On the numerical evaluation
of the Landau operator

Mechthild Thalhammer
Leopold-Franzens-Universitit Innsbruck, Austria

2nd Austrian Calculus of Variations Day
Salzburg University, November 2022

Mechthild Thalhammer Numerical integration of the Landau equation



Objectives

Future objective. Study operator splitting methods for multi-species
Vlasov—-Maxwell-Landau equations. A favourable solver for the Landau
equation represents a fundamental component of the entire algorithm.

Current objective. Focus on the study of the collision integral, that is,
design reliable and efficient methods for

@ the numerical evaluation of the Landau operator and

@ the time integration of the spatially homogeneous Landau equation.

In preparation. J. A. CARRILLO, M. TH. Novel approaches for the reliable and efficient
numerical evaluation of the Landau operator.
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Scope of applications

In the lines of CARRILLO ET AL. (2020).

The Landau equation represents a fundamental kinetic equation. It describes the
evolution of the distribution of charged particles in a collisional plasma where
grazing collisions are predominant.

Together with the Boltzmann equation, the Landau equation is considered to be
one of the most important equations in kinetic theory. Relevant applications
related to fusion reactors and the International Thermonuclear Experimental
Reactor (ITER) project gave rise to a renewed interest, amongst others in the field
of computational plasma physics.

In the special Maxwellian molecules case, the equation is reduced to a sort of
degenerate linear Fokker—Planck equation which preserves the same moments as
the Landau equation.

The physically relevant Coulomb case can be derived from the Boltzmann
equation in the grazing collision limit when particles interact via Coulomb
forces.
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Starting point

Landau equation. Consider the spatially homogeneous Landau equation
0 f(w,)=(QUf,N)w, 1, WwnNeQxln,Tlc R® xR.

By means of convenient abbreviations for the integral kernel and the term
involving the outer product

pw)=Clul™®, Pw=|u’l-ueu,
the Landau operator takes the compact form

(QUf,N)w, 0
=0,,-fQ(p(v— w)Pw-w)(0,f(w, ) f(w, 1) — f(1, 00w f(w, 1)) dw.
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Challenges
Computational issues. The numerical simulation of the physically most
relevant case with Coulomb interaction requires
@ computations in three dimensions (integrand involves (v, w) € RS),

@ a careful treatment of the singular integral kernel ¢ (1) = C|u|~3.

Integral kernel (intersection along v3 = 0)
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Guide line

Stepwise generalisation of the approach and validation of the

implementation for test problems with known solutions.

@ Constant integral kernel. S R
Maxwellian molecules
case with BKW solution
on unbounded domain.

o 2 0 2
N o o

@ Regular integral kernel.

First test problem on i b pata 43, s tn Gt st -3,
bounded domain and \

second test problem ;

with localised solution. o

@ Singular integral kernel.

Sorry, certain technicalities will arise ...

Mechthild Thalhammer Numerical integration of the Landau equation



@ Accuracy of results.
Verification of approach
on basis of several test
problems.

Efficiency of approach.
Exploitation of savings by
precomputations.

Reliability in integration.
Study of stability and
conserved quantities.

Mechthild Thalhammer
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General approach

First representation
Fundamental means

General approach

First representation of Landau operator.
Fundamental means regarding implementation.
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General approach
First representation
Fundamental means

First representation

Approach. Specify the Landau operator in components

QU N
Oy,
=|0v, f ov—-w)
Ay, ) 72
(v2 — w2)? + (v3 — w3)? —(v1 —wy) (v2 — w2) —(v1 —w1) (v3 — w3)
x| —(v1—wy) (V2 —wy) (1 - w1)? + (v3 - w3)? —(v2 —w2) (v3 — w3)
—(v1 —wy) (v3—ws3) —(v2 —w2) (v3 — w3) (1 - w1)? + (V2 — w2)?

0y, f(0) f(w) = f(V) O, f(w) |dw, v=(v1,v2,13)€Q,

(6;/1 f) f(w) = f) 0w, f(w)
X
O3 f() f(w) = f() Oy f (W)

and perform straightforward calculations (expand integrand, determine
divergence).

