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1 Introduction

It is often the case that solutions to stochastic partial differential equations (SPDEs)
do not exist in the usual sense, rather they are generalized functions. Hence, there
has been a great interest in developing a stochastic calculus in algebras of generalized
functions (see [8,10,12-16]).

Colombeau-type stochastic processes defined as Colombeau functions with values
in the space of random variables with finite pth moments, LP(9), p > 1, and with
values in £(9), the space of real random variables (measurable functions) endowed
with almost sure convergence, were considered in [8]. Note that in this paper we use
the notation O for the probability space and 2 for an open subset of R%. Further
on, we use the conventional notation C¥(£2) for k times continuously differentiable
functions and C*°(£2) for smooth functions, D(£2) for the smooth test functions with
compact support and its dual D’(£2) for the generalized functions. Similarly, S(£2)
denotes the Schwartz space of rapidly decreasing functions and S’(2) the space of
tempered distributions.

In [8] the authors have shown that distributional stochastic processes &, i.e. map-
pings ¢ — (£, ) which are continuous from D({2) into LP(9) with respect to the
strong topology, can be embedded into such algebras. In this paper we continue this
approach and study Colombeau-type stochastic processes defined in this sense, but
in order to retain measurability properties, we use a sequential approach. We in-
troduce the algebras G, (9O, £2), G (D, 2) and the vector space Gr» (O, (2), where
MZ(D) = Ni<pcooL? (D) is the space of random variables with all seminorms
Il 1lls = supy<p<sll - [z, s € N finite. Elements of these spaces will be called
Colombeau stochastic processes (CSPs) with values in £(9), M*°(O) and LP(O), re-
spectively. Also, we consider the spaces G& (9, 2) and G¥, (9, 2) in which we perform
differentiation only up to order k.

We establish the notion of point values X (-, %) of CSPs in compactly supported
generalized points £ and prove measurability of the corresponding random variable
with values in a Colombeau algebra of compactly supported generalized constants R,
endowed with the topology generated by sharp open balls.

We introduce the generalized characteristic function of CSPs with values in M (O)
and the generalized characteristic function of CSPs in G¥,, (D, 2). Note that G¥,, (O, 22)

is a vector space where the differentiation decreases the order to Qﬁk_pl (O, ).

Since CSPs are completely characterized by their generalized point values, we use
the point values not only to prove measurability of the processes, but also to charac-
terize their characteristic function, expectation, covariance and correlation function.
Special attention is put on the study of processes with uncorrelated values whose
correlation function is supported by the diagonal. We provide several examples of
characteristic functions and correlation functions of Gaussian Colombeau stochastic
processes (GCSPs).

The paper is organized as follows: In Section 2 we introduce the basic notions and
define several classes of Colombeau stochastic processes. Section 3 is devoted to the
characterization of CSPs via their generalized point values. The main result in this
section is the proof of the measurability of CSPs via their point values. In Section
4 we define the generalized characteristic function of CSPs. For classical stochastic
processes, their characteristic function can be embedded into the space of generalized
characteristic functions. We also prove that the moments of a CSP can be retrieved
via the generalized characteristic function. Section 5 is devoted to the study of the
generalized correlation function of CSPs and its structural characterization. The main
result in this section is the structural representation of the correlation function which
is supported on the diagonal.
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Some further topics and probabilistic properties of CSPs, such as independence,
stationarity, stationarity of increments etc. will be considered in our next paper [3].

2 Basic notions
2.1 Colombeau algebra

In this paper we focus our attention on the sequential approach to Colombeau-type
algebras. Instead of considering nets of functions (uc)e, € € (0, 1], we take sequences
of functions (un)n indexed by e = 1, n € N.

Let £2 be an open set in R? and 8% = Opt...0z¢ ,a € Ng. The notation K € 2 will
be used to denote that K is a compact subset of §2. Recall, [1,4,10], the Colombeau
algebra on 2 is defined as G(2) = Enm(2)/N(2); see Appendix A.1. G(£2) is an
associative, commutative differential algebra. If (un)n € Ear(£2) is a representative of

u € G(£2), we write u = [(un)n]-

Remark 1 In the definitions of Appendiz A.1 we can consider EF(2) = (C*(2))N
and the corresponding vector spaces Ey;(2) and N*(2), where we take (un)n € E*(12)
and perform differentiation up to order k.

We fix a sequence of mollifiers ¢, € S(R?),n € N, of the form
¢n(z) = np(nz), © € R, n €N, (1)

where € S(R?) has the following properties: [ p(z)dz = 1, [2™p(z)dz =0, m €
N, and ¢ is positive-definite, i.e. ¢ > 0, where ¢ denotes the Fourier transformation
of ¢. (For example, one can take ¢ € D(R?), ¢ > 0 and ¢ = 1 in a neighborhood of
Z€ero).

In general, if u = [(un)n] € G(£2) is associated with an element f € D’(§2), (see
Appendix A.1 for the notion of association), then suppu 2 supp f. It is known that
supp u can be strictly larger than supp f.

2.2 Colombeau stochastic processes (CSPs)

Let (9,4, P) be a probability space.

Definition 1 Let & € NU {oo} and E£(D, 2) be the set of sequences (un(w,x))n,
weD, ze R, neN,such that (un(w,-))n € (CF(2))N for almost every (a.e.) w € O,
and for every x € £2, (un(+,2))n is a sequence of measurable functions on 9. Define:

£k (D, 0) = {(un)n € EE(D,0): (for ae. w € D) (VK € Q)
(Vo € N, |a| < k)(Ja € N) (:g;; |0 tn (w, )| = O(n“)) } ,
NE®,0) = {(un)n € EE(D,0) : (for ae. w € D) (VK € )
(Vo € N&, || < k)(Vb € N) <sup |0 tn (w, )| = O(n~" ) } .

rzeK

Elements of 51’\“/[7[;(9,(2) and NZ(9, ) are called moderate and negligible se-
quences of functions with values in £(9), respectively. The elements of the quotient
space

QE(Q Q) = SJI\C/I,L(Da Q)/N[Ilc(gv Q)

are called Colombeau stochastic processes (CSPs) over {2 with values in £(9O).
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SJIS/I’L(D, 2) is an algebra with respect to multiplication and N% (9, £2) is an ideal
in E]'f/[’ﬂ(D, 2), so we have that G& (9, 2) is an algebra.

Definition 2 Let p € [1,00] and k € NU {oo}. Let £F,(9,2) = (C¥. (D, 2)" be
the set of sequences (un(w,x))n, w € O, x € 2, n € N, such that the mapping
T = up(w,x) is in C*(N) for a.e. w € O, and for every © € 2, un(-,z) is in LP(D).
Define:

£k 10 (D, 02) = {(un)n € EE(D,0) : (VK € 2)(Va € N, |a] < k)

Ga e ) (sup 07w )1 = 0% ) }.

NEAD,02) = {(un)n €EE(D,0) : (VK € 2)(Va € N, |a| < k)

(Vb € N) <§22 10%un (-, ) || e = O(n_b)> } .

