.1) has a unique solution u, € X; and this solution satisfies the estimate

luglx. < Clla]lx,
with C as in Proposition 5.1.
Verification of (6.10) for the models from Section 2 can be done by using the estimates (with

i=1,k=psforBCBJKandi=0, k = zzﬁ for IMGT, Westervelt)
c2p

max |1 — (")l Lw ey = Klvi s @)

ne{0,...,N}
20— ey gD
i ;)H T HL(%{%) = KT Z_:OHdt Viellz= (@)
N
n+l n+1
< el (i gy 7 X 10" =D im0

n=0

due to Dl("H) Vi = vg’:n , and can therefore be estimated analogously to Section 5.3 in the Euler
case D, = d;.

The time discretised versions of the models from Section 2 read as follows

e BCBJK:
Dt(n+l)ﬂr _ W1(n+l)
Dl(n—H)ﬂT _ W2(n+1)
D"y = 51AW2( o —[52A21//1( H)JrﬁsAlI/l( ) —[34A2\I/(() G

Rl (n+1)
1+ Bsy
_BS (W§n+l))2 _2|le(n+1)|2 _ZVWén—H) sz(n—i—l))

e JMGT with By = ff’z
Dz(n—H)@T: (ln—i—l)
D" Vpy_=pytY 6.12)

n 1 n n n n n
D" Vpy, = ~ (—(1 —Bop ) Py AP 4 P apl Y + By (p) +1))2)

e Westervelt with 3y = 12)—%:
Dt(n—kl)@‘r :pgn—O—l)

n b n 2 n ; (6.13)
pr+Y) ApHY 4 c Ap(() ) Bo X +1))2

P = ; ; o
T Bopg™Y 1—Bopy 1—PBopy "
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Corollary 6.1. There exists R > 0 (sufficiently small) such that for any ||iio||x, < % the semidis-
crete PDEs (6.11), (6.12), (with m = 2) (6.13) (with m = 1), (5.22) with (6.1) have unique
solutions w; = (uo U1, .-, Un_) € Xr and these solutions satisfy the estimate
(g, tt1 gy tm ) xe < Cllllx,
with
BCBJK: X; = L7 (H}(Q)) N Ly (HS (Q)) N Hy (HE ()
X LT(H(Q)) NLYHE(Q)) NH (HZ(Q) x L7 (Ho(Q)) NLI(HZ(Q))
Xo = HZ(Q) x H}(Q) x Hy (Q)

x LT (Hp (Q)) NLY(HF(Q)) % LT(LH(Q))

JMGT: X; = L7 (Hy (Q)) N L3 (H3(Q)) NHy (H3(Q))
(
Xo = H3(Q) x Hy (Q) x L*(Q)

)

Westervelt: X = L7 (Hy (Q)) N LI (HE(Q)) NHy (HZ(Q)) x LT (Hy (Q)) NLF(HE(RQ))
Xo = H3(Q) x Hy (Q)
(6.14)

6.2. Runge-Kutta methods. We consider a stiffly accurate Runge Kutta scheme with s stages

and Butcher tableau % where 2 = (ayy)1<pv<s € R, ¢, e = (0,...,1)T € R%, and we

additionally assume
N
Z asy =1, agy >0, RAregular, *B:=diag(a,), €:= BA~!
= (6.15)
BA+ ATV — ag.al — AT €117 €T positive semidefinite

cf. [EMMRICH, THALHAMMER (2010)], which allows to conclude the following inequality cf.
[EMMRICH, THALHAMMER (2010), Lemma 3.4]

X1 — X0
o) 23 —x)
Xs — X0

for all xq,x1,...xs € R. The latter carries over to the Hilbert space .7 in place of R in the sense

that S S
Y (X e =) = 4 (]~ o) (6.16)
u=1 "v=1

for all u®,u',...u’* € S#. Note that (6.15) can be verfied under fairly general compatibility

conditions, cf. [EMMRICH, THALHAMMER (2010), Theorem 3.1].