Notation. For notational simplicity, omit the dependence of the density function and the
Landau operator on time.
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General approach
First representation
Fundamental means

First representation

Approach. Obtain a first representation of the Landau operator involving
derivatives of the density function and linear operators that comprise
(quite a few) integrals

(QUf, H)w)
= (Qooo () (W) f(v)
+(Q100()) () 8y, f () + (Qor0(f)) () Dy, f ()
+(Qoo1 () () 0y, f()
+(Q200()) () 05, F () + (Qu10(f)) (1) By v, ()
+(Q101() (V) Dy, s f () + (Qo20 () () 82, f (v)
+(Qo11 (/) (1) 0,05 F (W) + (Qoo2 () (1) 05, f (), veQ.
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General approach
First representation
Fundamental means

Decisive integrals

Notation. Employ a convenient symbolic notation for the arising decisive
integrals (indicate the degrees of the monomials as well as the orders of
the derivatives of the integral kernel and the density function)

Twivizis jijojs f ki kaks (V)

:f(}wilwfwfa,ﬁaﬁaﬁw(v—w)@l]f}ldl,jfzdl,ffgf(w)dw, veQ.
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General approach
First representation
Fundamental means

Arising operators

A glance at the arising operators is enough ... ;-)

(Q200(N) (@)
= ”% 1150009000 £ 000 (V) + ”§ 110004000 £000 () =272 110104000 £ 000 ()
=203 130019000 £000 ) + 1150209000 £ 000 V) + 11002000 £ 000 (V)
(QuoN)w

==20v1 02110004000 £000 V) +2 V1 1150109000 £ 000 (V) + 22 11100 ¢ 000 £ 000 (V)

=21y 110000 £ 000 ()
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General approach
First representation
Fundamental means

Arising operators

(Qu00(N)@)
=v1v2(= 15000010 £000 ) *+ 11000000 £010 ()

+v1 93 (= T1y00049001 £000 ) + 110009000 £001 )
+5 (115000100 £000 ") ~ 10009000 £ 100 ()
+v3 (1400040100 £000 ™ ~ 11500049000 £ 100(*)
+ 01 (=215000000 £000 ) + 11010010 £000 ) + 11001 9001 f000»)
= T1p010000 £010) ~ 11001000 £ 001 (V)
+v2(=210109100 £000 ) + 1 100010 £000 ) + 21150109000 £ 100 ()
=Ty 1009000 010 )
+v3(=213001 9100 £000 ) + L1 1009001 £000 ) +2 11001 9000 £ 100 (V)
=Ty 1009000 £001 ()
+2115100 000 £ 000 (V) + 11020100 £000 V) *+ 1002 100 £ 000 (V)
~Iw1109010 £000 ) ~ 1w 101001 £000 ) ~ 11020000 £ 100 (V)

~1w002¢000 £100 ) *+ 11y 1109000 £010 V) + L1 1019000 £ 001 (V-
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General approach
First representation
Fundamental means

Arising operators

(Qooo(N) (@)
=-f (10009010 £010 ) + 100049001 £001 () + V1 ¥2(T15000010 £ 100 + 11000 100 £010 (P))

+v1 3 (Ly 000001 £100® * 11000100 £001 ) = 3 (110004100 £ 100 )+ 110000 001 £001 )
+ 0253 (Iy 000001 £010@ * 11000010 £001 ) = 3 (10004100 £ 100 )+ 110000010 £010 )
+v1 (2135000000 £100® ~ 1100109010 £100 ) ~ 11001 9001 £100 %) ~ 101049100 £010 ) + 211y 100010 f010»)
= Tp001 9100 £001 ) +213 1009001 £001 )
+02 (2135010100 £100® ~ 11100010 £100 ) *+ 2115000000 £010 ) ~ 1110049100 £010 ) ~ I 001 9001 010
= 1150019010 £001 (V) +211010¢001 f001 (V)
+3 (2135001100 £100® ~ 11100001 £100 )+ 2115001010 £010 ) =~ 101049001 £010 ) + 2115000000 £ 001 ()
=Ty 100100 £001 ) ~ 101049010 F001 (V)
~21151009 000 £ 100 ) ~ 110204100 £ 100 V) ~ L1002 9 100 £ 100 V) + L1y 1109010 £ 100 W) + Ly 101 001 £ 100 (V)
~2150109000 010 + 11110100 £010 V) ~ 112009 010 £ 010 V) ~ 11002010 £ 010 ) + Lw011 001 f010 (V)