Elements of the vector spaces 51’3/[’ 10 (9, 02) and NF, (9, 2) are called moderate
and negligible sequences of functions with values in LP(9), respectively. The elements
of the quotient space

Gro(D,02) = EN 1o (D, 2)/NFL (D, 02)
are called CSPs over {2 with values in LP(O).

Remark 2 Note that pathwise continuity does not imply LP-continuity and neither
does LP-continuity imply pathwise continuity. Counterexamples are given in Appendiz
C. In all definitions above we require pathwise continuity (a.e.) and pathwise differen-
tiability k times, but in general the mappings x — un(+, ) do not have to be continuous
or differentiable with respect to the LP-norm.

Another fact to note is that pathwise C*-smoothness for a.e. w € O can easily be
modified to obtain C*-smoothness for every w € O. Namely, there may exist at most
countably many sets An.o, n € N, a < k, of probability measure zero on which the
mapping T +— un(w, x) is not of class C*. Then A = Un,aAn,a 1S also a zero-probability
set and we can modify the representatives to be of class C* by letting un (w,z) =0 for
we A.

For the case k = oo, in the above definitions we will omit the superscript co and
use the notation G, (9O, £2), Gr» (O, 12) etc.
We note that the operation of multiplication is not closed in the vector space

E]I\C/I,LT' (Dv ‘Q)

Proposition 1 Let & € NU {oco} and %—l— % = L If (un)n € No(D,92) (resp.

Exr e (9,92)) and (vn)n € E(O, 2), then (unvn)n € N (D, 2) (resp. EF-(D,2)).

Note that the operation of differentiation is not closed in the vector space £ ]’f4 (9, 02),
k < co. Indeed, if (un)n € Exy.1»(O, 2) and a € N§, |a| < k, then there exists a € N
such that sup [|0°(8%un(w,z))||Lr = O(n®), for every 8 € N¢, |8| < k — |a|. There-
zeK

fore, (0%un)n € SjlfglLo,f‘(D, 0).
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Definition 3 Let Eaqe (O, 2) = (C5 (9, 2))" be the set of sequences (un(w,z))n,
w € D, x € 2, n €N, such that the mapping = — un(w,x) is in C*°(2) for a.e.
w € O, and for every z € 2, un (-, z) is in M*(O). Define:

Ent (D, 2) = {(un)n € Eam~(D,02) : (VK € 2)(Ya € NI)(¥s € N)
e ) (sup 1107 )l = 0" ) }.
N (D, 02) = {(un)n € Epm=(D,02) : (VK € 2)(Va € Nd)(Vs € N)

(o e ) (sup [0l = O ) }.

Elements of Epr,ame (O, 2) and N (9, §2) are called moderate and negligible se-
quences of functions with values in M*°(9), respectively. CSPs with values in M (O)
are defined as elements of

Grme= (9, 2) = Enr = (O, 2) [N (9, 2).

Note that Eape (O, 2) and Nag= (9O, 2) are algebras. NMag (9, 2) is an ideal in
Eme== (D, 2) and G (D, 2) is an algebra.

If elements of a sequence (ur, ) do not depend on z € £2, then the above definitions
reduce to the notions of moderate sequences of random variables (un)n € Enr,c(O)
or (Un)n € Enpr(D) or (Un)n € Enm,me~(O) and negligible sequences of random
variables (un)n € Nz (D) or (un)n € N (D) or (un)n € Naro (D). Elements of the
corresponding quotient spaces G, (9), Grr(9O) and Gae (D) are called generalized
random variables with values in £(9), LP(9D) and M (D), respectively.

Let p > ¢q. Then

5M,Loc(D,Q) — 5M,Moo(D,Q) — 5M7LII(D’Q) — SM,Lq(D,_Q) — SM,LI(D,Q),

Nipo(9D,02) = Nagee (9,02) = Nro (9, 2) = Npa (9, 2) = N (9, 2),

which means that a sequence (un)n determining an element of the left space deter-
mines the element of the right space (this is called canonical mapping) although the
mapping is not injective. Therefore, for p > g, there exist canonical mappings

gL"o(Da‘Q) - gM“’(Dv‘Q) - gLP(D7Q) - qu(Da'Q) - gL](Dv“Q)'
In [4] (Theorem 1.2.3, p.11), it has been shown that in order that an element

(un)n € Ep(£2) is in N (£2) it is enough to prove negligibility of its zeroth derivative.
The following result is a generalization of this fact.

Proposition 2 (un)n € Enr,rr (9O, 2) (resp. En,c(O, 2) or Eanr,pmo (9, 2)) is negli-
gible if and only if the following condition is satisfied:

(VK € 2)(Vb € N) (532 llun(, )| = O(n*b))
<resp. (for a.e.w € O)(VK € 2)(Vb € N) (sg}g 0% (-, )| = O(n™° ) or

(VK € 2)(Vs € N)(vb € N) (j‘g}’; 110%wn (-, 2)|||s = O(n*b)» .
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Proof. If (un)n € En,rr (9, 2) is negligible, then it trivially satisfies negligibility
of the zeroth order derivative.

Suppose that (un)n € Enr, e (O, §2) satisfies negligibility of the zeroth order deriva-
tive. By induction, it suffices to show that the same is true for (O, un)n for any
1<i<d Let K€ {2 and set § := min(1,dist(K,0)), K1 := K +§5/2(0). Since
(un)n € Em,nr (O, 2), there exists a € N such that sup ||8§iun(',$)||m = O(n") as

rE K,

n — oco. From the given condition it follows that for any b € N, sup ||un(-, 2)||r =
reE K,

O(n~ (@29 Using Taylor’s theorem, we obtain
Un (T + n*(a+b)€i) = Un (-, x) + O, un (-, x)nf(aer) + %ﬁiun(-, Ie)n—z(wb)7
i.e.
Oz, un (1) = (un(, o + n_(a"'b)ei) — un ()t — %@%lun(yxg)n_(a"'b),

where 29 = z 4+ On~(*tPe; € K for some 0 € (0,1). Therefore,

sup [|0z, un (-, 2)||lLr < <Sup [un (2 +n~ e Lo + sup ||un(w$)||Lv> n?*?
zeK zeK, €K,

1 _ _
+= sup H@iun(-,m)HLpn (a+t) < op?,
2x€K1

O

The notions of generalized expectation and generalized correlation function of

CSPs u with values in LQ(D) are recalled in Appendix B.2. In the sequel we will use

this phrase if u € Gr2(9D, £2) or G (9, 2). In the cases where it is important for k to
be specified, we will do that.

3 Generalized point values of Colombeau stochastic processes

Generalized point values of Colombeau functions are introduced in [1]; see Appendix
A.2 for the definition of the set of compactly supported generalized real numbers
R. and compactly supported generalized points Q.. Now we introduce in a similar
manner the notion of a generalized point value of a CSP with values in £(9), in L?(O)
or in M°° (D), respectively.