Inequality (6.16) 1is crucial for carrying over the energy estimates from Sec-
tion 6.1 to the Runge Kutta discretisation of (5.3), (5.6), which according to
[EMMRICH, THALHAMMER (2010), equations (1.1), (1.5), (4.1)], can be written as

Y Cuvdu +AUHUY = (0,---,0,8UHU)T, 6.17)
v=1
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and of (5.6)
Zcm@vu+A”U$_4 0,9 Ul 4 )T (6.18)

v=1
respectively, where in both cases

u — 1, co ,S, lls
and we use the following abbreviations
1

W v+ evt) ve gt dfue = ) —u),

with the vector u; = (u®',... ,u®%, ... WMl V)

(including the stages beween them).
Analogously to the previous section, cf. (5.7), (5.14) we test with

.50, Zl yik’"[cl%%&uglw],%k’"u,(qf,)u)T

of approximations at the time instances

and

)y )7

(07"'707'£Z{km[()%£ v m—1,u

Un—1 Nl
respectively, sum up over u and apply (6.16). The identity (6.6) is substituted by an estimate as
follows.

ldt("“) o Pra)/2,,
2

? < ZS" (Z Q:uvdtv\/_«d (p+a)/ (P+a)/2,( )
T 'u:

S

Z ( Z Q:uvdtv)vr

n=l
where we have used (6.16) in the first inequality and

”+1 <\/>£7 p+q /2 \/_,52% p+a)/2,(

_l@w_ﬁm

MP[CL Jafqvu ) i i (’:uvRun\le

Cﬁl) %(P+‘Z)/2v£1”)>

T v

( \/7 V) o7 (P2, /) g (p0)/2(y,

_l@w o)

( F \/_ (p+q /2

+ l (vs,n) — v
T

= (@ e o vl
+ (dt(ré)\_/f JZf(pW)/z[cL)sz(pW)/zv ]_%p[c(")%qv(n)])

_ T(dt("“)yr‘gy(pw /2(d \/7427 P+4)/2,( )

[C(n)%q\/&n)D

\/>£{P+‘1/2 )

[cL’dQvL”)l)

]\ el o (P2, )
) e P2/ () /C(")M(pﬂ)/%gz)] _MP[CL”)%%LH)])

(pt4)/2,( )
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Thus with v =u,, | and ¢ = ¢;, p = k;, ¢ = {; (likewise for c = b, p = k;;;, ¢ = ¢, as needed in

the second energy estimate) we get, using Y}, quvdt(v)ur m_l = (Hl) , that

2 S N

=) <Z¢uvdr('$)wf\”k'"[ )
T : v=1

+[JZIVZ €uv< )%(km-l-( / % (km+¢;) /2 ' Lu)

. Z ( dkmu’(;:-l-l)‘ ) 2 o 0/ ) (el )]

_TZ (wkm (n+1) ‘%e —km) /2 \/752% (ki) /2, u" 17#]>

Altogether we therefore obtain the same results as for the implicit Euler method.

1
_dn—H ’\/_mfk'"“% Uy 1

Theorem 6.2. Under conditions (5 2), (6.10), (5.27), (5.28), there exists R > 0 (sufficiently
small) such that for any ||io||x, < & R the time discretised initial value problem (6.17), (5.22)
with a stiffly accurate Runge Kutta method satisfying (6.15) has a unique solution u; € X; and
this solution satisfies the estimate

_O
[uclx, < Clla”|lx,
with C as in Proposition 5.1.

Applying this to the models from Section 2 we get
e BCBJK:

(6.19)
1
A0y = ———— (BiAvy) — B2 A%y + B Ay, — Ba A’y
#v (A 1+[31I/1u< 2,1 1,u lu o,u
= Bs (Wi0)* =2y =2y - vl )
2,u Lu 0,u 2,u

o JMGT with By = /%
Y CuvdVpo, = pl')
v=1
Y CuvdVpr, =pY) (6.20)

<
Il
—_

n 1 n n n n)\2
Q:uvdt(v)ﬂf ( (1—Po Pou) §7L+bAP$7i+CzAP((),BL+BO (PEL) )

rel

-

<
Il
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e Westervelt with 3y = ffj;:

uvdtv Po,. = Pgnzl

s b () c? (n) Bo (m)\2
Z Cuvdzv pi, 1_—('1)Ap17“+1_—(")Ap07“+ PN (pLu)
= Boro. Boro. Boro