~2150019000 £001 ) + 111019100 £001 W)+ 110119010 £001 V) ~ L1200 001 £001 ) ~ 11020001 £ 001 (V)

The numerical verification of the correctness of all terms on
test problems with known solutions seemed to be a good idea. ... ;-)
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General approach
First representation
Fundamental means

Fundamental means

Main task. Compute suitable approximations to the arising derivatives
and the decisive integrals, e.g.

05 f(w), IwOOO(pOOOfOOO(U):LQ(U—w)f(w)dW, veQ.

Approach.

@ Application of Fourier spectral method

@ Quadrature approximation nearby singularity of kernel

@ Identification of basic integrals involving Fourier functions
Implementation.

@ Use of fast Fourier techniques (FFT / IFFT)

@ Summation along certain directions (einsum)

@ Observation of reduced computational complexity
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General approach

First representation
Fundamental means

For the moment ...

Remark. The following considerations are valid for a regular integral
kernel. The modified approach for a kernel with a singularity at the origin
is detailed below.

Integral kernel (d = 2) Integral kernel (d = 2)
(Singularity at origin, Section along v, = 0) (Modification at origin, Section along v,= 0)

o

Just for the moment, to have a picture in mind ...
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General approach
First representation
Fundamental means

Fourier spectral method

Fourier functions. Consider well-known Fourier functions

(@) z_ .
géa) (E) = \/azl—m efx ¢ al]’ 1((‘1) = (1227[—1015(1 ’
FEO) = S = @), 0T O =i FO©),

(eR, xeZ, a:(al,ag)e[Rz, a1 <ap.
In particular, in three dimensions, denote
b11,b bo1, b bs1, b
Fm(V)=9;511“ 12)(v1)g~’%221 22)(,}2)9,(”331 32)(,)3)'
v=(v1,02,3) €EQg, m=(my,my,m3)€M,

Qg = [b11, bi2] x [b21, ba2] x [b31, b32],
M=1=E My, M - X x (= I M, A My -1 e 7P

Mechthild Thalhammer Numerical integration of the Landau equation



General approach

First representation
Fundamental means

Fourier spectral method

General benefits.
@ High accuracy for localised regular functions

@ High efficiency (implementation based on FFT / IFFT)

Landau equation (Coulomb potential, d = 3) Landau equation (Coulomb potential, d = 3)
Solution at time t = 0 (Section along Vg= 0) Solution at time t = 20 (Section along Vg= 0)

x10°°

0.008
0.006
0.004

0.002
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General approach
First representation
Fundamental means

Fourier spectral method

Within our setting. Recall the typical form of the decisive integrals

T1y000¢000 £ 000 (V) ng(p(l/— w) f(w)dw, veQ.
Specific advantage. The particular identity

Fo(v = w) Fyn(w) =TV Fy(0) Fp_g(w),

(b11,b12)

(b21,b22)
F(b) :e7”/1 [21 22) p,
l

_ (b31,b32) )
1, He, ¢ 31

21 e—lt3 ,

suggests to study Fourier series expansions for both, the density function
and the integral kernel.
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General approach
First representation
Fundamental means

Fourier spectral method

Fourier series expansions. Use approximations based on Fourier series
expansions for the integral kernel and its (known) derivatives

W)= ) @9oF(v),
le&
00,0000 (W)= Y @i jpjse Fe(v).
le&

Employ a Fourier series expansion for the density function and the
resulting representations for its derivatives

fw= Y fnFnW),

me

k k k
k1 Ako A k: b11,b 1 bo1, b 2 bs1, b 3
avllavjaugf(v): E Jm (.Ugn}l 12)) (,U(m? 22)) (#Engl 32)) Fp(v).
meH
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General approach
First representation
Fundamental means

Basic integrals

Calculations. Straightforward calculations yield explicit representations
for basic integrals involving monomials and Fourier functions

b£2—b2j1, mj=0, k=0,

b2, -2

My m;=0, k=1,

2\ /bjp-bj J

b3,-b%

#y m;=0, k=2,

3\/bja=bj1 7
bj2 k5 j1bj2) - ;

Ij(k,mj)=fh wj Fm; wj) dwj =49 mi#0, k=0,  jel,..d.