Proposition 3 Let u = [(un)n] belong to G2 (9, 2) or Grr(9,02) or Gae (D, 02).
Then, for fized & = [(zn)n] € ¢, w(w, &) = [(un(w,2n))n] is a generalized random
variable in G (O) or Grr (D) or G (D). It is called the point value of u (in L(O)
or LP(D) or M> (D)) at the generalized point & € (..

Proof. Since = [(zn)n] € ., there exists some K & {2 such that z, € K for
all n € N. If u = [(un)n] belongs to G, (9O, 2), then by definition un(w) = un(w, zn),
w € 9, is a measurable function on O for any n € N. Also, for a.e. w € 9, it holds
that

|un(W)] = [tn(w, zn)| < sUp fun(w, z)| < Cn?,
rzeK
for some a € N and therefore (un)n € Err,c(O). If u = [(un)n] belongs to Grr» (O, 2)
or Gae (9, £2), then in a similar way it can be shown that (un)n belongs to Eas,r» (O)
or SM,Moc (D)



Probabilistic properties of generalized stochastic processes 7

Let § = [(yn)n] € 2 such that & ~ 7, i.e. |zn — yn| = O(n~™) for any m € N. If
u € G (9, 12), then for a.e. w € O there exists a € N such that sup, ¢ i [Vun(w,z)| =
O(n®). Let us show that u(w,Z) — u(w,y) € Nz(9). For arbitrary m € N, we have

1
i (0, ) — (@, )| < |7n — 9] / IVt (@, 2 + 0 (yn — 2n))| do
0

< Cin~ Mt oyt = Cn™™,

for a.e. w € O, since the point xp + o(yn — Tr) remains within some compact subset
of 2.

Ifu € Grr (D, 12) (the proof can be conducted in a similar way if u € G (9, £2)),
then there exists a € N such that sup,c g [|[Vun (-, 2)||Lr = O(n®). Using the general-
ized Minkowski inequality, we obtain

[un (s @n) = un (s yn)llLr <

< |Zn — Yn| [/ ’/ |Vun(w, zn + 0(yn — zn)| do

ar()|’

P

1

<fen—tal [ [ 1Vun i+ ot ) aPe)] do
0 O
1

—fon = vl [ [VunCn + 0 = 20|10 do
0

1
< Cln—(m+a)02na/ do
0
=Cn™ ™,

for arbitrary m € N. Therefore, u(w, ) — u(w,§) € Nrr (D). O

3.1 Measurability of Colombeau stochastic processes

In the definition of CSPs we required measurability of each representative wun (-, x)
i.e. un(w,x) is a classical stochastic process for n € N. We also required pathwise
smoothness or that a.e. path  — un(w,z) is of class C*. This implies also the joint
measurability of the mappings (w, ) — un(w, z) in O X £2. Note that by Remark 2 we
can assume that the representatives w, (w, z) are defined and of class C* for all w € ©.
In this section we will prove another fact, that the processes obtained by considering
generalized point values of CSPs are also measurable in the appropriate sense.

Let the algebra of generalized numbers R. be endowed with the topology generated
by the sharp open balls; see Appendix A.3 (also [7,9]). Let & € 2. and w € O. Similar
to Proposition 3 one has that (un(w,2n))n belongs to Ryy.

Proposition 4 Let u = [(un)n] belong to Go(9,2) or Gre(9,2) or Gume=(9, 2).
For fired & € (2. the mapping (O,4U) > w — u(w,Z) € (Re,B(Re)) is measurable,
where B(R.) denotes the Borel o—algebra generated by the sharp open balls of R..

Proof. Let O = L((yn)n, k) = {[(zn)n] € Rc: limsup,,_, . [yn ,zn|(logn)—1 <k
be an open ball in R.. Then,
u ' (,7)(0) = {weD: uw,i) € 0}
={w € O : limsup |un(w,zn) — yn|(logn)*1 <k

n— oo

= {w €D : |un(w,zn) — yn| < n'°8F for all n > ng for some ny € N}

U ﬂ {w €D : [um(w, Tm) — ym| < m'°5*}.

n=1m=n
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This is a measurable set. O

Remark 3 Note that the Borel c—algebra generated by the sharp open balls is smaller
than the Borel o—algebra generated by the sharp topology in Rc. This is a consequence
of the fact that R is not separable. This fact was also observed in [7]. We show this
in the next example.

Example 1 Let O = R be endowed with the c—algebra 3 of Lebesque measurable
sets. Consider u : O — R. represented by un(w) = w, n € N, i.e. the standard
embedding of R into R.. Then u is not measurable with respect to the Borel c—algebra
generated by the sharp topology. Let us show this. Take a set E C R = O which
is not Lebesgue measurable. Denote by L(&,p) the sharp open ball with center & =
[(zn)n] € Re, i.e. the equivalence class of elements § = [(yn)n] € Re such that
lyn — xn] < n7P, n — oo, for p > 0. Take T = wu(wo) for some wo € O. Then
u N (L(Z,p) = {weD:|w—wo| <nP,n— o0} = {wo} is Lebesgue-measurable,
which is in compliance with Proposition 4.

On the other hand, the set V = | g L(u(w),p) is open in the sharp topology,
but u= (V) = E is not Lebesgue measurable. O

4 Generalized characteristic functions of CSPs

Every classical stochastic process u is uniquely defined via its finite-dimensional distri-
butions, while those are uniquely defined via their characteristic functions. Thus, the
information about E(eit(“("m])’“("”)"”’“(""E’"))), m € N, provides enough to deter-
mine the process itself. In this section we will introduce the concept of characteristic
functions for Colombeau stochastic processes. For technical simplicity we will consider
only the one-dimensional distributions E(eit“(”z)), but one can easily carry out the
proofs also for all finite-dimensional distributions.

4.1 Generalized characteristic functions of CSPs in G (9D, £2)

Let u = [(un)n] be a CSP with values in M (). Let us show that (E(e?t“"("w)))n €
Er(R x £2). Using that the paths are smooth, it can be shown that (E(e'*%»(®))),
E(R x 2). We prove moderateness. Let K1 = [—to, to] x K, where K € {2 and o € R.
Thus,

k ity (-, k k k
sup [OFE(e"™ ™) < sup [Jun(,2)||5x < sup [[|lun(,2)||[F < Cn®*,
(t,x)e Ky zeK rzeK

for some a € N, since (un)n € Epm,me (D, 2). The mth order derivative with respect
to the variable x of E(e’*“»(~®)) is a linear combination of members of the form
E((uﬁf”(,x))kl Cas (ugf”)(-,x))kSBit“"("’”)), where i1k1 + ... + isks = m. So the
proof of moderateness is the same as for E((ul, (-, z))™e"%n(2))

sup
(t,x)eEKy

/ (un (w,2))* e aP(W)| < sup [Jun|fe < sup [|lualF < O,
O reK reK

for some a € N, since (un)n € Epr,pme (9, 2). (Here and henceforth u;, denotes some
first order derivative of u,.) In a similar way we estimate the mixed derivatives.