Corollary 6.2 (Existence of time-discrete solutions). There exists R > O (sufficiently small but
independent of t) such that for any ||ug||x, < g the semidiscrete PDEs (6.11), (6.12), (6.13)
with initial data (5.22) and a stiffly accurate Runge Kutta method satisfying (6.15) have unique
solutions u; = (@T, Ui s u_mr) € X and these solutions satisfy the estimate

(w0 sttt s tim ) I xe < Cli|lx,
with X; as in (6.14).
For the following convergence result we will consider the piecewise linear interpolants
(n) (n)

Vyi1 — Vv

Vi) =vy
B =w (cvy1—cv)T

(t—th—cyT), tE[th+eyT,ty+cyi1T)

of grid functions y,.

Corollary 6.3 (Convergence). Let R be chosen as in Corollary 6.2, assume ||iio||x, < %, and
denote by " the piecewise linear interpolant of the solution u, = (@r’ﬂr’ e ’”_mr) € X: of
one of the semidiscrete first order systems (6.11), (6.12), (6.13), with initial data (5.22) and
a stiffly accurate Runge Kutta method satisfying (6.15). Then the family of these interpolants
(“T)re(o,%) converges weakly* in X to the solution of the first order reformulation of the respec-
tive nonlinear initial value problem (2.3), (2.2), (2.1), with initial data (5.22) as 7 tends to zero,
that is,

* .
v —=uinXast—0

In particular u* converges strongly to u in any space that is compactly embedded into X.

Proof. According to Corollary 6.2, the family of interpolants (uf)re(oj) is uniformly bounded
in X as defined in (5.17). Therefore, there exist a weakly* convergent subsequence, which we
denote by (u¥)en.

The fact that any wealy* convergent subsequence (u*);cy tends to the unique solution u can
be seen by considering, for arbitrary ¢ € C5'(Q), 0 € C5(0,7) and j € {0,...,m} the integrals

Lk NE = // (=) (3,0) + (A5 (0) —A5()) (5,1)) 9() 6(0) v

where .Z; and ./} are the linear and nonlinear parts of the differential operators acting on the
respective component (note that in case of BCBJK the linear part also contains a term in Z).
It 1s straigthforward to see that L’j‘- — 0 as k — oo due to the weak convergence u* S uin X.

For the nonlinear parts Nf we note that they vanish for j € {0,...,m — 1} and that N¥ must
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be considered for the particular PDEs separately. We do so explicitely only for the Westervelt
equation, where we have

1 2 1 2
Nip(dF) = Ai(n) = < uk u )
) = (0) = B () e (o)
2
2(,k k
Hence with the functions @ — —0 () Polui 1) ot are uniformly (with respect to

(1—PBouf)(1—Poug) ~ (1=Pouo)
k) bounded in L=(0,T;L?(L)) due to nondegeneracy and boundedness of both the continuous
and the discrete solution, we have

T
M= [ (0 (er) () — o)) 0 () 8 (1) s
0 JQ
< ||(9k||L°°(0,T;L2(Q) ||”15 - ”0||L2(0,T;L2(Q) 19]]2-() ||9||L2(0,T) — 0ask— oo

due to compactness of the embedding H' (0, T;Hé(Q)) — L?(0,7,L*(Q)). Similarly in prin-
ciple, but with more involved computations, convergence to zero of the nonlinear terms
can also be shown for JMGT and BCBJK. We point to [KALTENBACHER, NIKOLIC (2019),
KALTENBACHER, THALHAMMER (2018)] and the fact that the same differences of nonlinear
terms have to be tackled when studying convergence as one of the physical parameters in the
PDE tends to zero. These estimates can be directly used here, since we have the same or higher
regularity for BCBJK and JMGT, see Remark 5.2.

A subsequence-subsequence argument together with uniqueness of solutions to the respective
limiting (time continuous) equations yields the assertion. U
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