J1 Vbj2=bj1

Y e I mj#0, k=1,

B, bip)
"

J
(bi1,bio)
(b?z-bﬁl)ymj. I 2 jp-bjp)

)2

) mj#(), k=2,

(bj1,bj)
jrrj2z
ij’bjl(/‘mj

Reductions. The observed simplification leads to significant reductions
in computational complexity for three dimensions.
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Constant integral kernel Approach

Numerical tests

Constant integral kernel

Maxwellian molecules case.
BKW solution on unbounded domain.
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Constant integral kernel Approach
Numerical tests

Maxwellian molecules case

Setting. Study the particular situation, where the underlying domain for
the velocity coincides with the Euclidian space and the Landau operator
involves a constant integral kernel

p)=C,
(QUf,N)w) =Ca, -/QP(U— w) (0, f() f(w) = f() 8y f(w)) dw,
veQ=R%.
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Constant integral kernel Approach
Numerical tests

BWK solution

Landau equation. The BKW solution to the Landau equation involving a
constant kernel is given by

pW)=C=35;, (araza3)=(3,3,4), K@)=1-1e

_ 1 -1 P _ 1, 11-K@),,2
f(V, t) - (ZEK(t))SIZ e 2Kk (al an m + 2 (K(t))2 |U| )y

:f(,0=(QUf, N1, WDeQx[ty,Tl.

Landau operator. For a particular choice of the density function, the
associated Landau operator reads as

fw) = Az e 210 - 1),
QU N W) = e (w1 =502+ ), veq.

An ideal situation to verify our approach
and perform first numerical tests. :-)
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Constant integral kernel Approach
Numerical tests

A few more details ...

Recall the representation for the Landau operator

QU N
= (Qooo(N) () f(v)
+(Q100()) () By, f () + (Qor0(f)) (1) By, f ()
+(Qoo1 () (1) By, f ()
+(Q200(N) () 85, F(W) + (Q110(/)) (1) By, f (V)
+(Q101()) () By 3 f(¥) + (Qo20(f)) (1) 85, f (V)
+(Q011(f)](v)6y2u;,f(v)+(Qooz(f))(v)6%3f(v), veQ.

Based on the Fourier spectral coefficients (f;;) me.« of the density
function, approximations to its derivatives are computed through

k:
oBoLOSf W~ X fu ) (i) (b)),
mel
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Constant integral kernel Approach
Numerical tests

A few more details ...

Due to the fact that the integral kernel is constant and its derivatives
vanish, approximations to the decisive integrals are obtained through

C[wi1i2i3fk1k2k3

k1 ko ks
=C Z fr(nF) (u%ilvblz)) (#(rfgl'bzz)) (u(rsglybsz))
me

x I (i1, my) I (i, my) I3(i3, m3),

~ — i, 2 i3 aki aky aks
Nle'll'zlé(pOOOfkflkzkg _C‘/(; wl wz w3 awlawZOW3f(w)dw-
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Constant integral kernel Approach
Numerical tests

A few more details ...

Overall, the implementation is simpler ...

S §
~t

27
wooofoooﬂ’s wooofooo 2”21w010f000 2"3IwOOIfOOO+1w020f000+1w002f000)
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[llustration

Constant integral kernel

Approach
Numerical tests

Landau equation (Maxwellian molecules, d = 3)
Solution at time t = 0 (Section close to v, = 0 = v,)

3 2 4 0 1 2 3 4

Landau equation (Maxwellian molecules, d = 3)
Solution at time t = 10 (Section close to v, = 0= v,)

Landau equation (Maxwellian molecules, d = 3)
Solution at time t = 0 (Section close to v, = 0)

005
0
005
01

2 4

2
o, o
) 2
v, 4 v
Landau equation (Maxwellian molecules, d = 3)
Solution at time t = 10 (Section close to v, = 0)