Let u = [(un)n] be a CSP with values in M*°(9). Suppose that (v )n is a negli-
gible sequence of function with values in M (9). Let us show that (E(e?(4n+vn)y
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E(e™n)),, is a negligible sequence of functions. Let b € N be arbitrary. Using the
mean value theorem we obtain

sup E (eit(un+vn)(~,m)) _E (eitun(~,m)>‘ < sup / ‘eztvn(w ,x) 1‘ dP(w)
(t,x)e K, (t,x)eEK,
< sup |t|/ [on (w, )€™ | dP(w) < Csup/ |vn (w, x)| dP(w)
(t,x)EK, O zeK
=0(n™"),

where 0, lies on the segment (0,¢) (or (¢,0)). We proved the negligibility of the zeroth
derivative and by [4] this is sufficient. Therefore, [(E(e'*“»(+®))),] does not depend
on the representative and it is a well-defined element of G(R x 2). This enables us to
introduce the next definition.

Definition 4 Let u = [(un)n] € Gamee (O, £2). Then
Lu(t,0) = [(Lu, (t,2))a] = (B CP))] € GR x 2), t€ R,z € 2,
is called the generalized characteristic function of wu.

The generalized characteristic function L, (t,z) of a CSP u € Gume (9D, 2) is
positive-definite in ¢ for every x € (2. The proof is the same as the well known
one for the classical characteristic function.

Note that if u = [(un)n] is a CSP with values in M (D), then L, (t,%) =
E(e®®™:®) for every & € 2. and i € R.. Hence, we have L(0,#) = 1 (where
0 = (0,0,0,...,0,...), T = (1,1,1,...,1,...)) for every & = [(zn)n] € (2, since
L, (0, xn) = l for every n € N.

4.2 Embedding results

Let u(w,z), w € O, = € 2, be a stochastic process such that u(w,-) € Li,.(£2) for
a.e. w € O. Moreover, assume that u(-,z) € M (9) for every x € 2. Let (kn)n be
a sequence of smooth functions supported by 2_;,, = {a: SO d(m,]Rd \ 2) > %} ,
n > no, such that kK, =1 on {2_y/,, n > no. The embedding of u into the Colombeau
algebra G~ (9, 2) is given by u +— [(un)n], where

un (W, ) = (urn * @n)(w, 2) = (u* en)(w, ),

(cf. (1) for the definition of ;) for sufficiently large n; see Appendix B.1. One can
prove that the sequence of characteristic functions (Lu, (¢, %)), = (E(e®%(:2))),, is
in Epm(R x £2). (It would not hold without the assumption u(-,z) € M>(9).)

Remark 4 Let u(w,-) € Li,.(2) for a.e. w € O and assume that u(-,x) is a measur-
able function for all z € 2 and belongs to M>(O). Then C5°(£2) 3 ¢ — [u(-, z)¢p(x) dx
is a strongly continuous mapping C3°(£2) — LP(O), p > 1; see Appendiz B.1.

Proposition 5 Let ¢ € Cy<(9D,§2) and assume that sup,c g 6 (-, z)||r <

for every a € Ng and every K € 2. Let ¢n(w,x) = (Pp(w,-) * pn(:))(x), z € £,
w € 9, for sufficiently large n. Then (¢n(w,))n — (¢(w,2))n € N (O ,.Q) and
(Lo, (t,2))n — (Ly(t,2))n € N(R x £2), where (¢)n is a constant sequence.

Proof. One can prove easily that (¢n(w, x))n—(d(w, ))n € Ev,m= (O, 2). Hence,
for the proof of negligibility, by [4], it is enough to prove the negligibility of the zeroth
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order derivative. For simplicity of exposition, we work out the case d = 1 only, i.e.,
2 C R. First,

(e, 2) — 6l @)1+ =
1/p
sup ( /. |<¢<w,->wn<->><x>—¢<w,m>|pdp<w>)

o /ﬂ (¢ (w o= 2) = 6(w,)) w(z) dz ’ dP(w))l/p

sup </
1<p<s \JO

By Taylor’s formula and the fact that [ zkcp(z) dz = 0 for all k£ € N, the inner integral

equals
/Q (li ¢(k)](:,x) (_%)k . P® (w,;— ) (_i)b) o(2) dz

k=1 ’
_ /!*2 ¢(b) (w,;f!—en%) (—E)b@(z) d

n

where 0 < 0,, < 1. By Minkowski’s inequality,
[l (w, z) — ¢(w, )]s

1 z
< — ®) — O~
< s g | ([ ]o® (wo-0.%)

The points z — 0, =, n € N, remain within some compact set. Since by assumption

p 1/p )
dP<w>> 12l (2)] .

#® is uniformly bounded on compact sets with respect to the LP-norm, it follows
that the above expression is uniformly bounded by Cn~" on every compact set for
every s € N and for every b € N (C depends on b and s).

The fact that (Lg, (t,2))n — (Le(t,2))n € N(R X £2) is proven along the same
lines. O
Proposition 6 If f € Cype~ (9D, 12), then [(L«yp, (t,z))n] is associated to the Colo-
mbeau generalized function with representative (L¢(t, ) * on(-))(z), t € R, z € (2.

Note that if f € Cap< (D, £2), then the mapping x — f(w,z) is in C(£2) for a.e.
w € O, and for every z € 2, f(-,z) is in M (D).

Proof. Let 0(¢,z) € D(R x £2). Then

/ (Lpwg, (t,2) = (Lp(t,-) % on(-)(2)) O(t, ) didz =
Rx £

:/ </ eitfmf(w,xfy)wn(y)dydp(w)
Rx 2 O

- / / @ e=v) o () dy dP(w)) 0(t, z) dtdz
o Jr
= / / (e“ e fwz= (=) dz _ / @ e 4(2) dz) 0(t,z) dP(w) dt dz,
Rx 2 JO R

where we used Fubini’s theorem and a change of variable ny = z. Now, letting n — oo
we obtain by the Lebesgue dominated convergence theorem that

lim (Lf*tpn (t7 x) - (Lf(t7 ) * ‘p"())(x)) Q(t, x) dtdx

n— 00

R
L.
J.
0.

— < it [p fw,a)p(z)dz _ / @) (2) dz) 0(t, ) dP(w) dt dx
R

(e

X 2
.
).

it (we) Jpp(2)dz _ pitf(w,2) / o(z) dz) 0(t,z) dP(w) dt dz
R
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4.3 Generalized characteristic functions of CSPs in gf,w (0, 92)

Suppose that k < p. We will consider elements of gfk,, (D, ).

Proposition 7 If (un)n € 55&7“,, (9, 2), then (e¥r(«®)), 511317” (O,R x 2) and
(E(etvn G2y, € (R x 02).

Proof. Denote Ki = [—to,t0] X K, where K € {2 and to € R. Note that the
derivative of order m < k of et4n(@:T) ig 4 linear combination of members of the form
(u%l)(w, z))F. .. (ung)(w, z))*e ettun (@) where i1k1 4 ... + isks = m. For example,
for the member (u/, (w, z))*e®"(“*)  we have

1

p

Uﬁ%wmﬁmW”%WY=K/MMMW~MWMPW
O O

k

= (/ m;a¢aﬂfkdp)kp”'</)w;o¢aﬁfkdp)kp=|w;cﬂwnim.
O O

k

Now, using (un)n € gzl\cd,Lk:p(D, 2), we obtain that
sup | (ur (-, 2)) e | = O(n?),
(t,x)eK,

for some a € N. In a similar way we estimate higher order derivatives. Hence,
(etun(w®)y e 8 1o (O, R x Q).

Using that the paths are of class C, it can be shown that (E(e*(+?))), ¢
EF(R x ). Let j, k € N such that j 4 [ < k. Using the previously proven estimates,
we obtain

sup |9]OL B M) < sup  [|9]ke 7|, < O,
(t,x)e Ky (t,x)EKy

for some a € N. Therefore, (E(e™*"(+®)),, € £F (R x 2). O
Proposition 7 enables us to introduce the next definition.

Definition 5 Let u € Gy, (9, 2). Then
Lu(t,2) = [(Lu, (t,2)n] = (B ), € MR x 2), teR, 2 €,

is called the generalized characteristic function of wu.

4.4 Calculating the expectation and correlation function.

The generalized characteristic function determines the process, thus both the expec-
tation and the correlation function can be retrieved from it, as well as all the higher
order moments that exist. For the purpose of the second moments (i.e. the correlation
function) we will denote by

Lu(tv s;x,y) = E(ei(t,S).(U(',1)’u('7y))) = E(eitu(',m)eisu(~,y))7 t,s € R, T,y € Q»

the characteristic function of the joint distribution of the random field (u(w, x), u(w, y)).
Here . denotes the scalar product in R2.
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Theorem 1 Let u = [(un)n] € Gt (D, 2), resp. u € Grup (O, 02), for k>1,p>2,
and let Ly (t,z) € G(Rx12), resp. Ly (t,z) € G¥(Rx £2) be its generalized characteristic
function. Furthermore, let Ly (t,s;,y) € G(R? x 2%), resp. Lu(t,s;xz,y) € GF(R? x
2?), be the characteristic function of the joint distributions.

Then, the generalized expectation m € G(£2), resp. m € G*(2) satisfies

1d
m(z) =1 aL w(t, ) |t=0.

The generalized correlation function B € G(2 x ), resp. m € G¥(£2 x 2) satisfies

d d
B(.Z‘, y) = _77Lu(t7 85, y)'(t,s):(0,0)‘

dt ds
Proof. Let u be given by the representative [(un(w,x))rn]. Then, dtLun (t,z) =
%E(eitun(-,w)) = E(itn(-, z)e’*"®)) and thus %Lun (0,2) = iE(un(-,x)) = imn(x).
Similarly,

d d dd_ .
——La, (t,s; = &2 peitun(m) gisun(y)
dt ds n,( as7xay) dt ds (6 e )
= —E(un(-, 2)un(-,y)e n o tsun )y
and by smoothness of the representatlves Ed ar. (t s;x,y) = Czis c(lit Lu, (t,s,2,y).
Now, 4 Lu, (0,03, ) = —E(tn (s 2)tn () = —Bn(2,0). 0

4.5 Examples of the generalized characteristic function

The definition and the basic assertions related to Gaussian CSPs, abbreviated as GC-
SPs, are given in Appendix B.3. We provide in this section examples of the generalized
characteristic function related to GCSPs.

Example 2 Let us compute the generalized characteristic function of a GCSP u =
[(un)n] € Gr2(O,R). Let B = [(Bu,)n] € G'(R?) be the generalized correlation func-
tion of u determined by a Gaussian representative (un)n. According to Appendiz B.3,
the distribution function of uy is

2

/ ex <—87) ds
\/27rBun x, ) P 2By, (z,x)

Pun(w,z) € (—o0,b)) =
so we obtain
Ly, (t,z) = / ettun(w:e) dP(w) = exp (—%Bun (x,x)tQ) .
R

Therefore, the generalized characteristic function of a GCSP u is

Lu(t,z) = exp (—%B(z,z)t2> € GL(R?).

O

Example 3 White noise w = [(wn)n] € Gi2(O,R) is a GCSP with zero gener-
alized expectation and with a representative of the generalized correlation function
By, (z,y) = on(z —y), x,y € R,n € N; for details see [8]. Since B, (z,x) =
on(z — ) = pn(0), we obtain Lu, (t,z) = exp (—3¢n(0)t?), n € N. O
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5 Characterizations of the generalized correlation function

It is known from [5], that all Schwartz distributions are in fact of the form

63 [ fa0ods, e ci(@),

where the sum is locally finite, i.e. on every compact set there are only a finite number
of continuous functions f, which do not vanish identically.

In this section we will assume that the generalized expectation of a given process
equals zero.

Let & be a distributional stochastic process on §2 C R?. We refer to Appendix B.1
for the definition of the associated CSP Cd(§) = [(un)n], where uy, = kné*@n, n € N.

5.1 Structural theorems

Denote Qo = {(z,y) € 2x2: z#ytand Do = 2x 2\Q ={(z,y) € 2x 2 : z =
y}. In the case 2 = R?, we use notation Q = {(z,y) € R?*? : z # y} and D = R?*?\ Q.

Theorem 2 Let B = [(Bn)n] € G(§2 x 2) be a generalized correlation function which
corresponds to a CSP u = [(un)n] over 2 with values in L*(9) such that u = Cd(£),
where € is a distributional stochastic process on (2.

a) Let F € D'(£2 x 2) be the correlation functional of €. Then B is given by
B = Cd(F).

b) B(#,§) = 0 for all (£,§) € (Qq)e, if and only if F is concentrated on the
diagonal x =y, i.e. suppF C Dg,.

¢) If B(&,9) = 0 for all (%,7) € (Qq)e, then B is associated to a generalized
function which has a representative of the form

B (z,y) = / S R @ - )o@ —s)ds, myeR, (@)
2 keN,

where for every n € N only a finite number of continuous functions R; i are different
from zero on any compact subset of (2.

Proof. a) Let us show that B = C'd(F). We have

Buteon) = [ ([ maos)puta=s)as) ( [ mntolentionty - ar) ap
-/ /Q  a(s)n(Bpn(a = )gnly 1) ( /D E(w, $)€(w, 1) dP(w)) dsdt
- //erz Ko (8) ke () F (3, ) (& — 8)om(y — t) dsdt

= (Iﬂ:n(ﬂj’)fin(y)F(I, y)) * 0n (7)o (y).

b) We know that supp B = supp F' for embedded distributions. Now, F' =0 in Qg
is equivalent to B = 0 in @ and Theorem 3 implies the statement.

¢) From a) and b) we have B = Cd(F) and F is concentrated on Dg,. The
generalized function F' has the form

aj+k
Fo :/ Qs y) =2 0(z, y)dzdy, 6 € D(2x Q),
o QXQj,kZGNO 30 ) gy (52 ( )
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where the Q; x(x,y) are continuous functions, only a finite number of which are dif-
ferent from zero on any compact set of 2. Since F' is concentrated on the diagonal
Dy, we obtain that

(F,0) /ZR, (88;;; (w,y))

7,k€Ng

dzx,

=y

where we have put R; 1 (x) = Qjx(z,z). The form of F over R? was mentioned in [2],
page 287. A version of this theorem is also given in Theorem 2.3.5 in [5] for compactly
supported distributions. We apply the quoted result of [5] but rewritten in the form
of [2].