005
0
005
01
4

2 4

2
o o
2
v, 4 4 v

Profiles of the BKW solution at two times (right) and corresponding cross sections (left).

https://techmath.uibk.ac.at/mecht/MyHomepage/Research/Movie_Maxwellian_Solution3d.m4v
https://techmath.uibk.ac.at/mecht/MyHomepage/Research/Movie_Maxwellian_Solution3dSection.m4v
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Constant integral kernel Approach
Numerical tests

Numerical tests

Verification, computation time, accuracy. Study the numerical evaluation of the Landau
operator based on slightly differing implementations for a non-symmetric domain versus a
symmetric domain

Qg =[-9,10] x [-10,11] x [-11,12], |.4|=M;-M>-M3=100-110-120,
Qg =1-10,1013, |.4|=M3=1003.

Verify the correctness of the approach. Observe a reasonable magnitude of the overall
computation times and highly accurate results (confirmed by a comparison with the
two-dimensional case).

Evaluation of Landau operator (d = 2) Evaluation of Landau operator (d = 3)
008 Computation time ____Computation time
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Constant integral kernel Approach
Numerical tests

Numerical tests

Stability, accuracy, conserved quantities. Study the time integration of
the Landau equation based on a fourth-order explicit Runge-Kutta
method.

@ At each time step, compute the discrete L>-error of the solution.

@ Determine approximations to mass and energy (conserved
quantities)

ff(v,t)dv=ff(v,to)dv, f|v|2f(v,t)dv=f lvI? f(v, ) dv,
Q Q Q Q

and observe the decay of the entropy (not illustrated here)

ff(v,t)ln(f(v,t))dvsff(v,to)ln(f(v,to))dv, teltn,T).
Q Q

Splitting approach. Contrast the results with those obtained by a Lie-splitting-type method,
which provides a reliable first-order alternative, since in particular the terms related to the
second-order derivatives 62,,1 f 6%2 5 02,,3 f are treated separately in a semi-implicit manner.
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Constant integral kernel Approach
Numerical tests

Numerical tests

Stability. Verify the temporal orders of time integration methods.

@ The observations hold for the explicit Euler method and higher-order explicit
Runge-Kutta methods.

@ For relatively small time stepsizes, obtain the expected results. For larger time
stepsizes, the procedure failes due to severe stability issues!

@ A first-order Lie-Splitting-type method provides a robust alternative. Even for
a significantly higher number of Fourier functions (M3 = 100%), it yields a reliable
result for any choice of the time stepsize.

Temporal order
T=1,d=3,a=10,M=100
Order 1 (Li-Spliting)

Temporal order

Tomporal order
T=1,d=3,a=10,M=32

T=001,d=3,a=10,M=100
& Order 1

Global error
Global error
Global error

3 102

"} 102 e 10"
Time stepsize Time stepsize

Time stepsize
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Constant integral kernel Approach
Numerical tests

Numerical tests (d = 2)

Long-term integration (d = 2).

Landau equation (Maxwellian, d = 2) Landau equation (Maxwellian, d = 2)
Exact solution at time t = 100 Difference to equilibrium at time t = 100

x10712

Exact solution and convergence towards equilibrium (time T = 100).
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Constant integral kernel Approach
Numerical tests

Numerical tests (d = 2)

Long-term integration (d = 2).

Landau equation (Maxwellian, d = 2) Landau equation (Maxwellian, d = 2)
Numerical solution at time t = 100 Difference to equilibrium at time t = 100

x10°®
02 3

Numerical solution obtained by an adaptive explicit Runge-Kutta methods (ode45)
and convergence towards equilibrium (time 7 = 100).
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Constant integral kernel Approach
Numerical tests

Numerical tests (d = 2)

Long-term integration (d = 2).