Put

@u) = [ 3 Roa@el @ = )el = s)ds, mye 2 neN.
7,k€ENg

We will show that [(By)n] ~ F, from which it will follow that [(B;,)»] = B. For any
¢ € D(12 x £2) we have

//an By (2,y)¢(z, y)dzdy =
= > n ///anxn ik (s )g? ¢ (n(z — ))Gayk’“@(n(ys))fﬁ(%y)dxdyds

7,k€Ny
§ith
= 30 [, g BRI 0= 0l =) ot s

where we applied partial integration in the last step. Now, with ¢ = n(z — s), z =
n(y — s), we obtain

//QX % By (z,y)p(x, y)dedy =

= > ///QXQXQ i (8)p(t)p(2)A (S-i-%,s—i-%)dtdzds,

J,k€Ng

ok
where A(s +t/n,s+z/n) = agjiaykgb(m, Y) |lo=stt/n,y=st2/n-
Letting n — oo we obtain by the Lebesgue dominated convergence theorem that

//Qx(z B (z,y)o(x,y)dzdy  — [oet)dt [ p(2)dz [ 37 ren, Bik(s)A(s, s)ds

oItk

= f() j,keNO k(8 )ax]ayk¢($ Y) le=y=s ds = (F,¢).
Thus, [(B};)n] = F. Since B = Cd(F) = F, it follows [(By,)n] =~ B. O

Proposition 8 Let B = [(Bn)n] € G(£2 X £2) be a generalized correlation function
of a CSP u = [(un)n] over §2 with values in L2(~D). Suppose that B is associated to
FeD(2x Q). If B(Z,9) =0 for all (Z,9) € (Qg)ec, then

a) F is concentrated on Dg,

b) B is associated to a generalized function which has a representative of the form

(2).
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Proof. a) Let B~ F, F € D'(2 x ). Let B(z,§) = 0 for all (&,7) € (Qg)e. By
Theorem 3, B|QQ =01in G(Qg). In particular, sup(, ,yex |Bn(z,y)| — 0 as n — oo,

for every compact subset K of Q. We prove that F' is concentrated on the diagonal,
ie. (F,0) =0 for all 0 € D(§2 x 2) with supp8 C Q. Indeed, for such 6,

(F,0) = lim //ﬂ Y By (z,y)0(x,y)dzdy = 0.

b) From a) it follows that F' is concentrated on Dg,. The rest of proof is analogous
to the proof of Theorem 2 c). |

5.2 Examples of the generalized correlation function of GCSPs.

The following example shows that if B = [(Bn)n] € G(£2 X £2) is a generalized cor-
relation function of some GCSP and B is associated to F' € D'(£2 x £2) which is
concentrated on the diagonal D, then it does not necessarily follow that supp B C D..

Example 4 Let ¢ € S(R) be a positive-definite function such that [¢(z)dz = 1.
Define By (z,y) = neo(n(z — y)) + %, z,y € R, n € N. Since the sum of two positive-
definite functions is positive-definite, it follows that B = [(Bn(z,y))n] is positive-
definite; see Appendix A.4. It is known from [8] (Theorem 4.8, p. 267), that B is a
generalized correlation function of some GCSP with zero generalized expectation.

Let us show that B is associated in G(R?) to the Dirac delta distribution &(z —y).

Using the change of variables, t = n(x —y), y =y, we obtain

//11@2 B (z,y)¢(z,y) dedy = //R2 <50(t) + %) ¢ (% + y,y) dtdy,

for any ¢ € D(R?). Now, letting n — oo we obtain by the Lebesgue dominated con-
vergence theorem, Fubini’s theorem and properties of the mollifier function that the
latter expression converges to [, ¢(y,y) dy.

We have supp B = R? and suppd(z —y) = D. O

The following example shows that there exists a GCSP which does not have a
distributional shadow and which has a generalized correlation function that does not
have the form (2).

Example 5 Let B = §%(x —y) € G(R?) be the Colombeau generalized function with
the representative By, (z,y) = ¢2(z—y) = n*¢*(n(x—y)), n € N, where o € S(R) is a
positive-definite function such that [, o(x)dx = 1. Since 6%(xz —y) is positive-definite,
it follows that there exists a GCSP u = [(un)n] whose generalized expectation is zero
and generalized correlation function is B; see Appendixz B.3. This is an example of
a GCSP which is not associated with any element of L(D(R),L*(D)), i.e. it does
not have a distributional shadow. Clearly, By is supported by the diagonal D, thus
B(Z,9) = 0 for all (Z,7) € Q.. We will show that B does not have the form (2), i.e.

(Bn(z,y), (x)¥(y)) #
# </R D Rik(s)e? (@ — s)pl (y — s) ds, ¢($)1/)(y)> : (3)

J,k€Nog

for ¢, € D(R). We have

(Bala) o@v) =n [ 00 (L +v) v aay,
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where we used the change of variables t = n(x — y), y = y. Now, by letting n — oo
we obtain that the latter expression converges to infinity. Only a finite number of the
functions Rjj are different from zero, so the sum on the right hand side of (3) is
finite, and it converges to the finite value

J,

as n — oo (see the proof of Theorem 2). O

aj+k
> Rj,k(S)Wab(w,y) lomy=s ds

j,k€Ng
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A Notes on the Colombeau algebra

A.1 Colombeau algebra

In this Appendix we recall the basic notions from the theory of Colombeau generalized functions.
More about the Colombeau theory can be found in [1,4,10]. The notation a, = O(bn) means
that an < Cbyp, n > ng, for some constant C' > 0 and ng € N. Elements of £(£2) = (C=(£2))N
are called sequences of smooth functions and denoted by (un)n. The space £(£2) endowed with
componentwise operations is a differential algebra. Denote by Ex/(£2) the vector space of sequences
(un)n in E(£2) with the following property: for every compact set K € {2 and for every o € N¢
there exists a € N such that sup |0%un(x)] = O(n®). Elements of £y/(f2) are called moderate
zeEK

sequences of functions. Let N'(£2) be the vector space of sequences (up ) in £(£2) with the following
property: for every compact set K € {2, for every a € Ng and for every b € N it holds that
sup |8%un (z)| = O(n~?). Elements of A'(§2) are called negligible sequences of functions. Note that
zeK

Enm(92) is a differential algebra with pointwise operations. It is the largest differential subalgebra
of £(£2) in which N(£2) is a differential ideal.

Remark 5 In the definitions above we can consider also functions with continuous derivatives
up to kth order instead of smooth functions and thus obtain the spaces EF(£2), “);f/[((l)7 NFk(02)

and G*(92).