05410"*_Conservation (Mass by spectra) 510" Conservation (Mass by spectral 510" Conservtion (Mass by spectral)
o o
o
05
1
1
2 ©
s
25
s 10
as 2 2
o 2 . o 0 10 o s o s 20 o 10 2 EY w© 0
510" Conservation (Energy by spectral) 05 410" Conservation (Energy by spectral) ;10" Conservation (Energy by spectral
o o
05 ©
2
1
a5
15, g
2| 1 5
25 N
3
10
3s )
. 2
45 25 n
o 2 . o 0 10 o s o s 0 o 10 2 EY w© 0

Time integration by an adaptive explicit Runge-Kutta methods (ode45).
Approximation of mass and energy at times ¢ = 10,20, 50 (left to right).
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Constant integral kernel Approach
Numerical tests

Numerical tests (d = 2)

Long-term integration (d = 2).

Error (Solution until time T = 100) o nssrvation r o 1 (Ener .
D R a1 M 12 M 100 | %10 Conservation (Mass by spectral) | #10°__ Conservation (Energy by spectral)
o
o
5
1
1
2
2| 3
3| .
5 "
2 5
s
1
o s s
(3 E) [ E) B 100 o 2 w E3 B 100 o 2 w @ a 100

Time integration by an adaptive explicit Runge-Kutta methods (ode45).
Approximation of the solution and associated quantities untill time T = 100.
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Approach (Regular kernel)
Numerical tests (Regular kernel)

Regular and singular kernels Approach (Singular kernel)
Numerical tests (Singular kernel)

Regular integral kernel

First test problem on bounded domain.
Second test problem with localised solution.
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Approach (Regular kernel)

Numerical tests (Regular kernel)
Regular and singular kernels Approach (Singular kernel)

Numerical tests (Singular kernel)

Approach

Setting. Extend the former approach for the Maxwellian molecules case
and study the more general situation, where the Landau operator involves
aregular integral kernel

(QUf, N)w) zay-fg(p(v— w)P(v—w) (8, f(v) f(w) — f(v) 0y f(w)) dw,
veQ).

Use that favourable approximations to the kernel and its derivatives are
provided by Fourier series expansions.
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Approach (Regular kernel)
Numerical tests (Regular kernel)
Regular and singular kernels Approach (Singular kernel)
Numerical tests (Singular kernel)

A few more details ...

Fundamental means. Recall the relations for the decisive integrals, the
approximations by Fourier series for the kernel and the density functions
as well as their derivatives, and the particular identity for Fourier functions

Lot ivis g v jnis ok () = fwl w2 w3 6l107208 p(v - w0k 0k2 0% f(w) dw,
6{,{012613(,0(1/ w) = Z Pjrjojse Felv-—w),

k k k
k16k26k3f( ) = Zﬂfm( (b11 blz)) l(lu(nlgl,bzzl) Z(H(rﬁglvbsz)) sFm(v),
me.

(b11,b12) (b21,b22) (b31,b32)
- b1 - b: - b3
Fy(w—w) Fpn(w) =P Fp(0) Fpp_pw), T® = "1 e Ho 2o Hey !
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Approach (Regular kernel)
Numerical tests (Regular kernel)
Regular and singular kernels App: °h (Singular kernel)

Numerical tests (Singular kernel)

A few more details ...

Resulting approximations. Based on these relations, approximations to
the decisive integrals are obtained

Iwhizis(ﬂjljzjsfklkzk3 (v)

B () |11 (B, 022) |72 (| (s, b)) 2
— Z (pgr([)(,u([ 11 12)) ('u([ 21 22)) (/J(g 31 32)) F;(v)
le& ! ’

2

x Y LGy, my = €1) (i, ma — £2) I3 (i3, m3 — €3)

me
X (“g;}l:blz))kl (N(rsil’bn))kz (“%3351,1132))]63

= IWilizistﬂjljz]éfklkzks(U)’ veQg.
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A few more details ...

Implementation and observation. Essential ingredients for the efficient
implementation are

@ matrix multiplications,
@ summations along certain directions (einsum),
@ inverse fast Fourier transforms.

A crucial observation is that the costs for the computation of the inner
sums amount to the evaluation of single and double sums.