Let T € £'(£2) be a compactly supported distribution. Then T' < Cd(T) = [((T * ¥n)|2)n] =
(T *pn)|2)n +N(£2) defines a linear embedding of £’ (£2) into G(£2); see [9,10]. Since the presheaf
2 — G(£2) is a sheaf, it follows that the above embedding can be extended to an embedding of
D'(£2) and C>® () into G(£2) for any open set 2 C RZ.

Apart from equality, there are other useful (weaker) equivalence relations in the Colombeau
algebra G(£2). Recall that v = [(un)n] and v = [(vn)n] are associated, denoted by u =~ wv, if
lim / (un(z) — vn(x))@(x) de = 0, ¢ € D(£2). Similarly, v = [(un)n] € G(£2) is associated

7]

n— oo
with an element f € D'(£2), if ILm / un(z)p(z) de = (f,¢), ¢ € D(£2) (in this case f is called
n oo 0

the distributional shadow of u). Not all elements of G(£2) have a distributional shadow. Genuine
Colombeau generalized functions, as 62 = [(¢2 )], are not associated with any distribution.

An equivalence relation between association and equality is equality in the sense of distribu-
tions [1]. Two elements u = [(un)n] and v = [(vn)n] of G(£2) are called equal in the sense of
distributions, if [, (un(z) — vn(z))¢(z) dz € N(£2) for every ¢ € D(£2).

The restriction u|gp, € G(§2') is defined as [(un|)n]. The support of u = [(un)n] € G(£2) is
defined as suppu = (U{$2' C 2 : 2/ open, u|n = 0})°.

A.2 Generalized constants and generalized point values of Colombeau functions

Let Ear = {(rn)n € RN ¢ (Fa € N)(Jrpn| = O(n®)} and N = {(rn)n € Enr : (Vb € N)(|rn| =
O(n~?))}. Then R = £py/N is called the algebra of generalized constants; see [1,4]. Note that R
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can be embedded into R by r — (r)n + N. Let u = [(un)n] € G(£2) and zo € 2. Then, by [1],
[(un(z0))n] € R is called the point value of the generalized function u at zg € £2.

Let 2y = {(zn)n € OV : (Fa € N)(|zn] = O(n®))}, and define the equivalence relation
~ by (@n)n ~ (Yn)n < (Vb € N)(|zn — yn| = O(n~?)). The quotient space 2 = 27/ ~
is called the set of generalized points. Especially, for {2 = R we obtain the set of generalized
constants R = R/ ~ = R. The set 2. = {Z = [(zn)n] € 2: 3K € 2)(zn € K)} is called
the set of compactly supported generalized points; see [4]. For 2 = R we write Re = Re. If
w = [(un)n] € G(2) and Z € 2, then u(Z) = [(un(zn))n] € Re and it is called the point value of
u at the compactly supported generalized point & € flc; see [4].

Theorem 3 [4] Let u = [(un)n] € G(£2). Then u =0 in G(£2) if and only if u(Z) =0 in Rc for
all & € 2.

A.3 The sharp topology

Omitting the general construction of the sharp topology on G(£2), we give its construction on R..
Let (fn)n € RY and [|(fn)n|| = limsup,, o |fn0%6™ " Denote Exr = {(fa)n € RY : [|(fa)n]l <
oo}, N = {(fu)n € En : [[(fa)nll = 0} and £§; = {(fn)n € Em : (3K € R) (fn € K)}. Then
R = En/N is the algebra of generalized constants and R, = EY /N is the algebra of compactly
supported generalized constants. The mapping de : £§;, xE5; = R, de((fn)n, (gn)n) = |(fn—gn)nll
is an ultra-pseudometric on £f;, and the mapping de : Re X Re — R, Jc([(fn)n], [(gn)n]) —
de((frn)n, (gn)n) is an ultrametric on R.. The topology defined by d. is called the sharp topology
on R.. The sharp open balls of R, are of the form

L((fn)n7k)) = {[(gn)n] € Re: lizfljolip ‘fn —Qn‘aOgn)_l < k}

A.4 Positive and positive-definite Colombeau generalized functions

We recall the notions of positive and positive-definite generalized functions from D’(£2); see [2].
An f € D/'(R) is positive, f > 0, if (f,¢) > 0 for every ¢ € D(2), ¢ > 0. An f € D'(R?) is
positive-definite if (f, ¢ * ¢*) > 0, where ¢*(z) = ¢(—x), ¢ € D(R?).

Recall, [11], a Colombeau generalized function f € G(£2) is positive, f > 0 in {2, if and only if
there exists a representative (fn)n of f such that for every a > 0 and K € {2 there exists ng € N
such that infycx fn(z) + n=% > 0, n > ng. If this inequality holds for some representative, it
holds for every real representative of f. In [4] it is proved that f > 0 if and only if there exists a
representative (fn)n such that fn(z) > 0, € £2, n € N. Moreover, by [11] we have f = [(fn)n] €
G(£2) is D'—weakly positive if for every ¢ € D(£2), ¢ > 0, z5 = [(fRd Fn()o(t) dt)n} > 0. If
f=1(fn)n] € G(£2) satisfies f > 0 and f < 0, then f = 0. Also, if f = [(fn)n] € G(£2) satisfies
f > 0and f <0 D'—weakly, then f = 0 in the sense of distributions. Let f € D’(£2). Then, by
[11], we have that Cd(f) is D’'—weakly positive if and only if f is a positive distribution.

Following [11], we say that f € G(R?) is positive-definite on R? if it has a representative (fn)n
such that

(VK € RY)(Va > 0)(3ng € N)(V(1,...,¢m € C)
m
inf —xj R > > no.
a:k,laznjeKkél(fn(mk z;) +n”*)C¢ >0, n>mng
Recall from [11], f = [(fn)n] € G(RY) is D’'—weakly positive-definite if for every ¢ € D(R?),
2y = [( Joa (86 ¢* (1) dt)n] > 0. Let f € D'(RY). Then, by [11], Cd(f) is D’'—weakly positive-
definite if and only if f is a positive-definite distribution.

Positive-definite generalized functions are in connection with translation-invariant positive-
definite bilinear functionals; see [2]. A real bilinear functional B(¢, 1) on D(R?) is positive-definite
if B(¢,¢) > 0 for all ¢ € D(R?). Let B(¢,1) be a positive-definite bilinear functional on D(RY).
Recall, [2], if ¢1,. .., dm € D(RY) are linearly independent functions and (1,. .., ¢m € R, then with
P = >, Cids, we obtain Z?,j:l B(¢i, $5)¢i¢; = B(,) > 0. Every real translation-invariant

bilinear functional on D(R%) can be written in the form

B(¢,9) = (F(z —y), p(2)¥(v)), (4)
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where F is a generalized function in D’(R%). Moreover, B(¢,) is positive-definite if and only if
the generalized function F, which corresponds to B via (4), satisfies (F, ¢ x ¢*) > 0, i.e. F is also
positive-definite.