[ Type of decisive integral | # Summations along directions (einsum) |

w 000 0
w 100, w 010, w 001 1
w 200, w 020, w 002 1
w110, w101, w011 2
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Numerical tests (Singular kernel)

Basic test problem

Maxwellian molecules case. For a constant kernel and a prescribed
density function, the associated Landau operator is given by

fw) = 2 e " 212 -1),

2312

(QU.N)W) = L e (5102 + 1), veq.
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Numerical tests

Main purpose. Consider the Maxwellian molecules case as a preliminary
test problem to verify the extended approach and implementation for
regular integral kernels.

Evaluation of Landau operator (d = 3, Approach R)

02 Computation time (Kernel, P Pr
T —
0.15 ——
0.1 | | )
1 1.2 1.4 1.6 1.8
- C time
45F 1
4
3.5
3 S
1 1.2 1.4 16 1.8 2
2 5&,,1 o™® Accuracy
» ‘ | —
1 1.2 1.4 1.6 1.8 2

Maxwellian molecules case
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Artificial test problem

Bounded domain. For a prescribed kernel and a prescribed density
function, the associated Landau operator is given by

@(v) = cos(vy) cos(vp) cos(vs),
f () =sin(vy) sin(ve) sin(v3),
q11(v) = v2sin(2 v2) cos(2 v3) + v3 cos(2v2) sin(2 v3) — % V2 sin(2 vp) — % v3sin(2v3),
q12 = % cos(2vo) + % cos(2v3) — %,
q1() = qui () + q12(v),
q2(v) = v1sin(2 vy) cos(2 v3) + %cos(z v3) — % v1sin(2vy) — % v3sin(2vz) — % s

g3(v) = -4 v1sin2v1) - § vasin@vy),

QU N)w) = ”73 (q1(v) cos2 1) + G2 () c08(2 v2) + G3 (1) coS (2 v3) — cos® (v3) + 1),
v=(v1,v0,03) €Q=[-m,73.

Remark. The above test problem is not suitable for the verification of the general approach
(considerations in the context of quadrature approximations apply to unbounded domains).
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Numerical tests

Main purpose. Consider the above test problem on a bounded domain.
Verify the extended approach and implementation for regular kernels.
Observe reasonable computation times and high accuracy.

Evaluation of Landau operator (d = 3, Approach R)
Computation tirqe (Kernel, Precomputation)

L —
0.15 ———

0.1 — ¢
1 1.2 1.4 16 1.8 2
o Corpputation tjme

sl | 1
al . 1
2 - o)
1 1.2 1.4 16 1.8
108 _Accuracy
6F  T—
T
5} —— i
4 9
1 1.2 1.4 16 1.8 2

Test problem on bounded domain
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Artificial test problem

Unbounded domain. For a prescribed kernel and a prescribed density
function, the associated Landau operator is given by

2 5.2 a2
<p(v):Ce vy 21}2 31/3'

1,2 1,2 1,2
flry=e 2174%278"3

’
17,2

/2 2 49 2
V3 V3672720073,

q1() =~ C {igoa550 ©
_ 2 o 2 o 2 2 2 2 2
G2 (v) = 17500 V3 b3 +7047 v2 v2 + 135 3 v — 1005300 b2 + 111000 3 + 46899 v + 369900,
QU H)W) = a1 (1) ),

U:(Ul,vz,vg)EQ:RS.

_35
6

Remark. The above test problem is suitable for the verification of the general approach
(considerations in the context of quadrature approximations apply).
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Numerical tests

Main purpose. Consider the above test problem on a bounded domain.
Verify the extended approach and implementation for regular kernels.
Observe reasonable computation times and high accuracy.

Evaluation of Landau operator (d = 3, Approach R)

O Computation tirqe (Kernel, Precomputation)

0.15
0.1 )
1 1.2 1.4 16 1.8 2
o Computation time
3
25+
2 : =0
1 1.2 1.4 1.6 1.8 2
%107 Accuracy R
5 . . p—)
e :
1 1.2 1.4 1.6 1.8 2

Test problem on unbounded domain
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Singular integral kernel
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Approach

Setting. Extend the former approach for regular integral kernels and
study the relevant situation, where the Landau operator involves an
integral kernel with a singularity at the origin
pw)=ClvI*, P =wlPI-vev,
QU N, 1)

=ay-fQ<p(y— w)P(v—w) (0,0 f(w, 1) f(v, )0 f(w, 1)) dw.
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Approach

Starting point. Use the evident identity

¢= v + p-y
regular function singular function
above approach applies non-zero on small domain

and analogous relations for the (known) derivatives of the kernel.
Realisation and implementation.