Recall from [11], an element B € G(£2 x £2) is D’ —weakly positive-definite if it has a represen-
tative (Bn)n such that for every ¢ € D(12),

K/Rd Bn(z,y)é(z)¢(y) dady > 0) } >0.

n

B Notes on Colombeau stochastic processes

B.1 Embeddings of distributional stochastic processes in CSPs

Recall from [8], £ : C§°(§2) x LP (D) — C is a generalized functional stochastic process (or distribu-
tional stochastic process) if the mapping ¢ — £(¢,-) is a strongly continuous mapping of C5°(£2)
into LP(9).

Let & be a distributional stochastic process on (2. Denote by (kn)n a sequence of smooth
functions supported by £2_; /, = {z € ©2: d(z, R\ 2) > %} , M > ng, such that k, =1lon 2_3/y,
n > ng. Then the assignment £ — u = [((kné)(w, on(x —)))n], w € O, z € 2, n € N, defines
an embedding of the space of distributional stochastic processes £ into the space of Colombeau
stochastic LP(O)—valued processes Grp (O, 2); see [8]. We use the notation u = Cd(§).

If ¢ is compactly supported, then we may take &, (w,z) = &(w,pn(z — 1)), w € O, T € £,
n € N.

B.2 Generalized expectation and generalized correlation function of CSPs with
values in L?(D)

We now recall results from [8]. Let u = [(un)n] € Gr2(D,2). The generalized expectation
of u is an element m of G(§2) with representative mu, () = E(un(-,z)), € 2, n € N.
The generalized correlation function of u is an element B of G(£2 x (2) with representative
Bun (:c,y) = E(uﬂ('vx)u"('7y))7 z,y € 2, neN.

Let ¢ be a distributional stochastic process. Suppose that u = [(un)n] is the corresponding
element of G2 (9O, £2) which is defined in Appendix B.1. Then the representatives of the generalized
expectation m = [(Mmu,, )n] and the generalized correlation function B = [(Buy,, )n], as well as the
process u = [(un)n] itself, depend on the choice of the mollifier function. However, they define
elements of the Colombeau algebra which are equal in the sense of distributions.

It is shown in [8] that 9%my, (¥) = maay, (), = € 2, n € N and 9595 By, (z,y) =
Baaun (xvy)v T,y € Qv n €N

The generalized correlation function B = [(Bu,, (z,y))n] is weakly positive-definite, i.e. it has
a representative with bilinear positive-definite functionals. Furthermore, its generalized covariance
function C € G({2 X 2) with the representative Cy,, (z,y) = Bu, (z,y) — mu,, (€)M, (y), T,y € {2,
n € N, is weakly positive-definite.

Remark 6 Considering only derivatives up to order k instead of smooth representatives, we
obtain elements [(Mu,, )n] € G*(2) and [(Bu,, (z,y))n] € G*(2 x 0).

Remark 7 A word on terminology. In the spirit of [2], we use the term correlation function
for the noncentered expression By, (z,y) = E(un(-,2)un(-,y)) and covariance function for its
centered counterpart Cy,, (z,y) = Bu, (z,y) — mu,, (x)Mmu,, (y) throughout the paper.

B.3 Gaussian Colombeau stochastic L?(9)-valued processes

We recall from [8] the basic assertions related to GCSPs with values in L2(9). This concept
originates from the corresponding one in distribution theory; see [2].

Let u € G;2(9,£2). It is said that u is a GCSP, if there exists a representative (un)n and
ng € N such that for every n > ng and arbitrary z1,...,z, € 2 C R? the probability that
Xn = (un(z1,w), ..., un(zr,w)) € B, where B is a Borel set in R", is

det Ay, \ */? 1
P(X, € B)= ( (Zﬂ_):) /Bexp (—5 sTAns) ds, m > ng,
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where A,,n € N, is a sequence of non-degenerate positive-definite matrices, and s” A,s =
A 22:1 aijnsisj, n > ng. We will call (un)n a Gaussian representative of u. Also, instead
of n > ng we will write n € N.

Example 6 Let (cn)n € N be negligible sequence and s(w,z) any non-Gaussian stochastic pro-
cess. Then cps(w, ) is a non-Gaussian negligible sequence. If (upn)yn is a Gaussian representative
of a GCSP, then (un + cn$)n is a non-Gaussian representative of the same GCSP. Therefore not
all representatives of a GCSP are Gaussian. O

Let u be a GCSP with Gaussian representative (uy )n and let (By,, )n be a representative of its
generalized correlation function. Then, by [8], Ap = (Bu, (z:,z;))"1,n €N, forallz1,...,24 €R.

Also we know by [8] that partial derivatives of a GCSP are again GCSPs.

Let m = [(mn(z))n] € G(2) and B = [(Bn(z,y))n] € G(£2 x 2) such that the generalized
covariance function C' = [(Cn(z,y))n] = [(Bn(z,y))n] — [(mn(2)mn(y))n] € G2 x 2) has a
representative (Cp)rn such that each Cpn, n € N, is a positive definite bilinear functional. Then by
[8] there exists a GCSP u € G;2(0, 2) with a Gaussian representative (un)n, whose generalized
expectation and generalized covariance function are m and C'. This implies the following assertion.

Theorem 4 [8] Let u = [(un)n] € Gr2(D, 12) be a Colombeau stochastic process with generalized
expectation m = [(Muy,, (x))n] € G(2) and generalized correlation function B = [(Bu, (z,y))n] €
G(2x $2). There exists a GCSP with the given generalized expectation and generalized correlation
function.

Remark 8 As before, we can consider derivatives up to order k instead of smooth functions.
Example 7 White noise w as a GCSP is defined by a zero generalized expectation and a corre-

lation function that is associated to the Dirac delta 6(x —y) supported on the diagonal. There are
several ways to achieve this: one possibility is to define Bw(x,y) = [(¢n(x — y))n], another to let

Bu(z,y) = [(J en(s — z)en(s — y)ds)n]. The two processes are associated in Colombeau sense,
but not equal. The variance of white noise is given by By(z,x) = [(pn(0))n] in the first case
and By(z,z) = [(||<pn()||2L2)n} in the second case. The two are equal provided that the mollifier
satisfies | o()]122 = 9(0). 0

C LP-continuity and pathwise continuity

Let X (t,w) be a stochastic process. We say that a process is continuous, if almost all of its paths
have this property. Recall Kolmogorov’s continuity criterion.

Theorem 5 [6] Let X be a process on R® and assume that there exist constants a,b,C' > 0 such

that
E|Xs — X¢|* < C|s —t|%F°,  s,t e R

Then X has a pathwise continuous version.
The following example shows that pathwise continuity does not imply L2-continuity.

Example 8 Take ¢ € D(R) such that suppp = [—1,1], [¢(z)dx =0 and [ ¢?(z)dz # 0. Take
O = [—1, 1] with the uniform probability distribution. Let

1 w

Lo(e t
X(tw) = { vi? (F) el <t

0, lw| >t ort <0,

Then E(X(t)) = 0. All trajectories (except for w = 0) are smooth. But

B(ex ) = {74 20

and it does not converge to zero as t — 0. Therefore, L?-continuity does not hold.
Also, the reverse does not hold.

Example 9 Poisson process (which violates the Kolmogorov continuity criterion) is L?-conti-
nuous, but its paths are not continuous. [}
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