@ Define a small neighbourhood of the origin, and determine the
linear interpolants of the kernel and its derivatives.

@ For the remaining differences, employ quadrature approximations.

@ Transfer the main part of the additional effort to precomputations.
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Preliminary numerical tests

Main purpose. Consider the Maxwellian molecules case as a preliminary
test problem to verify the extended implementation for (possibly) singular
integral kernels. Base quadrature approximations on width two (left) and
four (right), respectively, and observe increasing precomputation times.

Evaluation of Landau operator (d = 3, Approach S) Evaluation of Landau operator (d = 3, Approach S)
. C ion time (Kernel, i . Computation time (Kernel, Precomputation)
600F——— T T T 1800F ="
550 1600
500 — —
: : : — 1400 - —0
1 12 14 16 18 2 1 12 1.4 16 1.8 2
106~ Computation tjme O Computation time
8
7
5 . . . 6 —3
1 12 1.4 16 1.8 2 1 1.2 14 16 1.8 2
13 13
25‘%10 . Accuracy . . 2.5 xm Accuracy
2 2 Y
1 12 14 16 18 2 1 12 14 16 1.8 2

Maxwellian molecules case
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Approach and artificial test problem

Test problem. Consider the above stated, more meaningful artificial test
problem involving the regular integral kernel

2 5.2 a2
p()=Ce I721273% 1 = (11,15, v3) €Q=R>,

How to proceed when including quadrature approximations?
Pictures say more than a thousand words ...

Mechthild Thalhammer Numerical integration of the Landau equation



Approach (Regular kernel)
Numerical tests (Regular kernel)

Regular and singular kernels Approach (Singular kernel)
Numerical tests (Singular kernel)

Approach and artificial test problem

Integral kernel (d = 2) Derivative of integral kernel (d = 2)

Integral kernel (d = 2) Derivative of integral kernel (d = 2)
(Section along v, = 0) (Section along v, = 0)
il

Regular integral kernel and its first derivative.
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Approach and artificial test problem

of kernel to nei of origin Restriction of derivative to neighbourhood of origin

Restriction of the regular integral kernel and its derivative to a
(small) neighbourhood of the origin, where linear interpolation is applied.
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Approach and artificial test problem

Kernel and linear interpolant Derivative of kernel and linear interpolant
(Section along index m,= 50) (Section along index m,= 50)
10 T 8 T T

-8 L
5 10 -10 -5 0 5 10

Regular kernel and its derivative. Linear interpolants. Sections along indices.
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Approach and artificial test problem

Linear interpolant of kernel Linear interpolant of derivative

Difference of kernel and linear interpolant Difference of kernel and linear interpolant

Linear interpolants of the regular kernel and its derivative (used in Fourier series
approximation). Corresponding differences (used in quadrature approximation).
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Numerical tests (Singular kernel)

Approach and artificial test problem

Main purpose. Consider the artificial test problem involving a regular
integral kernel. Verify the extended approach and implementation for a
possibly singular kernel. Base the quadrature approximations on width
two (left) and four (right), respectively. Observe high accuracy.

Evaluation of Landau operator (d = 3, Approach S) Evaluation of Landau operator (d = 3, Approach S)
° e " o "
5005 time (Kernel, F 16000—— (?émputatlon time (Kernel, Precomputation)
450 e — 1400
400 . R —9
1 1.2 14 1.6 1.8 2 1 12 14 16 18 2
. Ccrpputaticn tjme 105~ Computation time
o @
7
6 -
. . . —d 5
1 1.2 1.4 1.6 1.8 2 1 12 14 16 18 2
%107 Accuracy %107 Accuracy
o= &=
1 1.2 1.4 1.6 1.8 2 1.2 14 1.6 1.8 2
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Numerical tests (Singular kernel)

Finally ...

... we are ready for numerical evaluation of the
Landau operator in three dimensions with Coulomb interaction.
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